NUMBER SYSTEMS

From time immemoria human beings have been trying to have a count of their
bel ongings- goods, ornaments, jewels, animals, trees, sheeps/goats, etc. by using various
techniques

- putting scratches on the ground/stones
- by storing stones- onefor each commaodity kept/taken out.

Thiswastheway of having acount of their bel ongingswithout having any knowledge of
counting.

Oneof thegreatest inventionsin thehistory of civilization isthe creation of numbers. You
can imagine the confusion when there were no answersto questions of thetype“How
many?’, “How much?’ and thelikein the absence of the knowledge of numbers. The
invention of number systemincluding zero and therulesfor combining them hel ped people
to reply questionsof thetype:

(i) How many applesarethereinthe basket?
(i) How many speskershavebeen invited for addressing themeeting?
(i) What isthe number of toysonthetable?

(iv) How many bagsof wheat havebeentheyield fromthefield?

Theanswersto al these situationsand many moreinvolvethe knowledge of numbersand
operationson them. Thispointsout to the need of study of number systlem anditsextensions
inthecurriculum. Inthislesson, wewill present abrief review of natural numbers, whole
numbersandintegers. We shall then introduce you about rationa and irrationa numbersin
detail. We shall end thelesson after discussing about real numbers.

After studying thislesson, youwill beableto

e illustrate the extension of system of numbers from natural numbers to real
(rationals and irrational) numbers
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e identify different types of numbers;
e expressaninteger asa rational number;

e expressarational number asaterminating or non-terminating repeating decimal,
and vice-versa;

e find rational numbers between any two rationals;
e represent arational number on the number line;

e cites examples of irrational numbers;

o represent 4/2,,/3,4/5 on the number ling;

e findirrational numbers betwen any two given numbers;

e round off rational and irrational numbersto a given number of decimal places;

e performthefour fundamental operations of addition, subtraction, multiplication
and division on real numbers.

1.1 EXPECTED BACKGROUND KNOWLEDGE

Basi c knowledge about counting numbersand their usein day-to-day life.

1.2 RECALL OF NATURAL NUMBERS, WHOLE NUMBERS

AND INTEGERS

1.2.1 Natural Numbers

Recall that the counting numbers 1, 2, 3, ... constitute the system of natural numbers.
Thesearethe numberswhich weusein our day-to-day life.

Recall that thereisno greatest natural number, for if 1isadded to any natural number, we
get the next higher natural number, called its successor.

We haved so studied about four-fundamental operationson natural numbers. For, example,
4+ 2 =6, again anatural number;

6+ 21 =27, again anatural number;

22 -6 =16, again anatural number, but

2—6 isnot defined in natural numbers.

Similarly, 4 x 3= 12, again anatural number

12 x 3= 36, again anatural number
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5= 6isanatura number but 7 isnot defined in natural numbers. Thus, we can say that
i) & additionand multiplicationof naturd numbersagainyield anatura number but Notes

b) subtraction and division of two natural numbers may or may not yield anatural
number

i)  Thenatural numberscan berepresented on anumber line as shown below.

1 2 3 4 5 6 7 8 9.....

i)  Two natural numberscan be added and multiplied inany order and theresult obtained
isalwayssame. Thisdoesnot hold for subtraction and division of natural numbers.

1.2.2WholeNumbers
(i) Whenanatural number issubtracted fromitself we can not say what istheleft out

number. To removethisdifficulty, the natural numberswere extended by the number
zero (0), to get what iscalled the system of whole numbers

Thus, thewholenumbersare

Again, likebefore, thereisno greatest whole number.
(i) Thenumber 0 hasthefollowing properties:
at0=a=0+a
a—0=abut (0—4a) isnot defined in whole numbers
ax0=0=0xa
Divisonby zero (0) isnot defined.

(iii) Four fundamental operations can be performed onwhole numbersalso asinthecase
of natural numbers (with restrictionsfor subtraction and division).

(iv) Whole numbers can a so berepresented on the number lineasfollows:

1.2.3 Integers

Whiledealing with natural numbersand whole numberswefound that itisnot aways
possibleto subtract anumber from another.
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For example, (2—3), (3—7), (9—20) etc. aredl not possiblein the system of natural
numbersand wholenumbers. Thus, it needed another extension of numberswhich allow
such subtractions.

Thus, we extend whole numbersby such numbersas—1 (called negative 1), — 2 (negative
2) and so on such that

1+(-1)=0,2+(-2)=0,3+(-3)=0...,99+(—99) =0, ...
Thus, we have extended the whole numbersto another system of numbers, caledintegers.
Theintegersthereforeare

wy—1,—6,-5,-4,-3,-2,-1,0,1,2,3,4,5,6, 7, ...
1.2.4 Representing I nteger son the Number Line

We extend the number line used for representing whole numbersto theleft of zero and
mark points—1,—2,—3,—-4, ...suchthat 1and—1, 2and—2, 3and—3 are equidistant
from zero and arein oppositedirectionsof zero. Thus, we havetheinteger number lineas
follows

.......... 4 3 -2 -1 0 1 2 3 4.

We can now easily represent integers on the number line. For example, et usrepresent
—=5,7,—2,—3,4onthenumber line. Inthefigure, thepointsA, B, C, D and E respectively
represent —5, 7,— 2, —3 and 4.
A D C E B
-7 6 -5 4 -3 -2 -1 0 1 2 3 4 5 6 7 8

We note herethat if aninteger a> b, then*a will alwaysbetotheright of ‘b, otherwise
viseversa

For example, in the above figure 7 > 4, therefore B lies to the right of E. Similarly,
—2>-5,therefore C (—2) liesto theright of A (-5).

Conversdy, as4 <7, therefore4liestotheleft of 7whichisshowninthefigureasE isto
theleft of B

.. For finding thegreater (or smdler) of thetwo integersaand b, wefollow thefollowing
rue

i)a>Db,if aistotheright of b
ii)a<b,if aistotheleft of b
Examplel1.1: ldentify naturd numbers, whole numbersandintegersfromthefollowing:-

15,22, -6,7,-13,0, 12, - 12, 13, - 31
Solution: Natura numbersare; 7, 12, 13, 15 and 22
wholenumbersare: 0, 7, 12, 13, 15 and 22

Integersare: —31,-13,-12,-6,0, 7, 12, 13, 15 and 22
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Example1.2: Fromthefollowing, identify thosewhichare(i) not natural numbers(ii) not

wholenumbers
—-17,15,23, —6,—-4,0, 16, 18, 22, 31
Solution: 1)—17,—6,—4and 0 are not natural numbers
ii)—17,—6, —4 are not whole numbers

Note: Fromtheaboveexamples, we can say that

i) al natura numbersarewholenumbersand integersalso but thevice-versais

not true

ii) al wholenumbersareintegersaso

You have studied four fundamental operationsonintegersin earlier classes.
Without repeating them here, wewill take someexamplesandillustrate them

here

Example1.3: Simplify thefollowing and statewhether theresult isan integer or not

12x4,7+3,18+3,36+7,14%x 2,18+ 36, 13 x (-3)
Solution: 12 x 4=48; itisaninteger

7
7+3= g;ltisnotaninteger

18+ 3= 6; Itisaninteger

36 . :
36+7= 7; [tisnot aninteger.

14 x 2= 28, Itisaninteger

18
18+ 36= —~; Itisnot aninteger
36
13 x (-3) =—39; Itisaninteger
Example1.4: Using number line, add thefollowing integers:

)9+(=95 (i)(=3Y+(-7)

Solution: B«—5——
Ty 9 -
0] > A
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-7 654 -3 -2-1012 3 45 6 7 8 9

A represents 9 on thenumber line. Going 5 unitstotheleft of A, wereach the point

B, which represents4.
L9+ (-H=4
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(i) B< 7 >A—-3 —

<@ @ & @ >

—10—9—8—7—6 —5—4—3—2 1012345678910

Starting from zero (0) and going three unitsto theleft of zero, wereach the point
A, which represents— 3. FromA going 7 unitsto theleft of A, wereach thepoint
B which represents—10.

o ((3) +(<7)=—10

1.3 RATIONAL NUMBERS

Consider the situation, when an integer aisdivided by another non-zero integer b. The
following casesarise:

(i) When ‘a’ isamultipleof ‘b’

a
Supposea=mb, wheremisanatural number or integer, then b= m

(i) When aisnot amultipleof b

a
Inthiscase b isnot an integer, and henceisanew type of number. Such anumber is

cdled arationa number.

Thus, anumber which can beputintheform z ,wherepand gareintegersand q+0, is

cdled arationa number

areadll rational numbers.

\1|"‘

25 611
"S5 T3
1.3.1 Positive and Negative Rational Numbers

(i) A rational number 2 issaid to be a positive rational number if p and g are both

positive or both negativeintegers

35-3-8-12

Thusz 626 ?areall positiverationals.

(ii) If theintegesp and qareof different signs, then 2 issaid to beanegaiverational

number.
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us, 55 2 _3are negaverationals.
1.3.2 Sandard form of aRational Number
Notes

Weknow that numbers of theform

areal rationa numbers, where p and g are positiveintegers

We can seethat

—_p:_[ﬁl—_p_ﬂzg p_ [P _-p

g \a/-q -(-a) a'-q -(-a) q

In each of the above cases, we have made the denominator g as positive.

A rational number E , Wherep and q areintegersand g # 0, inwhich g ispositive (or

made positive) and p and g are co-prime (i.e. when they do not have acommon factor
other than 1 and—1) issaid to bein standard form.

2 =2 -5 -3
Thusthe standard form of therational number — is 3 Similarly, 5 and 5 are

rational numbersin standard form.

Note: “A rationa number instandard formisasoreferred to as“ arational number inits
lowest form”. Inthislesson, wewill be using thesetwo termsinterchangably.

18 2
For example, rationa number - 7 Can bewrittenas§ inthestandard form (or thelowest

form).

25
Smilarly, —= " 35

5from both numerator and denominator).

-5
,ingtandard form (or inlowest form) can bewrittenas = (cancdlingout

Somelmportant Results
(i) Everynatura number isarational number but thevice-versaisnot dwaystrue.

(i) Every wholenumber andinteger isarational number but vice-versaisnot awaystrue.
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Example 1.5: Which of thefollowing arerational numbersand which arenot?
55 471518 7
3 7 5 6
Notes .
Solution:

-2
(i) —2canbewrittenas B whichisof theform qﬂ ,q#0. Therefore, —2isarationa

number.

5
(i) 3 isarational number, asitisof theform qﬂ ,q#0

-17
(i) =17 isalso arational number asitisof theform R

15 1 -7
(iv) Similarly, 5 and 5 aredl rational numbersaccording to the sameargument

Example 1.6: Writethefollowingrational numbersintheir lowest terms:

=24 12 =21

i) —— i) — i) —-

()192 ( )168 (i) 49
Solution;

- 24 -3x8 -1

O 795 “3xexs_ 8

1. ) - 24
_§ isthelowest form of therational number 102
12 12 1

) 168 “1ox14 14

1 12
— isthelowest form of therational number ——

14 168
L—21  -3x7 -3
() 9 Ix7 7
-3 ) =21
7 isthelowest form of therational number E
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1.4 EQUIVALENT FORMS OF A RATIONAL NUMBER

A rationa number can bewritteninan equivaent form by multiplying/dividing thenumerator
and denominator of the given rationa number by the same number.

For example
2 _2x2_4 2 _2x4_8 2x8 _ 16
3 3x2 6 3 3x4 12° 3x8 24
A 08 Eet ivalent f f therational berE
--6, 12, 2 c.areequw entrormso eralonal nuMm 3
Smilaly
3.6 _21_27_
8 16 56 72
y 4.8 12 28
ad T a9

3 4
areequivaent formsof 3 and 7 respectively.
Example1.7: Writefiveequivaent formsof thefollowing rationa numbers:
N 3 ... —5
i) — i) —
(i) 17 (i) 5
Solution:

3 3x2 6 3 3x4 12 3x(-3) -9

O 17717x2 34’ 17 17x4 68" 17x(-3) 51

3x8 _ 24 3

17x8 136 17

2
119

7
X J—
7
: . 3
. Fiveequivdentformsof - are

17

6 12 -9 24 21

34'68"-51'136'119
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-5
(i) Asinpart (i), fiveequivaent formsof ) ae

-10 -15 —-20 -60 -35
18 ' 27 ' 36 '108° 63

1.5 RATIONAL NUMBERS ON THE NUMBER LINE

1
We know how to represent integers on the number line. Let ustry to represent 5 onthe

1
number line. Therationa number 5 ispogitiveandwill berepresented totheright of zero.

1 1
AsO< 5 <1, 5 liesbetween 0 and 1. Dividethedistance OA intwo equal parts. This

1

can bedoneby bisecting OA at P. Let Prepresent 5

.Similarly R, themid-point of OA’,

1
representstherationa number — .

2
A RO P A
L L g @ g L @ *—>
-2 -1 ¢ o 1i 1 2 3
2
X X
- 4 :
Similarly, 3 can berepresented on the number line asbelow:
C B’ A O A P B C D

4 4
Asl< 3 < 2, therefore 3 liesbetween 1 and 2. Dividethe distance AB in three equal

parts. Let one of thispart beAP

Now g = 1+%=OA+AP=OP
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Thepoi ntPrepreﬂents§ onthenumber line.
1.6 COMPARISON OF RATIONAL NUMBERS Notes

In order to comparetwo rationa numbers, wefollow any of thefollowing methods:

(i) If tworational numbers, to be compared, havethe same denominator, comparetheir
numerators. The number having thegreater numerator isthegreater rational number.

5 9
Thusfor thetwo rational numbers 17 and 17 with the same positive denominator

17,3>£a59>5
17 17
-9 _5

So—=>—
17 17

(if) If tworational numbersare having different denominators, maketheir denominators
equal by taking their equivaent form and then comparethe numeratorsof theresulting
rational numbers. Thenumber having agreater numerator isgreater rationa number.

3 6
For example, to compare two rational numbers - and 11 e first make their

denominatorssamein thefollowing manner:

3x11_33 Ox7 _42
7x11 77 1Ix7 77
33 6 _3

42
—>—0r—>—
AsA2>33, 7> 7% 177

(iii) By plotting two given rational numbers on the number linewe seethat therational
number to theright of the other rational number isgrester.

2 3
For example, take 3 and 7 we plot these numbers on the number line asbel ow:

\ 4

N
w
N T+
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2 3 2 3
O<§<1and 0< Z<1' It means- andZ both liebetween 0 and 1. By themethod

2 3
of dividing alineinto equal number of parts, A represents 3 and B represents 4

AsBistoth 'hth§>E E<§
sBistotherightof A, 7> or o <7

2 3 3.
.. Out of 3 and 22 isthe greater number.

CHECK YOUR PROGRESS 1.1

1.

| dentify rationa numbersand integersfromthefollowing:

4’__3’§’_36’E,1’E’_6
4 6 7 -8 7
Fromthefollowing identify thosewhicharenot :
() naturd numbers
(i) wholenumbers
(iii) integers
(iv) raiond numbers

71673 4505 3 4
4 7 17 -4 3

By making thefollowing rationa numberswith samedenominator, smplify thefollowing

and specify whether theresult in each caseisanatural number, whole number, integer
or arationa number:

() 3+g (ii)—3+% (ii)—8-13 (iv)12-12
9 1 , 5 o
(V)E_E (V|)2><7 (vii)8+3

Usethenumber lineto add thefollowing:-
)9+ (-7 (i) (-9 +(3) (iii) (-3) + (4)

Which of thefollowing arerationa numbersinlowest term?
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8 5 -3 -6 2/3 15
12" 7" 12" 7 J21 24
6. Whichof thefollowing rationa numbersareintegers?
Notes

15 -5 13 27 7x3 -6

515" 5" 9" 14 -2

7. Write3rationa numbersequivaent to givenrationa numbers.
2 -5 17

5 6 3
8. Represent thefollowing rationa numbersonthenumber line.

2 31

542
9. Comparethefollowing rationa numbersby (i) changing themto rational numbersin
equivaent forms(ii) using number line:

2 3 3 7 -2 -1
a)—and — b) —and — c)— and —
()3 4 ()5 9 (© 3 2

3 5 -7 3
d—and— (e)—and—

()7 11 (© 6 2

1.7 FOUR FUNDAMENTAL OPERATIONS ON RATIONAL
NUMBERS

1.7.1 Addition of Rational Numbers

(8 Condgder theaddition of rationa numbers

o |o

r
'q

0] r p+r

+ —=
a q q
For example

2 5 2+5 7
() S+2 ===
3 3 3 3

3 9 39 12
(i) =+—==—=—
17 17 17 17
and (i) 2422|2204
3 (3) 3 3
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(b) Consider thetwo rational numbers a and S
Notes P r_ps_rq_pstrq
L A e S e
qa s 0O ¥ as
For example,
(M) §+E _3x3+4x2 _9+8 _17
4 3 4x3 12 12
.« 4 7 —-4x8+5x7 3H-32 3
(i) ——+—= = = =—

5 8 5x8 40 40

Fromthe abovetwo cases, we generaisethefollowingrule:

(8 Theadditionof two rationa numberswith common denominator istherationa number
with common denominator and numerator asthe sum of the numerators of thetwo
rationa numbers.

(b) Thesumof two rational numberswith different denominatorsisarationa number with
the denominator equal to the product of the denominatorsof two rational numbersand
the numerator equal to sum of the product of the numerator of first rational number
with the denominator of second and the product of numerator of second rational
number and the denominator of thefirst rational number.

L et ustake soneexamples:

Example1.8: Addthefollowingrationa numbers:

M2and® iy E aa=3 (i) - = and —>
795 17 17 11
i 2,6.2¢6_8
ution: (|)7 - 5 ’
2 6 8
==
77777
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11 11 11
Example 1.9: Add each of thefollowing rational numbers:
4
15

3 1 2 3 ,..5
(ozam7 007aw§ mogam-
Solution: (i)Weha\/e§+1
' 4 7
Ax7 Tx4
=2_1+i= 21+4
28 28 28
25
28

31
R
4 7 2

25 [3x7+4x1_21+4 25
4x7 28 28

2.3
W77s

_2x5 37
x5 bBx7
10 21
=4 —
35 35
_10+21_3_1
35 35
§ 31 r{2X5+3X7—10+21— 31}
5

2
S
7 S

B 35 35 35

5 (-4)

(|||)9 15
_5x15 (—4)x9
9x15 15x9
75 (-36)

T135 135
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_75-36_ 39 3x13 13
135 135 3x45 45

. 5+(—4)_ 13 {5><15+9><(—4)_ 75-36 39 _1_3}
"9 15 45 9x15 135 135 45

1.7.2 Subtraction of Rational Numbers

r —r
(a)E__=p_
a 9 q
r  ps—gr
(b) p_r_ps-ar
q s as

Example1.10: Smplify thefollowing:

71 32

0472 W5~

71 7-1 6 2x3 3
Solution: (i) ———=-——=—-=""=

4 4 4 4 2x2 2
3 2 3x12 2x5

(1) 5 12 5x12 12x5

36 10 36-10

" 60 60 60

_26_13x2_13
T 60 30x2 30

1.7.3Multiplication and Division of Rational Numbers

r
(i) Multiplication of two rational number (Ej and (gj ,q#0,s#0istherational

o
number ps wheregs=0

product of numerators
~ product of denominators

r
(i) Division of two rational numbers g and S suchthat g#0, s#0, istherational

ps
number a ,Wheregr=0
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Inotherwords(qJ (Sj q (rj

Or (First rational number) x (Reciprocal of the second rational number)
Let usconsider some examples.

Examplel.11: Multiply thefollowing rationa numbers:
. 3 2 .5 -2 o 7 -2
—and = i)—and| — i) —and| —
O Jeag gend| 7] i e[ 2]

3x2 _ 3x2 2
7x9 7Tx3x3 21

UU
)%,

. . 3.2
Solution: ® 7><§ =

: S,
M % 6><19
_2x5 5
2%x3x19 57

a2
o FEHG

_7.,2_7x2_14
13" 5 13x5 65

BT

Example1.12: Smply thefollowing:
7 105 87
ofGfle) ol G
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Solution:

0]

(ii)

(B

Number Systems
4) (12

= (éjx(gj {Reci procal of ! isg}
4) \7 127

_3x12 3x3x4 _9
4x7 <4 7

(gjx( : j {Reci procal of -105 isi}
16 -105 2 -105

. 9%%2  3x3x2
2x8x3x35 2x8x3x35

-3 -3

T 8x35 280

BN

Bl

87 18_20x3x2x9_2
27 29  9x3x29 1

BIEE

Mathematics Secondary Course




CHECK YOUR PROGRESS 1.2

1. Addthefollowingrational numbers:

.3 6 .\ 2 6 .. 3 =7 .1 3
i) =, = i) —, —— i) —, — iv) =, =
()77 ()15 15 ( 20 -20 ()88
2. Addthefollowingrationa numbers.
. 3 b .. 17 5 ... 2 =5
i) —, = i) —, = i) —,—
® 2 3 W 7 9 (i) 5 7
3. Peformtheindicated operations:
(1) (—Z+_—5]+3 (i) (Z+§]+(—§]
8 12) 16 3 4 5
4. Subtract:-
(i) from = (i) L from—> (i) = from =
15 15 3 3 7 24
5. Smplify:-
(i)(3E+Z—21j (ii)§+l—3—6§
5 5 6 2 4 4
6. Multiply:-
2.5 .. 3, -33 L.o—11, =27
i)—by— ii)—— by — i) — by —
()11y6 ()11y35 ()3y77
7. Divide
L1 1 =7, -4 .. 35, -7
i)=by= i) — by — i) —by —
()2 Y, ()4 = ( LB Y
8. Smplify thefollowing:
a{ﬁl}§+£. @(iﬁ}ixm
3 8 25 15 4 3) 4
- 16 -3 .
9. Dividethesum of = and 1 by their difference.

13 39
10. A number when multiplied by 3 gives 1 Find the number.
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1.8 DECIMAL REPRESENTATION OF A RATIONAL
NUMBER

You arefamiliar with thedivision of aninteger by another integer and expressng theresult
asadecimal number. The process of expressing arational number into decimal formisto
carryout the process of long division using decimal notation.

Let usconsider someexamples.

Example1.13: Represent each one of thefollowing into adecimal number:
L 12 .. =27 . 13
i) — i) —— i) —
(i) c (i) = ( )16

Solution: i) Usinglongdivison, weget

24

5)12.0
10 Hence, % =24

2.0
2.0

X
i —5(—1.08
) 25)-27(
25 _
200 Hence, ﬂ =-1.08
25
200

X

0.8125
i) 16)13.0000

_16 Hence, 12 = 0.8125
16

80
80
X
From the above examples, it can be seen that the division process stops after afinite
number of steps, when theremainder becomeszero and theresulting decima number has
afinitenumber of decimal places. Such decimasareknown aster minating decimals.

Note: Notethat in theabovedivision, thedenominatorsof therational numbershad only
2 or 5or both astheonly primefactors.

. . 12 12x2 24 o
Altematlvely,weoouldha/ewrlttmE B> "0 2.4 andsimilarly for theothers

Mathematics Secondary Course




MODULE - 1

Algebra
L et usconsder another example.

Example 14: Writethedecimal representation of each of thefollowing:

(a)

(b) % () 121 Notes

wl~N

2.33
Solution: @ 3)7.00 Heretheremainder 1 repeats.

6 . Thedecimal isnot aterminating decimal
1.0

9 %: 2.333... or 23

1.0
9
1.00

0.28571428
(b) 7)2.000
4
60

56 2 oo
10 5= 0.285714

35

50 Note: A bar over adigit or agroup of digits
49 impliesthat digit or that group of digitsstarts
TO repedtingitsdf indefinitely.

7

30
28

20
14

60
56

4

0.454
(© 11)5.00
a4
60

95 5 —
50 ..ﬁ—0.45

Herewhentheremainder is3, thedigit after
that start repeating

Hereagainwhentheremainder is5, thedigits
after 5 start repeating

50...
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Fromtheabove, itisclear that in caseswherethe denominator hasfactorsother than 2 or
5, the decimal representation startsrepeating. Such decimalsare called non-terminating

repesting decimals.

Thus, we seefrom examples 1.13 and 1.14 that the decimal representation of arational
numberis

(i) ether aterminating decimal (and theremainder iszero after afinite number of steps)
(ii) oranon-terminating repeating decimal (wherethedivisonwill never end)

*. Thus, arationa number isether aterminating decimal or anon-terminating repegting
decimd

1.8 EXPRESSING DECIMAL EXPANSION OF A RATIONAL
NUMBER IN p/q FORM

Let usexplainit through examples

Example1.15: Express(i) 0.48 and (ii) 0.1357in§ form

Solution: 0.48 48 12
ution: 0] 100 5
(i) 0.1375= o> 1375 95 11

10000 400 80

Example 1.16: Express(i) 0.666... (ii) 0.374374... ng form

Solution: 0] Let x = 0.666... (A)
. 10 X = 6.666... B)

2
(B)—(A) gives9x=60r X = 3

(i) Let x = 0.374374374.... (A)
1000 x = 374.374374374.... (B)
(B)—(A) gives999 x = 374

(o 374
or %~ 999
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. 0.374374374...= 3ré
999

Theaboveexampleillustratesthat:

Aterminating decimal or a non-terminating recurring decimal represents a rational
number

Note: Thenon- terminating recurring decimalslike 0.374374374... arewritten as 0 374 -
Thebar onthegroup of digits 374 indicatethat thegroup of digitsrepeatsagainand again.

CHECK YOUR PROGRESS 1.3

1. Represent thefollowing rational numbersinthedecima form:
L 31 .\ 12 S .75 91
i)— i) — i) — iv) — V) —
()80 ()25 ()8 V)5 ()63
2. Represent thefollowing rational numbersinthedecimd form:

L2 .5 ... 25
(i) 3 (“)7 (HI)E

3. Represent thefollowing decimalsintheform E :

@ (i) 2.3 (i)-312  (ii)-0715  (iv)8.146
() () 0333 (i) 3.22 (i) —0.315315315...

1.9 RATIONAL NUMBERS BETWEEN TWO RATIONAL
NUMBERS

Isit possibletofind arationa number between two given rational numbers. To explore
this, consider thefollowing examples.

3 6
Example 1.17: Find arational number between 2 and =

1(3 6
Solution: Let ustry tofind the number E(ZJFEJ
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~ 1(15+ 24) 39

2 20 ) 40
oy 3.3X10_30
W 247 ax10 40
. 6_6x8_48
ad 57 5x8 40
Obviody <22
OSY 40" 0" 20
.39 . . . 3 6
e 75 isarational number between therationa numbersz and o
3 39 6
- —=0.75, —=0975 and —=1.2
Note: 1 20 c
-.0.75<0.975<1.2
3% _6
o 21 "5
.. Thiscan bedoneby either way:

(i) reducingeachof thegiven rational number with acommon base and then taking
their average

or (i) by finding the decimal expansionsof thetwo given rational numbersand then
taking their average.

The question now arises, “ How many rationa s can befound between two givenrational s?
Congder thefollowing examples.

1 3
Example 1.18: Find 3rational numbersbetween — and —

2 a
Solution:  —-Xx8_8
ution: 2 2x8 16
g 3_3x4 _12
N AT axa 16
8 9 10 11 12
As

— << o<
16 16 16 16 16
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.. Wehavebeen ableto find 3 rational numbers
EE dEbetweenland§
16 16 16
Notes

Infact, we can find any number of rational sbetween two given numbers.

50__ 50
2x50 100

gan2

3 3x25 75

4 4x25 100

50 51 52 53 72 73 74 75 i
< < < <...< < < < <. (i)
100 100 100 100 100 100 100 100

As

1 3
.. wehave been ableto find 24 rational numbers between 5 and 1 asgivenin
(i) above.
We can continueinthisway further.

Note: From the aboveitisclear that between any two rationals an infinite number of
rationalscan befound.

CHECK YOUR PROGRESS 1.4

1. Findarationa number between thefollowing rational numbers:
3 4 . 3 1
i)—and— ii)5and 6 iii)——and=
(i) L 3d (if) (iii) ke

2. Findtworationa numbersbetweenthefollowingrationa numbers:

N2 1 L2 1
% and = % and ==
(1) 3 an > (i) 3 an 2

3. Find5rational numbersbetween thefollowing rationa numbers:
(i) 0.27 and 0.30 (i) 7.31and 7.35
(i11) 20.75and 26.80 (iv) 1.001 and 1.002
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1.10 IRRATIONAL NUMBERS

We have seen that the decimal expansion of arational number iseither terminating orisa
non-terminating and repegating deimal.

Aretheredecima swhich arenather terminating nor non-terminating but repeating decimals?
Congder thefollowing decimal:

0.10 100 1000 10000 1....... )

You can seethat thisdecimal hasadefinite pattern and it can be written indefinitely, and
thereisno block of digitswhichisrepeating. Thus, itisan example of anon-terminating
and non-repeating decimal. A similar decimd isgiven asunder:

0.12345678910111213..... (i)

Canyouwritethenext group of digitsin (i) and (ii)? Thenext six digitsin (i) are 000001...
andin(ii) they are141516...
Suchdecimalsasin (i) and (ii) represent irrational numbers.

Thus, a decimal expansion which is neither terminating nor is repeating represents
anirrational number.

1.11 INADEQUACY OF RATIONAL NUMBERS

Canwemeasured| thelengthsin termsof rational numbers? Canwemeasureadl weights

intermsof rational numbers?
A B

L et usexaminethefollowing Situation:

Consider asquare ABCD, each of whosesidesis 1 unit.
Neturaly thediagona BD isof length /2 units. J/2 units

oneunit

It canbeprovedthat /2 isnot arational number, asthere

isnorationa, whose squareis2, [ Proof isbheyond the scope
of thislesson]. D oneunit C

We condludethat we can not exactly measurethelengthsof dl line-segmentsusing rationas,
intermsof agivenunit of length. Thus, therational numbersareinadequateto measureall
lengthsin termsof agiven unit. Thisinadequacy necessitatesthe extension of rational
numberstoirrationas(which arenot rationa)

Wehavea so read that corresponding to every rational number, there correspondsapoint
onthenumber line. Consider the converse of thisstatement:

Given apoint onthe number line, will it always correspond to arational number? The
answer tothisquestionisaso“No” . For clarifying this, wetakethefollowing example.

Onthenumber linetakepoints O, A, B, Cand D representing rationa 0, 1, 2,—1 and -2
respectively. At A draw AA’ 1 to OA suchthat AA” = 1 unit

Mathematics Secondary Course




MODULE - 1

Algebra

Notes

D B

P ] | ]
| |

-2 2

- OA’ = /1% +12 = /2 Units. Taking O ascentreand radius OA’, if wedraw an arc, we
reach the point P, which representsthe number /2 .

As /2 isirrational, we conclude that there are points on the number line (like P) which
arenot represented by arational number. Similarly, we can show that we can have points

like \/3, 24/3, 52 etc, which arenot represented by rationals.

.. Thenumber line, congsting of pointscorresponding to rationa numbers, hasgapsonit.
Therefore, thenumber linecong gsof pointscorresponding torationd numbersandirrationa
numbersboth.

We havethus extended the system of rational numbersto includeirrational numbersalso.
Thesystem containing rationalsand irrationalsboth iscalled the Read Number System.

Thesystem of numbersconsisting of al rational and irrationa numbersiscaledthesystem
of real numbers.

CHECK YOUR PROGRESS 1.5

1. Writethefirstthreedigitsof thedecima representation of thefollowing:

V2, 43, 45
2. Represent thefollowing numbersontherea number line:
(i) % (i) 1++/2 (iii) %

1.12 FINDING IRRATIONAL NUMBER BETWEEN TWO
GIVEN NUMBERS

Let usillustrate the process of finding an irrational number between two given numbers
withthehelp of examples.

Example 1.19: Find anirrational number between 2 and 3.
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Solution: Consider thenumber /2% 3

Weknow that /6 approximately equals2.45.
-~ Itliesbetween 2 and 3anditisanirrational number.

Example1.20: Find anirrational number lying between /3 and 2.

Solution: Consider the number \/§2+ 2
= +§ =1+ 1.732 =1.866
. *@; 2 1.866liesbetwen /3 (~ 1.732) and 2
*. Therequiredirrational numberis \/§2+ 2

CHECK YOUR PROGRESS 1.6

1. Findanirrationa number between thefollowing pairsof numbers

(i) 2and 4 (ii) 43 and 3 (i) y2 and /3

2. Canyou datethenumber of irrationa sbetween 1 and 2?1l lustratewith threeexamples.

1.13 ROUNDING OFF NUMBERS TO A GIVEN NUMBER
OF DECIMAL PLACES

It issometimes convenient to writethe approximate val ue of areal number upto adesired
number of decimal places. Let usillustrateit by examples.

Example 1.21: Express 2.71832 approximately by rounding it off to two places of
decimals.

Solution: Welook up at thethird place after thedecimal point. Inthiscaseit 8, whichis
morethan 5. So the approximate value of 2.71832, upto two placesof decimal is2.72.

Example1.22: Find the gpproximatevaue of 12.78962 correct upto 3 placesof decimals.
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Solution: Thefourth place of decimalsis6 (morethan 5) soweadd 1 to thethird placeto
get the approximate value of 12.78962 correct upto three places of decimalsas 12.790.

Thus, we observethat to round off anumber to some given number of places, weobserve
thenext digitinthedecimal part of the number and proceed asbelow

() Ifthedigitislessthan5, weignoreit and state the answer without it.

(i) If thedigitis5or morethan 5, we add 1 to the preceeding digit to get the required
number upto desired number of decimal places.

" . CHECK YOUR PROGRESS 1.7

1. Wiritetheapproximatevalue of thefollowing correct upto 3 place of decimals.
(yo.77777 (i) 7.3259 (iif) 1.0118
(iv) 3.1428 (v) 1.1413

@m

e Recdl of naturd numbers, whole numbers, integerswith four fundamental operations
isdone.

¢ Representation of aboveonthe number line.

e Extensionof integerstorationa numbers- A rational number isanumber which can
be put intheform p/q, wherepand q areintegersand g # 0.

e When gismade positiveand p and g have no other common factor, then arational
number issaid to bein standard form or lowest form.

e Tworationa numbersare said to be the equivaent form of the number if standard
formsof thetwo aresame.

e Therationa numberscan berepresented onthe number line.
e Correspondingto arational number, there existsaunique point onthe number line.
e Therationa numberscan be compared by

¢ reducing themwith the same denominator and comparing their numerators.

e whenrepresented onthe number line, the greater rational number liesto theright
of theother.
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Asinintegers, four fundamental operations can be performed on rational numbers
aso.

Thedecimd representation of arational number iseither terminating or non-terminating
repeating.
Thereexigt infinitely many rational numbers between two rational numbers.

Thereare pointsother than those representing rationalson the number line. That shows
inadequacy of system of rational numbers.

Thesytem of rational numbersisextended to real numbers.

Rationalsand irrationa stogether congtitute the system of real numbers.

Wecan awaysfind anirrational number between two given numbers.

Thedecima representation of anirrational number isnon-terminating non repeating.

We can find the approximate value of arationa or anirrational number upto agiven
number of decimals.

H TERMINAL EXERCISE

1.

Fromthefollowing pick out:

(i) naturd numbers

(i) integerswhicharenot natura numbers
(iii) rationalswhich arenot natural numbers

(iv) irrationa numbers

—3,17,3 3o 3232\/_2 J3

8

Writethefollowingintegersasrationa numbers:

(Hh—-14 (i) 13 (i) 0 (iv) 2

V)1 (vi)—1 (vii)—25

Expressthefollowingrationasinlowest terms.

614 -17 13

8'21'153 '273

Expressthefollowing rationalsindecima form:

11 .., 8 ..\ 14 .15 98

i) — i) — iv)— V) —

()80 ()25 ( )8 ()6 ()35
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.15 7 ..1115 . 17 126
vi) = vii)—— viii ) — iX)—— X) —
( )7 (vii) 5 (viii) (ix) 3 ()36
5. Representthefollowingdecimalsingform: Notes
()24 (ii)—0.32 (iii) 8.14 (iv) 324
(v) 0.415415415...

6. Findarationa number betwenthefollowing rationa numbers:

N 7 .. ... 4 1
(|)Zand§ (i)—2and-3 (|||)—gand§

7. Findthreerationa numbersbetweenthefollowing rationa numbers:

3 -3
()jad—"  (i)027and028 (i) 132and134

8. Writetherationa numbers corresponding to thepointsO, P, Q, R, Sand T on the
number lineinthefollowingfigure:

R sO p Q T

S0 O 1 O S

. —
5 -4 -3 -2 -1 0 1 2 3 4 5

O
7
oo
©

9. Findthesum of thefollowing rational numbers:

3 -7

(2~ (ii)—g,g (m)g,g (iv)%% )

10. Findthe product of thefollowingrationals:

37 19 2 15 -14

053 55 Nz

11. Writeanirrational number between thefollowing pairsof numbers:

(i)1and3 (ii) /3 and3 (iii) \/2 and /5 (iv) —/2and /2
12. How many rationa numbersand irrationa numberslie between thenumbers2 and 7?
13. Findthe approximate va ue of thefollowing numberscorrect to 2 placesof decimals:
(i) 0.338 (i) 3.924 (i) 3.14159 (iv) 3.1428
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14. Writetheva ueof following correct upto 3 placesof decimals:

0) % (i) 242  (i)17326  (iv)0.9999..
15. Simplify thefollowing asirrational numbers. Thefirst oneisdonefor you.
(i) 124/3+5V3-7/3=/3[12+5-7]=10/3
(i) 3V2-24/8+742
(iii) 3V2x 24/3x5/6
(V) [(VBx3V2)x612] + 36v2

[ ]
i I ANSWERS TO CHECK YOUR PROGRESS

11
1. Integers. 4,—36,—6

-3 5 12 -3 15
4,-=2-36="==6
Rational Numbers, 26 287
2. (l _Z _3 15!0-£)_§!_ﬂ
4" 7’ 17 4 3

7 3155,3,4

W =2 77177273
n_f 35 3 4
W) =4 77177 273
(iv) All arerational numbers.
16 1 . .
3. (|)§,rat|ond (||)—§,rat|ond (iif) =21, integer and rational
(iv) zero, whole number, integer and rational (V) 4,All
10 .8
(vi) 7 rational  (vii) 3 rational

4. ()2 (i) —8 (iii) 1
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S 77
5 _10,52,—_6 Notes
5 9 -2
2_4_6_8 5 10 15 20 17_34_51_68
0570 15720 W67 12 18 2 (376 9 12
8 () L 25, @) <0 4 1
-1 ow 2 . ;
I T
2
9 §>E b _>§ __1>__ d E E
@ 5>3 (b) © 5> COkrie
©277%6
1.2
.9 .. 4 1 1
1 () 7 (")_E (|||)§ (|v)§
19 .. 188 11
2. (i) —= () — (|||)——
6
3 . 93 . 149
. (@) 48 (i) 60
4 (i)g (ii)—4 (iii)g
5. (i) 20 (in-1
5 9 9
6. (i) 3 (i) 35 (|||)7
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. .. 35
7. ()2 (“)E
1 .
8. (')E @i7
29
9. 35
10 3
0. 4
1.3
1. (i)0.3875 (i) 0.48
2. () o6 (i) 0.714285
.23 .. 18
3. @01, (i~
1 . 113
(0 () 3 () 55
14
25 .
1 (|)£ (i)55

... 10
(D) 3

(i) 1.5 (iv) 6.25 V)12
(i) 227

1434073
(iii 200 (@iv) 500

... 35
(|||)—1—11

L. O
(i) En

2. ()0.2and0.3  (ii)—0.30,—0.35
3. (i) 0.271, 0.275, 0, 281, 0.285, 0.291
(ii) 7.315, 7.320 7.325, 7.330, 7.331
(iii) 21.75, 22.75, 23.75, 24.75, 25.75
(iv) 1.0011, 1.0012, 1.0013, 1.0014, 1.0015

Note: Can be other answers as well.

15
1. 1414, 1.732, 2.236
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2. () 2
o]
0.707
Notes
(i) ) ; ,ﬁﬁ o
0 1 22414 3
J3/2
D) T ;
0 1 2
1.6
. ) . J2+4/3
1. ()5 (i) V341 (iii) 5
2. Infinitdy many:
1.0001, 1.0002, ..... , 1.0010, 1.0011,....., 1.0020, 1.0021, .....
1.7
1. ()0.778 (ii) 7.326 (i)1.012  (iv)3143  (v)1.141

[ ]
= ANASWERS TO TERMINAL EXERCISE

1. Naturd: 17,
Integersbut not natural numbers, -3, 0, —32

Retionalsbut not neturdl numbers: —3,2, —>,0,-32, =, =
ionalsbut not natural numbers: —3,—,—=.0,-32, 7,
Irrationalsbut not rationals: /2, 2++/3
5 iy -2 13 0 2
. () 1 (i) 1 (|||)1 (iv) 1
1 _— =25
V) 7 (Vi) (vil) ——
L3211
" 4’37 9’21
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4. (i)0.1375 (i) 0.32 (i) .75 (iv)25 (v)2.8
(vi) 2.142857 (i) —1166 (iii)1045  (iX) —1.307692 (x)35
12 .. —8 ... 407 . 107 415

5. (|)€ (||)2—5 (|||)¥ (|v)¥ (v)@
13 ..

6. (I)E (iH—-25 (iii) zero

7. (i) 0.50, 0.25, 0.00 (1) 0.271,0.274,0.277 (i1i) 1.325.1.33,1.335

8. ()R:-38 (i)S:=05  (iii))0:000 (iv)S—033 (v)Q:35
(Vi) T: 7.66

9. (i) 5 (i) 9 (iii) 15 (iv) 15 (V) 1
7 ... 38

10. (i) 5 (i) 15 (ii)—6

11. (i) /3 (i)1+.3  (ii)4/3 (iv) %

12. Infinitely many

13.(1))0.34  (ii)3.92 (i) 3.14 (iv)3.14

14.(1)0.75  (ii)3.414 (i) 1.733 (iv) 1.000

15. (i) 6./2  (iii)180 (iv)2
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EXPONENTS AND RADICALS

We havelearnt about multiplication of two or morerea numbersintheearlier lesson. You
canvery easily writethefollowing

4x4x4=64,11%11x 11 x 11 = 14641 and
2X2X2%x2%X2x2x%x2x%x2=256

Think of thesituation when 13isto be multiplied 15times. How difficultisit towrite?
13x 13X 13 Xoovrreeen. 15 times?

Thisdifficulty can be overcomeby theintroduction of exponentia notation. Inthislesson,
we shall explain the meaning of thisnotation, state and provethelaws of exponentsand
learnto apply these. We shall dlsolearnto expressreal numbersas product of powers of
primenumbers.

Inthenext part of thislesson, we shall give ameaning to the number 8/ asqth root of a.
We shall introduceyou to radicals, index, radicand etc. Again, we shall learn thelaws of
radicalsand find the smplest form of aradical. We shall learn the meaning of theterm
“rationalising factor’ and rationalisethedenominatorsof givenradicals.

After studying thislesson, youwill beableto

e write a repeated multiplication in exponential notation and vice-versa;

identify the base and exponent of a number written in exponential notation;
e express a natural number as a product of powers of prime numbers uniquely;

e dtate the laws of exponents,
e explain the meaning of a®a™ and a%;

e smplify expressions involving exponents, using laws of exponents;
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Exponentsand Radicals

identify radicals from a given set of irrational numbers,

identify index and radicand of a surd;
e dtatethelawsof radicals (or surds);

express a given surd in simplest form;

classify similar and non-similar surds;

reduce surds of different orders to those of the same order;

perform the four fundamental operations on surds;

arrange the given surds in ascending/descending order of magnitude;

find a rationalising factor of a given surd;

1 1
rationalise the denominator of a given surd of theform a+bx I+ /_y ,

where x and y are natural numbers and a and b are integers;

simplify expressions involving surds.

EXPECTED BACKGROUND KNOWLEDGE

e Primenumbers
e Four fundamental operationson numbers
e Rationa numbers

e Orderrdationinnumbers.

2.1 EXPONENTIAL NOTATION

Consder thefollowing products:

(i)7x7 (i) 3x3x3 (iii)6x6x6x6x6
In(i), 7ismultiplied twiceand hence 7 x 7 iswritten as 72

In (i), 3ismultiplied threetimesand so 3 x 3 x 3iswritten as 3°.
In(iii), 6ismultiplied fivetimes, s06 x 6 x 6 x 6 X 6iswritten as 6>

7?isread as" 7 raised to the power 2" or “ second power of 7. Here, 7 iscalled base and
2iscalled exponent (or index)

Similarly, 3*isread as“ 3raised to the power 3" or “third power of 3". Here, 3iscdledthe
baseand 3iscalled exponent.

Similarly, 6°isread as" 6 raised to the power 5" or “ Fifth power of 6”. Again 6 isbaseand
5isthe exponent (or index).
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From the above, we say that

The notation for writing the product of a number by itself several timesis called the
Exponential Notation or Exponential Form.

Thus, 5% 5 ... 20 times = 52 and (=7) x (=7) % .... 10times = (=7)% Notes

In 5%, 5isthe base and exponent is 20.

In (=7)*, baseis—7 and exponent is 10.

Similarly, exponential notation can be used to write precisely the product of aratioina
number by itself anumber of times.

oo (D Lretpimee (2]

Ingenerd, if aisarationa number, multiplied by itself mtimes, itiswritten asa™.
Hereagain, aiscalled the base and miscalled the exponent
L et ustake someexamplestoillustrate the above discussion:

Example2.1: Evauateeach of thefollowing:
L (2) (3
i) = i) | —=
()(7] " ( 5)
Solution: 0] 7| =7%7%5= (7)3 ~ 33

0 (-CRE-E -

Example2.2: Writethefollowing inexponentia form:

(i) (-5) x (-5) x(H) *x(H) x(H) x(H) *x(-H)

0 53]z =)<

Solution: (i) (-5) x (-5) x(-5) x (-5) x (-5) x(-5) x (-5) =(-H)’
o))< (-
1) * ) * ) * (1 ‘[1_1]
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Example2.3: Expresseach of thefollowing in exponential notation and writethe base
and exponent in each case.
Notes : 125 THY
(1) 4096 (i) 5= 729 (ili))—512

Solution: (1)4096=4x4x4x4x4x4 Alternatively 4096 = (2)
= (4)° Base =2, exponent =12
Here, base = 4 and exponent = 6

125 5 5 5 (5Y
(i) 759 = 5%a%s =l
729 9 9 9 (9
5
Here, base= (5) and exponent =3

(iii)Bl2=2%x2%x2x2Xx2x2%x2x2%x2=2°
Here, base = 2 and exponent = 9

Example2.4: Smplify thefollowing:

SR

ution: > 2=
VANIYL
Smilaly 3) T
3\ (4) 3 4
— | X|—=| = —=X—
2 (3) 23" 3
3P 16x16 32
= —X = —
g 3 3

Example2.5: Writethereciproca of each of thefollowing and expresstheminexponentia

form:
. - (3Y _(_5Y
(i3 (i) (Zj (i) [_EJ
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Solution: ()  3F=3x3x3x3x3
=243

-, Reciprocal f35—i=(1j5
- Reciprocal of 3= 5 2 =| 5
. 3 &
w (Z)zF

3 42 (4
.. Reciprocal of (ZJ = 3 = (gj

57 -6° (-6Y
.. Reciprocal of (—gj =g =(?j

. P : .
Fromthe above example, wecan say that if a isany non-zerorational number and mis

any positiveinteger, then thereciprocal of (g] is (%} .

CHECK YOUR PROGRESS 2.1

1. Writethefollowinginexponentia form:
(i) (=7) x (=7) x (=7) *(=7)

3) (3
(i) (ZJX(ZJX"" 10times
(.5 5 :
(i) (—7j><(—7jx----20tlm&

2. Writethebase and exponent in each of thefollowing:
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Exponentsand Radicals

2 8
0 39 (i) (7)* (iif) (— 1—1]

3. Evauateeach of thefollowing

L (3Y L (=2Y [ 3Y
() (7j (||)(?J (|||)(—Zj
4. Simplify thefollowing:

o4
ol

5. Findthereciproca of each of thefollowing:

(i) & (i) (=7)* (iii) (—gj

2.2 PRIME FACTORISATION

Recall that any composite number can be expressed asaproduct of prime numbers. Let
ustakethe composite numbers 72, 760 and 7623.

() 72=2x2x2x3x3 2l
2|36
=28 x 3 2|18 2l
319 2380
(i) 760=2 x2x2x5x%x19 3 2(190
— 23 x 5l x10t 3 | 7623 5195
3 2541 19
(i) 7623 =3 x 3x 7 x 11 x11 7 | 847
=3Fx 7t x 112 lll—]fl

We can see that any natural number, other than 1, can be expressed as a product of
powers of prime numbersin a unique manner, apart from the order of occurrence of
factors. Let usconsider someexamples

Example2.6: Express 24300 in exponential form.
Solution: 24300=3%x3x3x3x2x2x5x5x%x3
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- 24300 = 22 x 3 x5
Example2.7: Express 98784 in exponential form.

Solution: 2 | 98784
2 | 49392

2 | 24696

2 | 12348 s 98784 =25xFx T3

2 | 6174
3 | 3087
3 | 1029
71843
7149

7

CHECK YOUR PROGRESS 2.2

1. Expresseachof thefollowingasaproduct of powersof primes, i.e, inexponentia form:
(i) 429 (i) 648 (i) 1512
2. Expresseach of thefollowinginexponentia form:
(i) 729 (i 512 (iii) 2592
1331 243
™) 2006 V) =5

MODULE - 1
Algebra

2.3 LAWS OF EXPONENTS

Consder thefollowing
() Fx3F =BxIJHxBx3xIJ)=(3x3x3x3x3)
=3P =3P+3
(@) (72 (=0 =[(=7) x (=N] x [(=7) x (=7) x (=7) * (=7)]
=[(=0) % (=7) x (=7) % (=7) x (=7) x (=7)]
= (-7)° = (-7

) (z)i{ﬁj“_(éxﬁxé}{ﬁxéxﬁxé)
DN Y el Y Bl abriawry o Driabiawian
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3 3 3 3 3 3 3
=] SX X=X X=X —X—
4 4 4 4 4 4 4

(37 33+4
(-0
(va*x a*=(axaxa)x (axaxaxa=a=a"

From the above exampl es, we observethat

Law 1: If aisany non-zero rational number and mand n aretwo positiveintegers, then

am X af'l: aTT'H‘n
3V ([ 3Y
Example2.8: Evaluate [—Ej X(_Ej .
. 3
Solution: Herea= _E’ m=3andn=5.

Y )

Example2.9: Findthevalueof

BRG]

Solution: Asbefore,

(7}1{7}3_ (7j2+3 _ (7}5 _ 16807
4 4)  \4 4 1024
Now study thefollowing:

, 75 TXTXTXTXT » 53
75+73:—=—=7><7=7 =7
0) 7 IxTIx7

| (3] (x(-3x(-Ix(-3x(-Ix(-3)x(-3)
0 (== 557~ (C3Ix(-3)x(-3)x(-3)
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From the above, we can seethat
Law 2: If aisany non-zerorationa number and mand narepositiveintegers(m>n), then
am = an et am—n

35 16 35 13
Example2.10: Find thevalue of [Z_SJ —(Z—FJ .

35 16 35 13
Solution; (Z_SJ —(Z—SJ

_ (3_5)16_13 _(3_5)3 _(st _%
25 25 5 125

InLaw 2, m<n=-n>m,

1

m-n

a

then a.m +an — a—(n—m) —

Law 3: Whenn>m

3\° (3Y
Example2.11: Find thevalue of (ﬂ +(7)

3
Solution: Herea:7,m:6andn:9.

G567

Let usconsider thefollowing:
0 (Ff=3'x3=3"=3=3%

o [BTT-CIETE)
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3 2+2+2+2+2 3 10 3 2x5
HEEURY

Fromthe abovetwo cases, we caninfer thefollowing:

Law 4: If aisany non-zero rational number and mand n aretwo positiveintegers, then

@) =am
Let usconsider anexample.
3

- 2 2
Example2.12: Findthevalueof 5

2¥ | 27 (2¢ e
Solution: (Ej - [E} :(Ej " 15625
2.3.1 Zero Exponent

Recall that g™~ g" = g™™",ifm>n

1
= an,m,lfn>m

Let usconsider thecase, whenm=n

m m-m
=a

~a =

=1=a°
Thus, we have another important law of exponents,.

Law 5: If aisany rational number other than zero, thena®=1.
Example2.13: Find thevaueof

0 @j (i (_—3)

2 0
Solution: (HUsinga’=1, weget (ﬁ =1

N
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CHECK YOUR PROGRESS 2.3

1. Simplify and expresstheresultin exponentia form:

. (3Y_(3Y NG AN AN AN ERAY
M @ex@® (i) (Z) X(z) (i) (—gj x(—gj x(—gj

2. Simplify and expresstheresult in exponential form:

ocrir ol w3

3. Simplify and expresstheresult in exponential form:

0) (2 (i K%M (i) K— Sj}
37 ola) )

4. Whichof thefollowing statementsaretrue?

—3)\°
(i Againusinga’=1, weget (—j =1

orrer ol
ol )]G
off-o el

(5] (5) (%)
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2.4 NEGATIVE INTEGERS AS EXPONENTS

1
i)  Weknow that thereciprocal of 5is E.Wewriteitas&l andread it as5raised to

power —1.

1
i) Thereciprocal of (7) is Ex Wewriteit as(—7)* and read it as(—7) raised to the

power —1.

1
i) Thereciproca of 5*= ?.Wewriteitas&2 andreadit as'5raised tothe power (-2)'.
Fromtheaboveall, weget

If aisany non-zero rationa number and misany positiveinteger, thenthereciproca of a”
.1
(' 'e?j iIswrittenasa™ and isread as‘ araised to the power (—m)’. Therefore,

Y
am

-m

=a

Let usconsider an example.
Example2.14: Rewriteeach of thefollowing with apositive exponent:

o ey

Solution;

o () e ()
7 ( 4)7 (-4) 4
From the above example, we get thefollowing result:

P . : : o
If a iS any non-zero rational number and m is any positive integer, then

(o) --(5)-
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2.5 LAWS OF EXPONENTS FOR INTEGRAL EXPONENTS

After giving ameaning to negativeintegersasexponentsof non-zerorationa numbers, we
can seethat laws of exponentshold good for negative exponentsal so.

Notes
For example.

fe e
< =
N N
TN M
/ | N |
~N N
NlW
~—— \_l/
\ > b
w |
Il /N
/N |
N~ Slw
~— |
N ~
| — |
w Il
Il 7 N
TN
NN Mo (F
N N~
o w
” .l.
|
Nlw |
~_
2
Il
TN
w |~
~—
w
|
NGV
~
2
Il
|
Mlw
N7
~
&

[

Thus, from the aboveresults, wefind that laws 1 to 5 hold good for negative exponents
aso.

.. For any non-zero rational numbersa and b and any integersmandn,

1. a"xa =amn

2. an+a  =amifm>n
=a™ifn>m

3. (@m"=am

4. (axbm=am"xpm

CHECK YOUR PROGRESS 2.4

_3\? P
1. Express (7j asarationa number of theform a ;
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2. Expressasapower of rational number with positive exponent:

3\ 3)° )
Notes Q) (;j (i) 125x 12 Q) [(Ej }

3. Expressasapower of arationa number with negativeindex:

(i) [?) (i) [(72 (i [Hj]

4. Smylify:

oG WY W

5. Whichof thefollowing Satementsaretrue?

(Hamxa=am™"
(i) (@™ =a™

(iii) a" x b" = (ab)™

(iv) a" b = (gj

(V)amxa=am

2.6 MEANING OF a

You haveseenthat for al integral valuesof mandn,

am X an: al'n‘"n

What isthe method of defining a9, if ais positive rational number and g isanatural
number.

Congder themultiplication

1 1 1 1 111 .
= = = = S+=++.g times
a‘xaixa’........ ><aquaq a9
Y
gtimes
_q
“a'=a
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1

In other words, theqgth power of _q _ 4

or

1
inother words ,q istheqthroot of aandiswrittenas Ya.

For example,
i1 1 1 1111 4
TAXTAXTAXTA=T4444=74=T7"=7

or 7% isthefourthroot of 7 andiswrittenas 4/7,

Let usnow definerational powersof a
If aisapositiverea number, pisaninteger and gisanatural number, then

P
a’=9%a"
We can seethat
P P P P PPPL qtimes E.q

@qxaqxaq ........ xa“/:aq =a% =a’

Y
gtimes
P
~a%=%a’

. a”¥istheqthroot of a®

Consequently, 7% isthe cuberoot of 72.

L et usnow writethelawsof exponentsfor rational exponents:
@ amx a"=amn

() an+a" = am™

(i) @) = am

(i) (@)™ = ambm

a)" _ a"
V) (5) Il

L et usconsider some examplesto verify theabovelaws:

16 -3/4
(i) (8_1)

Example2.15: Findthevalue of

[SIEN]

() (625) (1) (243)
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Solution:

) 1 1 1 L
() (625):= (5x5x5x5)4 =(5')i =5 4 =5

2

. 2 2 2
(D) (243)s = (3x3x3x3x3)° = (3 =3 5 =2 =9

-3

-3
(i 164 _(2x2x2x2)4
81 3x3x3x3

CHECK YOUR PROGRESS 2.5

1. Smplify eachof thefollowing:
O @e)* OIE

2. Simplify eech of thefollowing:

(i) (625) « +(25)

3

(13}‘3 (13)31 (13)3
()| —=| x| —=| %X|—=
16 16) |16

2.7 SURDS

We haveread in first lesson that numbersof thetype /2, /3 and /5 areall irrational
numbers. We shall now study irrational numbersof aparticular typecalled radicalsor

aurds.
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A surdisdefined asapositiveirrationa number of thetype 1/x , whereitisnot possibleto
find exactly thenthroot of X, wherex isapositiverational number.

Thenumber 1/ isasurdif and only if
(i) itisanirrationa number
(if) itisaroot of the postiverational number

2.7.1 Some Ter minology

Inthesurd 1/x , thesymbol \/_ iscalledaradical sign. Theindex ‘n’ iscalledthe or der
of thesurd and xiscalled theradicand.

Note: 1)  Whenorder of thesurdisnot mentioned, it istaken as 2. For example, order

of V7 (=%/7)is2.
i) 3/g isnotasurd asitsvalue can bedetermined as2whichis arational.

iii) \/2++/2 ,dthoughanirrational number, isnot asurd becauseitisthesquare
root of anirrational number.

2.8 PURE AND MIXED SURD

i) Asurd, withrational factor is1 only, other factor being rrational iscalled apuresurd.

For example, /16 and 3/50 arepuresurds.

i) Asurd, having rational factor other than 1 alongwith theirrational factor, iscalled a
mixed surd.

For example, 2./3 and 33/7 aremixed surds.

2.9 ORDER OF A SURD

Inthesurd 53/4, 5iscalled the co-efficient of thesurd, 3istheorder of thesurdand 4
istheradicand. Let usconsider someexamples:

Example2.16: Statewhich of thefollowing aresurds?

(i) /49 (i) V96 (iii) 3/81 (iv)%/256
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Solution: 0) J49 =7,whichisarationa number.
. /49 isnotasurd.
Notes

@) J96=+4x4x6=4J6
. /96 isanirrational number.

= /96 isasurd.
(i)  3/81=3/3x3x3x3=33/3,whichisirrationd
- 3/81 isasurd.
(v)  3/256 =3/4x4xax4 =4/4
. 3/256 isirrational.
= 3/256 isasurd

-~ (i), (iif) and (iv) aresurds.

Example2.17: Find“index” and“radicand” in each of thefollowing:

(i) 8117 (i) V162 (iii) 4/213 (iv)4/214
Solution: M indexis5andradicandis117.
(it) index is2 and radicand is 162.
(iir) index is4 and radicand is213.
(iv)  indexis4andradicandis214.
Example2.18: Identify “pure’ and*“mixed” surdsfromthefollowing:

() Va2 (i) 43/18 (i) 24/98
Solution: (i) \/42 isapuresurd.
(ii) 43/18 isamixedsurd.
(iii) 24/98 isamixed surd.

2.10 LAWS OF RADICALS

Given below are Lawsof Radicals: (without proof):
0 [Ral=a
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i  Yavb=Yab

whereaand b are positiverational numbersand nisapositiveinteger.

Let ustakesomeexamplestoillustrate.

Example2.19: Which of thefollowing aresurdsand which arenot?Uselawsof radicals
to ascertain.

() V5x /80 (i) 2415 + 4410
(i) 3/4x3/16 (V) 32 ++27

Solution: () /5x+/80=+/5x80 =+/400 = 20-

whichisarational number.

. A/5x4/80 isnotasurd.

_ e 2215 _ 415
@i Z@Tw—m—%

B B

3
= o210 Jao \g - Whichisirational,

- 2415+ 4410 isasurd,

(iii) 3/4x3[16 =3/64 = 4= Itisnotasurd.

2 (32
V) V32+427 =%:1/5 ,whichisirrationd

. A[32 +4/27 isasurd.

CHECK YOUR PROGRESS 2.6

1. Foreachof thefollowing, writeindex and the radicand:

(i) 4/64 (i) §/343 (iii)+/119
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2. Statewhichof thefollowingaresurds.
() 3/64 (i) 4/625 (iif) /216
(V) V5x+/45 (V) 3J2x5/6

3. Identify pureand mixed surdsout of thefollowing:

() V32 (i) 23/12 (iif) 133/91 (V) V35

2.11 LAWS OF SURDS

Recall that the surds can be expressed as numberswith fractional exponents. Therefore,
lawsof indicesstudied inthislesson before, areapplicabletothemalso. Let usrecall them
here

() ¥/x. 3y =gxy or xny" =(xy)n
) B x_t(zf
Wy vy Ty

Gi) §3% = x =3 or [xiJm .- {X;]

S

1

V) 8/xm = x% or (xm)H = x%

1 p pn

P 1
V) 8/x? =x™ or (xP)n = xm = x™ = (xP"Jm
Here, xand y are positiverational numbersand m, nand p are positiveintegers.

Letusillustratetheselawsby examples:

() 33 48-3x8° = (24); —3/24 = 3/3x8

0 S

Wl
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i Vﬁ:ﬁ:(ﬁf 70 87247 {7

Notes
3 9
@iv) 5{/}:(43)% _ 45 — 415 — g0 _3g 433

Thus, we seethat the abovelawsof surdsare verified.

Animportant point: Theorder of asurd can be changed by multiplying theindex of the
surd and index of theradicand by the same positive number.

Forexample 3/2 -8/2% —§/4
{347 96

2.12 SIMILAR (OR LIKE) SURDS

Two surds are said to be similar, if they can be reduced to the sameirrational factor,
without consideration for co-efficient.

For example, 3,/5and 7,/5 are similar surds. Again consider /75 =5,/3 and

V12 =243. Now /75 and /12 are expressed as 5./3 and 2/3. Thus, they are
smilar surds.

213 SSIMPLEST (LOWEST) FORM OF A SURD

A surdissaidtobeinitssmplest form, if it has

a) smdlest possbleindex of thesign
b) nofractionunder radica sign

¢) nofactor of theforma", whereaisapositiveinteger, under theradical signof index n.

125 _ |125x12 _5
For example\/ \/ \/_

18x12

L et ustake someexamples.

Example 2.20: Expresseach of thefollowing as pure surd inthesmplest form:

3
() 27 (ii) 44/7 (i) Z‘/S_Z
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Solution:

() 247 =+/22x7 =+/4x 7 = /28, whichisapuresurd.

(i) 44/7 =4/4*x7 =4/256x 7 =4/1792 » Whichisapuresurd.

3 / 9
(iii) Z@ = SZXE = «/E,which isapuresurd.
Example2.21: Expressasamixed surdinthesimplest form:

() V128 (i) §/320 (iif) 3/250

Solution:

(i) V128 =\/64x2 =812,

whichisamixed surd.

(i) §/320 = 6/2x2x2x2x2x 2x5

=§/2°x5 = 2§/5, whichisamixed surd.

(iii) 3/250 =3/5x5x5x 2 = 53/2 , whichisamixed surd.

CHECK YOUR PROGRESS 2.7

1. Statewhichof thefollowing arepairsof smilar surds:

()V8,432  (ii)5V3,6418  (iii)v/20,4125

2. Expressasapuresurd:

: . .. D

(i) 7v3 (ii) 33/16 (i) V24
3. Expressasamixed surdinthesmplest form:

() 3/250 (if) 3/243 (iif) 4/512

2.14 FOUR FUNDAMENTAL OPERATIONS ON SURDS

2.14.1 Addition and Subtraction of Surds

Asinrational numbers, surdsare added and subtracted in the same way.
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Forexample, 5,/3+17+/3=(5+17/3=22/3

and  12J5-75=[12-75=5.5

For adding and subtracting surds, wefirst changethem to similar surdsand then perform
theoperations.

Notes

Forexample i) /50 + /288

= JBx5x2 ++/12x12x 2

= 5J2+122 =4/2(5+12) =172
ii) /o8 -+/18

= J7x7x2-/3x3x2

= 7J2-3J2=(7-3W2=4\2

Example2.22: Simplify each of thefollowing:
(i) 46+ 2454
(i) 4563216
Solution: (i) 46+ 24/54
= 4.6 +2/3x3x6
= 46+6./6=10J6
(i) 4563216
= 45,6 -3/6x6x6
= 45/6-18/6
= 276

Example2.23: Show that
24,45 —164/20 +/245 - 47/5=0
Solution: 24,/45 —164/20 + /245 — 47/5
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= 24.3x3x5-164/2x 2x5 +/Tx 7x5—47/5

= 725-32\/5+7/5- 475

= J5[72-32+7-47]

Notes

= /5x0=0=RHS

Example2.24: Simplify: 23/16000 + 83/128 — 3%/54 + 4/32

Solution: 23/16000 = 23/10x10x10x8x 2 = 2x10x 23/2 = 40%/2

83/128 = 83/4x4x4x 2 =323/2
R/54 = B/3x3x3x2 = %K/2
432 =242

.. Required expression

=40%/2+32%/2-92+242
= (40+32-9R/2+24/2
=633/2+24/2

CHECK YOUR PROGRESS 2.8

Simplify each of thefollowing:
1. 175+4112

2. \/32+./200++/128

3. 3/50+418

4. J108—+/75

5 3/24+3/81-8%3

6. 63/54-23/16+43/128

7. 124/18+6120 - 64147 + 3,50 + 845
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2.14.2 M ultiplication and Divisionin Surds
Two surdscan bemultiplied or divided if they are of the same order. We haveread that the
order of asurd can be changed by multiplying or dividing theindex of the surd and index Notes

of theradicand by the same positive number. Before multiplying or dividing, we change
them to the surds of the same order.

L et ustake someexamples.

V3x2=13x2=1/6 V3 and v/ are of same order |

512
iz 2= o

Letusmultiply /3 and 3/2

V2=44
~N3x¥2=8/27x8/4 =§/108
V3 821 (27
ands—zs—zﬁ_
Y2 %4 V4
Let usconsider anexample:

Example2.25: (i) Multiply 53/16 and 113/40 -
(i) Divide 153/13 by 68/5 .-
Solution: (i) 5316 * 113/40
= 5x11x¥/2x 2x 2x 2 x3/2x 2x 2x5
= 55x2x 23/2 ¥/5
= 220310

15V13 5 §13° 5 [169
)" "2 2\ 5

Example2.26: Smplify and expresstheresultin smplest form:

2/50x/32x 2472
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Solution: 24/50 = 24/5x5x 2 =104/2
V32 =4/2x2x2x2x2 = 44/2
272 = 2x 62 =122

. Givenexpression
= 10V2x4/2x1242
= 960V/2

2.15 COMPARISON OF SURDS

To comparetwo surds, wefirst changethem to surds of the same order and then compare
their radicandsaong withtheir co-efficients. L et ustake someexamples:

1 1
Example2.27: Whichisgreater \/; or i/;?
Solution: \/i—ﬁ(ijs—éii
ution: 4 4 ‘/64
-
3[— =6|—
3 V9
1.1 \F 1 \F \F
—>— =6 >6/— =3 [— > _|[—
9 o4 9 64 3 V4

Example2.28: Arrangein ascendingorder: 3/2, /3 and /5.
Solution: LCMof 2,3,and 6is6.

Now §/4 <§/5<§/27

=3/2<85<43
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CHECK YOUR PROGRESS 2.9

Multipliy 3/32 and 53/4 - Notes
Multipliy \/3 and 3/5 -

Divide 2/135 by %/5 .

Divide 2+/24 by 3/320 .

Whichisgreater 4/5 or 3/4 ?

Whichinsmaler: /10 or 4/9 ?

Arrangeinascending order:

Arrangein descending order:

=

N

w

>

o

N o

©

2.16 RATIONALISATION OF SURDS

Consider the products:
. 1 1
0 32x32=3
() 50x5n 5
. 1 3
() 7474 =7
Ineach of the abovethree multiplications, we seethat on multiplying two surds, we get the

result asrational number. In such cases, each surd iscalled therationalising factor of the
other surd.

(i) /3 isarationalising factor of /3 andvice-versa
(i) Ys* isarationalising factor of ¥/57 andvice-versa
(iii) 4/7 isarationalising factor of 4/73 and vice-versa
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Inother words, the process of converting surdsto rationa numbersiscalled rationalisation
and two numberswhichonmultiplication givetherationa number iscaledtherationdisation
factor of theother.

For example, therationalising factor of \/x is+/x,0f \/3++/2 is{/3-4/2-
Note:

() Thequantities x—./y and x+,/y arecalled conjugate surds. Their sum and product
aredwaysrational.

(i) Retionalisationisusualy doneof thedenominator of anexpressoninvolvingirrationa
surds.

L et usconsider someexamples.

Example2.29: Find therationalising factorsof ,/18 and /12.

Solution: V18 = 3x3%x2=32
- Rationalisingfactoris ,/2 .

J12= J2x2x3=243.

- Rationdisingfactoris /3 .

J2+45

Example 2.30: Rationalisethe denominator of W .

V245 (V2+45)V2++5) (V2++5)

Solution: V25~ (V2-5)v2+45) -3
7+2410 7 2@

3 3 3

4+3y5

E le2.31: Rationdiseth i f .
xample 2.31: Rationalisethe denominator o 4-375

. 4+3J5 (4+3\/§)(4+3\/§)
Solution: 4-3J5 (4-3/5)4+3/5)
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1
Example 2.32: Rationalisethe denominator of m .

| 1 (3-+2)-1
Solution: SBV2+1 [(@_ﬁ)+1][(ﬁ_ﬁ)—1]

Bz 321
T (3-v2f -1 4-2V6

_3-V2-1 4+26
=4 2J6  4+2J6

_ 4/3-4J2-4+6/2-4J3-26

16-24
_\/5—2—\/6_\/6—\/5+2

4 B 4

+2\/§

3 .
Example2.33: If 32 —a+by2, find thevaluesof aandb.

Sution 3+2V2 _3+2V2 3+42 _9+4+9y2
WO 32 T a2 32 9-2

13+9f 13 9\/— s b3

7

CHECK YOUR PROGRESS 2.10

1. Findtherationdisingfactor of each of thefollowing:

(i) /29 (i) v2+1 (i) 3/x% +3/y? +3/xy
2. Simplify by rationalising thedenominator of each of thefollowing:

12 243 J11-+/5

(')E (“)\/— ("')\/—1 J5
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2+I 2[

1

. Rationalisethe denominator of J3-v2-1

1
. If g=3+2/2.Find a+g.

2+5«/7
=X+7Y fi
If > 5y7 Y, findxandy.

@hm

ax ax ax.... mtimes=a"istheexponential form, whereaisthebaseand misthe
exponent.

Lawsof exponent are:

. ) (a)"_a"
(Hamxa'=am™" (iij)a"+a"=am™" (i) (ab)™=ampbm (iv) (Bj =b—m

L

W (@) =am M)a=1 (vii) 8" =~

Anirrational number 1/ iscaledasurd, if xisarational number and nthroot of xis
not arational number.

In 8/x , niscalledindex and x iscalled radicand.

A surdwith rationd co-efficient (other than 1) iscalled amixed surd.

Theorder of the surdisthe number that indicatestheroot.
Theorder of 3/x isn
Lawsof radicals(a> 0, b>0)

i) Wal=a () ¥ax¥b=¥ab (i) $=£
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Operationson surds

101 1 e 1
X" X y" = (xy)n; (X”] =X”"=(X Notes

1 =
1]n X" _(
m . 1 —

1 m 1 a an 1
(Xm)ﬁ =xn ; Q/Xa — mU/Xan or (Xa)a = XM =xM™M = (Xan)ﬁ
Surdsaresimilar if they havethesameirrational factor.

Similar surds can be added and subtracted.

Ordersof surds can be changed by multiplying index of the surdsand index of the
radicand by the same positive number.

Surdsof the same order are multiplied and divided.

To comparesurds, wechange surdsto surdsof thesameorder. Thenthey are compared
by their radicandsa ongwith co-efficients.

If the product of two surdsisrational, each iscalled the rationalising factor of the
other.

X+,/y iscalledrationaising factor of x—\/yandviceversa.

H TERMINAL EXERCISE

1.

Mathematics Secondary Course

Expressthefollowinginexponentid form:
() 5x3x5x3x7x7x7%x9x9

o (S )

Smplify thefollowing:
5 (7Y (3Y
o[-¢J )3
o2
7 27 5
Simplify and expresstheresult in exponentia form:

() (10)°x(6)° x (5)°
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10.

11.

12.

13.

o 37Y° ([ 37\
W (‘E) *(‘E)
3T

NEl

Simplify each of thefollowing:

(i) 3°+7°+37°-3 (ii) (7°+ 3°) (7°-3)
Smplify thefollowing:

i . (27 ( 2)
() (32)% = (32)° (i) (112)° x (112) ° (i) (— §j x(— 5)

3 -3 3 11 3 X
Find x so that (% X(7j =(7j

3 -2 3 -9 3 2x+1
, S22
Find x so that (13) (13) (13)
Express as aproduct of primes and write the answers of each of the following in
exponentia form:

(i) 6480000 (ii) 172872 (iii) 11863800

Thestar srusisabout 8.1 x 10* km from the earth. Assuming that thelight travel sat
3.0 x 10° km per second, find how long light from sirustakesto reach earth.

Statewhich of thefollowing aresurds:

(M) % (H¥Y729  (ip¥Vs+1  (iv)4/3125

Expressasapuresurd:
(i) 33 (i) 53/4 (i) 53/2
Expressasamixed surd insimplest form:

() /405 (%320 (i) 3128

Which of thefollowing arepairsof similar surds?

(i) V112,4/343 (ii) 3/625,3/3125% 25 (iii) 8/216,/250
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14.Smplify each of thefollowing:

0) 4\/4_—2\/%+6\/§

Notes

(1) \/63+ /28 -/175
(i) \/8++128-+/50

15. Whichisgreater?

O +v2or33  (i)3/6orys

16. Arrangein descending order:

() V/3,3/4,4/5 (i) v2,4/3.3/4
17. Arrangein ascending order:
3/16,12,8/320

18. Smplify by rationaising the denominator:

3 12 _+5-2
0] J6-J7 (”)«/7—«/5 (”I)«/§+2
19. Smplify each of thefollowing by rationalising the denominator:

® 1++42-+/3 (“)«/7+\/§—\/E
5+24/3

20. If =a+ b«/§, findthevauesof aand b, whereaand b arerationa numbers.
7+443

1
21. If x =7+ 44/3, findthevalueof X+;.

[ ]
‘ l ANSWERS TO CHECK YOUR PROGRESS

21
NEN . (=5)"
L O 0 (i) (Zj (iii) (7j
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2. Base
0 -3
i) 7

. 2
i) 75

Y
3. () 401

.3
4, (I);

(1Y
5. (i) (gJ

2.2
1. (i) 3'x 111x 13
2. ()3

17°

k=

2.3

L ®@r
2. ()7

3. (i)2=

(11
(iv) (Ej

4. True (), (i), (vii)

False: (iii), (iv), (v), (vi)

Exponent

.. 16
(1) 6561

. 625
(1) 354

o)

(ii) 25 x 3¢

(i) 2°

v)

(i)

(i)

(i)

7

25

3
4
3
4

3
4

Exponentsand Radicals

.. 20
(iii) "o

ol

(i) 22 x F x 71
(iii) 25 % 3¢

(iii) [—
(iii) (—
(iii) (—

(e JIEN

15

[ NIEN]

15

©o ol

7 3
) (— 1—J
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24

(7
2. (I)(g)
NEAR
3, ®(§j

8l
4, (I)l_ﬁ
5. True (i), (i), (iv)
25

1. ()8

2. ()1

2.6

1. ()4,64

2. (iii), (iv)

3. Pure (i), (iv)
Mixed: (i), (iii)

2.7

1. (i), i)

2. () 147
3. () s/2

2.8

1 97
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(ii) 122

(1)
(i) (%

. 2
(ii) ~3

.25
(ii) 9
7
(g

(ii) 6, 343

(i) 3/432
(i) 3%/9

2. 222

(137
(|||)(§)
NG
(|||)(—§j

(i) “ 105

13
(i) 16

(iii) 2,119

... |15
i) y[—
(ii) 44/2

3. 2742

MODULE - 1
Algebra

Notes

4.3




MODULE - 1
Algebra

Notes

Exponentsand Radicals

5 -33 6. 303/2 7. 512 +365-424/3
2.9
216
1 232 2. %5 3.3 4.g/2—15
5 ¥4 6. 4/9 7.8/33/2,3/4 8. 3/4,4/3,32
2.10
L ()7 @) 21 (i) Yx—fy
12
2 02 2t DESC PG
3. 14

4. —%[2+\/6+\/§]
5 6

179 2047

171 171

[ ]
l ANSWERS TO TERMINAL EXERCISE

1 2 2 3 2 11 (_Zj4
1 ()52 x3Fx7x9 (i) 9

D 1
2 ()5 (D 705

| ) (3Y°
3 (i)2*x3Fx5 (iH1 (|||)(Ej
4. (i)zero (i) zero

. ) (2Y
5 (1) (32) (i1 (iii) [5)
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6. x=8

7. X=-6

8. 2"x3* x5
9.

32 x 107 seconds

10. (i), (i), (iv)
11. (i) 3/27 (if) 3/500 (iii) §/6250
12. (i) 34/5 (ii) 2310 (iii) 43/2
13. (i), (i)

14. (i) %«/5 (i) zero (iii) 52
15. () 33 (i) /6

16.() V334,45 (i) V334,42
17. 16,%/320,12
18.() -36+v7) ()3N7+v3)  (i)9-4y5

L 2+42+46 . 7/5+5J7+2J105
19. () S22 i)
4 70
20.a=11,b=-6
21. 14
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ALGEBRAIC EXPRESSIONS AND
POLYNOMIALS

Sofar, you had been using arithmetical numbers, whichincluded natural numbers, whole
numbers, fractional numbers, etc. and fundamental operationson those numbers. Inthis
lesson, we shall introduce al gebraic numbers and some other basic concepts of algebra
like constants, variables, algebraic expressions, special agebraic expressions, called
polynomiasand four fundamental operationsonthem.

After studying thislesson, youwill beableto

identify variables and constants in an expression;

cite examples of algebraic expressions and their terms,

understand and identify a polynomial asa special case of an algebraic expression,;
cite examples of types of polynomials in one and two variables;

identify like and unlike terms of polynomials;

determine degree of a polynomial;

find the value of a polynomial for given value(s) of variable(s), including zeros
of a polynomial;

perform four fundamental operations on polynomials.

EXPECTED BACKGROUND KNOWLEDGE

K nowledge of number systemsand four fundamental operations.

Knowledgeof other e ementary conceptsof mathematicsat primary and upper primary
levels.
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Algebraic Expressonsand Polynomi

3.1 INTRODUCTION TO ALGEBRA

1
You aredready familiar withnumbers0, 1,2, 3, ...., = s V2,...etc.and operationsof

addition (+), subtraction (-), multiplication (x) and divison (+) onthesenumbers. Sometimes,
letterscalled literal numbers, are also used as symbol sto represent numbers. Suppose
wewant to say “ The cost of one book istwenty rupees’.

In arithmetic, wewrite: The cost of onebook =< 20
Inalgebra, weput it as. the cost of onebook in rupeesisx. Thusx standsfor anumber.

Similarly, a, b, ¢, X, Y, z, etc. can stand for number of chairs, tables, monkeys, dogs, cows,
trees, etc. Theuse of lettershelp usto think in more general terms.

L et usconsder an example, you know that if theside of asquareis 3 units, itsperimeter is
4 x 3units. Inagebra, we may expressthisas

p=4s
where p standsfor the number of unitsof perimeter and sthose of aside of the square.

On comparing the language of arithmetic and thelanguage of algebrawefind that the
languageof algebrais

(&) moreprecisethanthat of arithmetic.
(b) moregeneral than that of arithmetic.
(c) easier to understand and makes sol utions of problemseasier.

A few moreexamplesin comparativeformwould confirm our conclusionsdrawn above:

Verbal statement Algebraic statement
() A number increased by 3 gives8 a+3=8
(>i)Anumberincreased by itself gives12  x +x =12, writtenas2x = 12
(iii) Distance= speed x time d=sxt,writtenasd=st

(iv) A number, when multiplied by itself bxb+5=9 writtenasb?+5=9
and added to 5 gives 9

(V) Theproduct of two successivenatural  y x (y + 1) = 30, wrttenasy (y + 1) = 30,
numbersis 30 wherey isanatura number.

Sinceliteral numbersare used to represent numbersof arithmetic, symbolsof operation +,
—, X and + havethe same meaning in algebraasin arithmetic. Multiplication symbolsin
algebraare often omitted. Thusfor 5 x awewrite 5aand for ax b wewrite ab.

Mathematics Secondary Course
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3.2 VARIABLES AND CONSTANTS

Consider the months— January, February, March, ....., December of the year 20009. If
werepresent ‘ theyear 2009 by aand ‘amonth’ by x wefindthat inthissituation‘a (year
2009) isafixed entity whereasx can beany oneof January, February, March, ..., December.
Thus, x is not fixed. It varies. We say that in this case ‘a’ isaconstant and ‘X’ isa
variable.

Similarly, when we consider students of class X and represent class X by, say, band a
student by, say, y; wefind that inthiscaseb (class X) isfixed and sobisaconstant and y
(astudent) isavariableasit can be any one student of class X.

L et usconsider another situation. If astudent staysin ahostel, hewill haveto pay fixed
room rent, say, I 1000. The cost of food, say I 100 per day, depends on the number of
dayshetakesfood there. In this case room rent is constant and the number of days, he
takesfood there, isvariable.

Now think of the numbers.

4, 14J_£—1i3 2—1y,\/§z

You know that 4, —14,+/2, g and - 1% arerea numbers, each of which hasafixed

_ 21 . .
vauewnhile 3Xx, 5 y and 2z containunknown X, y and z respectively and thereforedo

not have fixed valueslike 4, —14, etc. Their values depend on X, y and z respectively.
Therefore, x, y and zarevariables.

Thus, avariableisliteral number which can have different values whereas a constant
has a fixed value.

In algebra, we usually denote constants by a, b, c and variables x, y, z. However, the
context will makeit clear whether alitera number has denoted aconstant or avariable.

3.3 ALBEGRAIC EXPRESSIONS AND POLYNOMIALS

Expressons, involving arithmetica numbers, variablesand symbolsof operationsarecdled

1 X ax+by+cz
agebraicexpressions. Thus, 3+ 8, 8x +4, 5y, 7x—2y +6, V2x 'y -2 x+y+z

ae

all agebraicexpressions. You may notethat 3 + 8isboth an arithmetic aswell asagebraic
expression.

An algebraic expression is a combination of numbers, variables and arithmetical
operations.
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Oneor moresigns+ or —separates an agebrai c expression into several parts. Each part
aongwithitssigniscaled aterm of theexpresson. Often, theplussign of thefirst termis
omitted inwriting an algebraic expression. For example, wewrite x —5y + 4 instead of
writing + X —5y + 4. Here x, — 5y and 4 are the three terms of the expression.

1 1
In gxy, 3 iscdled thenumerica coefficient of theterm and aso of xy. coefficient of x is

1 1
§y andthatof yis 3 X. When thenumerical coefficient of atermis+lor—1,the‘l’ is

usualy omitted inwriting. Thus, numerical coefficent of aterm, say, x?y is+1 and that of
X%y is—1.

An algebraic expression, in which variable(s) does (do) not occur in the denominator,
exponents of variable(s) are whole numbers and numerical coefficients of various
termsare real numbers, is called a polynomial.

I n other words,

(i) Notermof apolynomial hasavariableinthe denominator;

(i) Ineachtermof apolynomid, theexponentsof thevariable(s) arenon-negativeintegers,
and

(i) Numerical coefficient of eachtermisarea number.

1 7 15 .0 .
Thus, for example, 5, 3x -y, 5a—b+ 5 and X —2y°+xy -8 aredl polynomials

2

1 <
whereas X* ——/x+y andx +5 arenot polynomials

x?+8isapolynomia inonevariablex and 2x2 + y3isapolynomial intwo variablesx and
y. Inthislesson, weshall restrict our discussion of polynomiasincluding two variables
only.

Generd formof apolynomid inonevariablexis.
g +tax+ax’+..+ax"

where coefficients g, a, a,, ....a are rea numbers, x is avariable and nis awhole
number. a,, a X, ax? ..., ax"are(n+ 1) termsof the polynomial.

Anagebraicexpressonor apolynomid, consigting of only oneterm, iscaledamonomial.
1
Thus, -2, 3y, -5x2, Xy, 5 x?y3areal monomials.

Andgebraicexpressonor apolynomia, conssting of only twoterms, iscalled abinomial.
Thus, 5+ X, y2—8x, x3—1 areall bionomials.
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Andgebraicexpressonor apolynomia, conssting of only threeterms, iscdledatrinomial.
Thusx +y+1, x>+ 3x + 2, x>+ 2xy + y?areall trinomials.

The terms of a polynomial, having the same variable(s) and the same exponents of
the variable(s), are called like terms.

For example, intheexpression
3Xy + 9x + 8xy — 7X + 2x?

theterms 3xy and 8 xy areliketerms; also 9x and—7x areliketer mswhereas 9x and 2x?
arenot liketerms. Termsthat arenot like, arecaled unliketer ms. Inthe above expression
3xy and—7x areadso unliketerms.

Note that arithmetical numbers are like terms. For example, in the polynomials
X2+ 2x + 3and x® -5, theterms 3 and — 5 are regrded aslike terms since 3 = 3x° and
—5=-5%0.

Thetermsof theexpresson
2x2—=3xy +9y?—-7y + 8
aredl unlike, i.e., therearenotwoliketermsinthisexpression.
Example3.1: Writethevariablesand constantsin 2x2y + 5.
Solution: Variables: xandy
Constants: 2and 5
Example3.2: In8x?y?, writethe coefficient of
(i) xy® (ii)x* (ii)y?
Solution: (i) Bx2y3 =8 x (x2y3)
.. Coefficient of x?y2is8
(i) 8x2y® =8y x(x?)
.. Coefficient of x?is8y?3.
(iii) 8x2y3=8x>x(y3)
.. Coefficient of y2is8x>.

Example 3.3: Writethetermsof expression
5 1
XYy —=X——y+2
y 5%73 y
Solution: Thetermsof thegiven expressonare

3y, —2X, ~2Y,2
X,2,3,

Mathematics Secondary Course




Algebraic Expressionsand Polynomials MODULE - 1
Algebra

Example3.4: Which of thefollowing algebraic expressionsare polynomial s?

(i)%+x3—2x2+\/6x (ii)x+%

Notes
(i) 2x*+3x5,/x +6 (iv) 5—x—x?—x3

Solution: (i) and (iv) arepolynomials.

1 5 . .
In(ii),wcondtermis; =X, Sincesecond term contains negative exponent

of thevariable, theexpressonisnot apolynomial.

In(iii) , thirdtermis _ 5x = —5x% . Sincethird term containsfractiona exponent
of thevariable, theexpressonisnot apolynomial.

Example3.5: Writeliketerms, if any, in each of thefollowing expressions:

1
()x+y+2 (ii)x2—2y—§x2+\/§y—8
(ii1) 1—2xy + 2x2y — 2xy?+ 5x2y? (iv)iy—EZJFEB/Jrl
37 3 373
Solution: () Therearenoliketermsintheexpression.

1
(i) x?and —Exzareliketerms dso—-2y and /3y areliketerms

(iii) Thereareno liketermsin theexpression.

2
(iv) ﬁy and %y areliketerms

CHECK YOUR PROGRESS 3.1

1. Writethevariablesand congtantsin each of thefollowing:
V1s iy 2xstys7 i Ay
(i) 1+y (i) 3%+ (i) ¢

P EX 5+1 2X2+ 2 8 i X+£
(v) 5°+5 (v) 2 +y?— (vi) X+
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. In2x%y, writethe coefficient of

0 xy (i) x2 (ii)y

. Usingvariablesand operation symbols, expresseach of thefollowing verba statements

asagebrac atements:
(i) threelessthan anumber equal sfifteen.
(i) A number increased by five givestwenty-two.

. Writethetermsof each of thefollowing expressions:

1
(i) 2+ abc (i)a+b+c+2 (iii) xzy—2xy2—§

N R
=X
(|v)8 y

. Identify liketerms, if any, ineach of thefollowing expressons:

1 1
(i) —xy?+x?y+y2+ §y2x (i) 6a+ 6b—3ab + 2 ab+ab

1
(iii) ax? + by? + 2c —a?x — b? ~3 c?

. Whichof thefollowing a gebraic expressionsare polynomias?

0] %x3+1 (i) 52 —y2—2 (iii) 4x2+ 3y

1
(v) 5 /x+y+6 (v)3x2—.[2y? (vi)yZ—F +4

. Identify each of thefollowing asamonomial, binomid or atrinomial:

(i)x3+3 (ii)%xf‘y3 (iii) 2y?+ 3yz + 2
(iv) 5—xy —3x2y? (v) 7—4x%? (vi)—8x3y®

3.4 DEGREE OF A POLYNOMIAL

The sum of the exponentsof thevariablesin atermiscalled the degr ee of that term. For

1
example, the degree of 5 x?y is3sincethe sum of theexponentsof xandyis2+1,i.e,

3. Similarly, thedegree of theterm 2x°is5. The degree of anon-zero constant, say, 3is0
sinceit canbewrittenas3=3x1=3xx% asx’=1.
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A polynomial has a number of terms separated by the signs + or — The degree of a
polynomial is the same as the degree of itsterm or terms having the highest
degreeand non-zer o coefficient.

For example, consider the polynomial
3x4y3 + 7 xy® —Bx32 + 6xy

It hastermsof degrees7, 6, 5, and 2 respectively, of which 7 isthe highest. Hence, the
degreeof thispolynomid is7.

A polynomial of degree 2 is also called a quadratic polynomial. For example,
3-5x +4x?and x? + xy + y? are quadratic polynomials.

Notethat the degr ee of a non-zer o constant polynomial istaken as zero.

Whendl thecoefficientsof variable(s) inthetermsof apolynomid arezeros, thepolynomia
iscalled azero polynomial. Thedegreeof a zero polynomial isnot defined.

3.5 EVALUATION OF POLYNOMIALS

Wecan evduaeapolynomid for givenvaueof thevariableoccuringinit. Let usunderstand
the stepsinvolved in evaluation of the polynomia 3x?—x + 2 for x = 2. Note that we
restrict oursalvesto polynomiasinonevariable.

Sep 1: Subgtitutegiven vaue(s) in place of thevariabl&(s).
Here, whenx =2, weget 3 x (2)2—2+2

Step 2: Simplify thenumerical expressionobtainedin Step 1.
3x(222+2=3x4=12
Therefore, whenx =2, weget 3x>—x +2=12
L et usconsider another example.

Example3.6: Evduate

1
() 1-x5+2x5+7xforx= >
(i) 5x3+3x?—4x—4forx=1

1
Solution: (i) Forx= o thevaueof thegiven polynomial is:

5 6
=1- 1 +21 +7><1
2 2 2

1 1
_+_
32 32

7
+_
2
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Algebra
=2 =42
Notes (it) For x =1, thevalueof thegiven polynomial is:
5x(1)2 +3x(1)?-4x1-4
=5+3-4-4=0

3.6 ZERO OF A POLYNOMIAL

Thevaue(s) of thevariablefor which thevaueof apolynomia inonevariableiszerois
(are) called zero(s) of the polynomial. In Example 3.6(ii) above, the value of the
polynomial 5x3 + 3x?—4x —4 for x = 1liszero. Therefore, we say that x = 1isazero of
the polynomial 5x3+ 3x?—4x —4.

Let usconsider another example.
Example3.7: Determinewhether given valueisazero of thegiven polynomial:
Hx3+3x*+3x+2; x=-1
(i) x*—4x3+6x2—4x+1; x=1
Solution: 0] For x =—1, thevaueof thegiven polynomial is
(1 + 3% (-1)2+ 3% (1) + 2
=-1+3-3+2
=1 (#0)
Hence, x =—1isnot azero of the given polynomial.
(i) For x =1, thevaueof thegiven polynomial is
(D'=4x(1)P+6x(1)°-4x1+1
=1-4+6-4+1
=0

Hence, x = 1isazero of thegiven polynomial.

CHECK YOUR PROGRESS 3.2

1. Writethedegreeof each of thefollowing monomias:

18 - s ,
() EX (i) gy (iii) 20x (iv) 27
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2. Rewritethefollowing monomiasinincreasing order of their degrees:

2
— 3x68, §X ,9x, —25x3, 25

Notes
3. Determinethedegreeof each of thefollowing polynomias:

() 5xey*+ 1 (i) 10°+xy® (i) x2+y? (iv) x?y + xy?—3xy +4

4. Evauateeach of thefollowing polynomiasfor theindicated value of thevariable:
(i) x>2—25forx=5 (i) x>+ 3x—-5forx=-2
(iii) §x3+gx2—g forx=—1 (iv) 2¢—3x2—3x+12forx=—2

5. Verify that each of x = 2 and x = 3isazero of the polynomial x*>—5x + 6.

3.7 ADDITION AND SUBTRACTION OF POLYNOMIALS

You are now familiar that polynomials may consist of like and unliketerms. In adding
polynomias, weadd their liketermstogether. Similarly, in subtracting apolynomid from
another polynomial, wesubtract aterm fromaliketerm. The question, now, arises* how
doweadd or subtract liketerms? Let ustake an example.

Supposewewant to add liketerms 2x and 3x. Theprocedure, that wefollow in arithmetic,
wefollow inagebratoo. You know that

5x6+5x7=5x%x(6+7)
6x5+7x5=(6+7)%x5
Therefore, 2x + 3x =2 x X+ 3 X X
=(2+3) xx
=5XxX
=5X
Similarly, 2xy + 4 xy = (2 + 4) xy = 6xy
3x%y + 8x%y = (3 + 8)x?y = 11x%y
Inthesameway, since
7x5-6%x5=(7-6)x5=1x5
s By —-2y=(5-2)xy=3y
and  9x?y?—5x%y? = (9—-5)x%y? = 4x?y?
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Inview of theabove, we conclude;

1. Thesum of two (or more) liketermsis a like termwhose numerical coefficient is
the sum of the numerical coefficients of the like terms.

2. Thedifference of two like termsis a like termwhose numerical coefficient isthe
difference of the numerical coefficients of the like terms.

Therefore, to add two or more polynomials, wetakethefollowing steps:
Sep 1: Group theliketermsof thegiven polynomiastogether.
Sep 2: Addtheliketermstogether to get the sum of the given polynomials.
Example 3.8: Add—3x +4and 2x2—7x —2
Solution: (-3x+4) +(2x*-=7x-2)
=2X2+ (=3x —7x) + (4-2)
=2+ (3-7)x+2
=2x*+ (-10)x + 2
=2x2-10x + 2
So(3X+HA) +(22=TXx—2) =2x2—10x + 2
Polynomialscan beadded more conveniently if
(i) thegivenpolynomiasaresoarrangedthat their liketermsarein one column, and
(if) thecoefficientsof each column (i.e. of thegroup of liketerms) are added
Thus, Example 3.8 can also be solved asfollows:
-3X +4
2x2 =7x =2
22+ (71 3)x +(4-2)
So(FBX+HA) +H (22 -Tx—2)=2x2-10x + 2

3 7
Example3.9: Add 5x + 3y — 2 and -2x +y + 2

3

Solution: X + 3y — 2

7
-2X+ Yy + -
Y 4

3x+4y+(z—§J
4 4

=3x+4y+1
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3 7
(5X + 3y — Zj+(—2x +y + Zj:3X+4y+l

35 . X° Notes
Example 3.10: Add EX +Xx“+x+1and x —7—3x+1

Solution: gxz +x2+x+1

+x—lx X + 1
> - 3%

x* + (g—%jx?’ + X%+ (1-3)x+(1+1)

= X3+ xP-2x+2
3., o2 4 x® 4,03, 2
EX +X“+X+1] +| X —7—3x+1 = X+ X+ X —2X+2

Inorder to subtract one polynomid from another polynomial, we go through thefollowing
three steps.

Sep 1: Arrangethegiven polynomiasin columnssothat liketermsarein onecolumn.

Sep 2: Changethesign (from + to—and from—to +) of each term of the polynomial to
be subtracted.

Sep 3: Addtheliketermsof each column separately.
L et usunderstand the procedure by means of some examples.

Example3.11: Subtract —4x* +BX+§ from 9x* —3X—$.

2
Solution: 9X2—3X—7

A 43k 2
3

+ - —

oo (5

= 13x® - 6Xx— 20
21
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(9x2 —3X—Ej—(— 4x? +3x +Ej: 13x2 —6X—§
7 3 21

Notes | Example3.12: Subtract 3x —5x? + 7 + 3x3 from 2x*> -5 + 11x —x3.
Solution: -x3+2x2+11x -5
X —=5x2+3x +7

-+ — —

(-13)x¥+ (2+5)x2+ (11 -3)x +(-5-7)

=4+ T2+ 8x—12
S22 5+ 1IX—x3) —(Bx—=5x2+ 7+ 3x3) = =43+ Tx?+ 8x — 12
Example 3.13: Subtract 12xy —5y2 —9x2from 15xy + 6y2 + 7x2.
Solution: 15xy + 6y? + 7x?
12xy —5y? —9x?

- + 4+

3xy + 11y? + 16x2

Thus, (15xy + 6y? + 7x?) — (12xy —5y? —9x?) = 3xy + 11y? + 16x>
We can also directly subtract without arranging expressionsin columnsasfollows:
(15xy + 6y? + 7x?) — (12xy — 5y? —9x?)
= 15xy + 6y? + 7x? —12xy + 5y? + 9x?
=3xy + 11y? + 16x2
In the same manner, we can add more than two polynomials.
Example 3.14: Add polynomials 3x + 4y —5x?, By + 9x and 4x — 17y —5x2.
Solution: 3X + 4y —5x2
9x + 5y
4x — 17y —5x2
16x — 8y — 10x2

o (X + 4y —5x2) + (5y + 9x) + (4x — 17y —5x?) = 16x — 8y — 10x?

Example 3.15: Subtract x? — x — 1 from the sum of 3x? —8x + 11, — 2x? + 12x and
—4x2+17.
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Solution: Firstly wefind thesumof 3x?—8x + 11, —2x?+ 12x and —4x? + 17.

x> -8 +11
—2X%+ 12x

—4x2 +17 Notes
—3x2 +4x +28
Now, we subtract x?—x —1 from thissum.

—3x2 +4x +28

x2—-—x =1
— + +

—4x%2 +5x +29

Hence, therequired resultis—4x? +5x + 29.

CHECK YOUR PROGRESS 3.3

1. Addthefollowing parsof polynomids:

(i)gx2+x+1; §x2+1x+5
3 7 4

- 7 3 2 . 2

(”)EX -X"+1, 2x“+x-3

(ili) 7X% —3x + 4y; 3X3+5x2—4x+gy

(iv) 23+ 7x?y —5xy + 7; —2x%y + 7x3-3xy -7
2. Add:

(i) x>?=3x+5, 5+ 7x—3x?and x*>+7

(ii):—13x2+gx—5, §x2+5+%x and —x°—x

(i) & —b?+ab, b>*—~c2+bcandc>—& + ca

(iv) 2& + 3p?, 5a — 2b? + ab and — 6&¢ — 5ab + b?
3. Subtract:

(i) 7x3—=3x2+2fromx?—5x + 2

(i) 3y —=5y?+ 7+ 3y3from 2y? -5+ 11y —y?
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(iii) 223+ 7z -5z + 2 from 5z + 7 - 32> + 523
(iv) 12x3—3x? + 11x + 13from 5x3 + 7x? + 2x —4
4. Subtract 4a—b—ab + 3 from the sum of 3a—5b + 3ab and 2a+ 4b — 5ab.

3.8 MULTIPLICATION OF POLYNOMIALS

Tomultiply amonomial by another monomial, we make use of laws of exponentsand the
ruleof signs. For example,

3ax ab?’c? = (3 x 1) & b? ¢ = 3a’h*c?
—Bx x2xy®=(—=5x%x2) x¥*y3=—10x??

1 2 1 1 1 2+1 . 1+1 l 3.2
—Zy’zx| =S |lyz=| == | -= ==y%z
27 ( 3)3'2 ( zj( 3jy 6’

Tomultiply apolynomia by amonomial, wemultiply each term of the polynomial by the
monomid. For example

Xy X (y?+2xy +1) =Xy X (=y?) + (X?y) x 2xy + (x?y) x 1
- _X2y3 + 2X3y2 + X2y

Tomultiply apolynomia by another polynomia, wemultiply each term of onepolynomia
by each term of the other polynomial and smplify theresult by combiningtheterms. Itis
advisableto arrange both the polynomiasinincreasing or decreasing powersof thevariable.
For example,

2n+3) (PP=3n+4) =2nxn?+2nx(-=3n)+2nx4+3xn?>+3x(=3n) +
3x4

=2m—-6n?+8n+3n*-9n+ 12

=2 -3n’-—n+ 12
L et ustake somemore examples.
Example 3.16: Find the product of (0.2x?+ 0.7 x + 3) and (0.5 x> —3x)
Solution: (0.2x2+ 0.7 x + 3) x (0.5x2—23x)

=0.2x2x 0.5x2+0.2x2x (=3x) + 0.7x x 0.5x?+ 0.7 X x (—3x) + 3
0.5x? + 3% (—3x) )

=0.1x*—0.60x3 + 0.35x3 — 2.1x2 + 1.5 x2 - 9x
=0.1x*—0.25x3—-0.6x>—9x
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Example3.17: Multiply 2x—3+x2by 1—x.
Solution: Arranging polynomialsin decreasing powersof x, weget
(P+2X=3) X (=x+1) =x2x (X)) +Xx>% (1) + 2Xx X (—X) + 2x x 1 =3 X (—X)
-3x1
=—x3+Xx2—-2x*+2x+ 3x -3
=—x3-x?+5x-3
Alternativemethod:
X? +2x—3 <«—— onepolynomid
-x +1 <«—— other polynomid
—X3—=2x + 3X
+Xx?  + 2x — 3 |<«—Partid products
—x3=x? +5x —3 < Product

3.9 DIVISION OF POLYNOMIALS

Todivideamonomid by another monomial, wefind the quotient of numerical coefficients
and variable(s) separately using laws of exponentsand then multiply these quotients. For
example,

3,3 3 3
25X°y —25><X—><y—

52y 5 X2y

0 25x°y° +5x%y =

:5><x1><y2
= bxy?
2 2
(i) —1Zax2+4x=—12ax _—L2.ax
4x 4 1 x
= —3ax

To divide apolynomial by amonomial, we divide each term of the polynomial by the
monomid. For example,

15x3 B 3x? N 18x
3X 3X 3x
=5x*—x+6

i)  (15x°—3x?+18x)+3x =

—8x> 10x
= + —
—-2X =2

S E

=4x-5

i)  (-8x2+10x)+(-2x)
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Theprocessof divison of apolynomid by another polynomia isdoneonsmilar linesasin
arithmetic. Try torecall the processwhen you divided 20 by 3.

6 < Quotient

Divisor — 399 —<— Dividend

18
2 <«—— Remainder

Thestepsinvolved in the process of division of apolynomial by another polynomial are
explained below withthe help of anexample.

Let usdivide 2x?+ 5x + 3by 2x + 3.

Sep 1:

Sep 2:

Sep 3:

Sep 4:

Sep 5:

Sep 6:

Arrange the terms of both the polynomials in
decreasing powersof thevariable commonto both
thepolynomials.

Dividethefirgt termof thedividend by thefirst term
of thedivisor to obtain thefirst term of thequotient.

Multiply adl thetermsof thedivisor by thefirst term
of the quotient and subtract the result from the
dividend, to obtain aremainder (asnext dividend)

Dividethefirgt term of theresulting dividend by the
first term of the divisor and writetheresult asthe
second term of the quotient.

Multiply al thetermsof thedivisor by the second
term of the quotient and subtract the result from
theresulting dividend of Step 4.

Repeat the process of Steps4 and 5, till you get
either theremainder zero or apolynomial having
thehighest exponent of the variablelower thanthat
of thedivisor.

In the above example, we got the quotient x + 1
and remainder 0.

L et usnow consider somemore examples.
Example3.18: Dividex*—1by x—1.

Solution:

X2+ X+1
x—lix3—1
X3 —x2
- +
x2 -1
X2 —X
- +
X —1

2x+3i2x2 +5x+3
X
2x+352x2 +5x+3

X
2x+3i2x2 +5x+3
2X% + 3x

2X+3

X+1

2x+3i2x2+5x+3
2X% + 3x

2X+3

2X +3

0
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x -1
- +
— 0
We get quotient x? + x + 1 and remainder O.
Notes

Example 3.19: Divide5x —11 —12x? + 2x3 by 2x —5.

Solution: Arranging thedividendin decreasing powersof X, weget it as

23 —-12x*+5x—-11

, 7. 25

X% ==X ——

2" 4
2x—5>2x3—12x2+5x—11
2x3 — Bx?

-+
—7x?

+ 5x -11

35
+ —X

_ 2
7 X 5

169

7 25 169
We get quotient x? —EX—Zand remainder — 2

CHECK YOUR PROGRESS 3.4

1. Multiply:
(i) 9b*c? by 3b
(iii) 2xy +y?by —5x

2. Writethequotient:

(i) x®y® + x2y?

(i) (a* +2°0°) = &

Mathematics Secondary Course
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3. Divideandwritethequotient and theremainder:

Notes

() x*—=1byx+1 (i) x>—x+1byx+1
(ii1) 6x2—=5x + 1 by 2x -1 (iv) 23 +4x2+3x+1by x +1

@m

A literd number (unknown quantity), which canhavevariousvaues,iscdled avariable.
A constant hasafixed vaue.

An agebraic expression is acombination of numbers, variables and arithmetical
operations. It hasone or moretermsjoined by thesigns+ or —.

Numerical coefficient of aterm, say, 2xy is2. Coefficient of x is2y and that of y is2x.
Numerical coefficient of non-negativex is+ 1 and that of —x is—1.

Analgebraic expression, inwhich variable(s) does (do) not occur inthe denominator,
exponentsof variablesare whole numbersand numerica coefficientsof variousterms
arereal numbers, iscalled apolynomid.

Thestandard form of apolynomia inonevariablex is.

a,+ax+ax..+ax"(orwritteninreverseorder) wherea, a , a,, .... a arereal
numbersand n, -1, n—2, ..., 3, 2, 1 arewhole numbers.

An algebraic expression or apolynomia having onetermiscalled amonomial, that
having two termsabionomial and the one having threetermsatrinomial.

Thetermsof an a gebraic expression or apolynomia having thesamevariable(s) and
same exponent(s) of variable(s) arecalled liketerms. Theterms, which arenot like,
arecalled unliketerms.

Thesum of the exponentsof variablesin atermiscalled the degree of that term.

Thedegree of apolynomial isthe sameasthe degree of itsterm or termshaving the
highest degree and non-zero numerical coefficient.

The degree of anon-zero constant polynomial iszero.

Theprocessof subgtitutinganumerica vauefor thevariable(s) inanagebraicexpresson
(or apolynomid) iscalled eval uation of thea gebraic expression (or polynomial).

Thevaue(s) of variable(s), for which thevalue of apolynomia iszero, is(are) caled
zero(s) of thepolynomidl.

Thesum of two liketermsisaliketermwhose numerical coefficient isthe sum of the
numerica coefficientsof thetwoliketerms.
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The difference of two liketermsisalike term whose numerical coefficient isthe

differenceof thenumerica coefficientsof thetwo liketerms.

Tomultiply or divideapolynomia by amonomia, wemultiply or divide eachterm of

the polynomia separately using lawsof exponentsand theruleof signs.

Tomultiply apolynomia by apolynomid, wemultiply each term of onepolynomid by

eachterm of the other polynomia and simplify theresult by combining liketerms.

Todivideapolynomial by apolynomial, we usually arrange the terms of both the
polynomiasin decreasing powersof the variable common to both of them and take

sepsof divisononsmilar linesasin arithmeticin case of numbers.

H TERMINAL EXERCISE

1. Markatick (v') against thecorrect dternative:

(i) Thecoefficient of x*in6x%?is

(A) 6 (B)y? (C) 6y? (D)4
(i) Numerical coefficient of themonomia —x?y*is
(A) 2 (B)6 ©1 (D)-1
(iii) Which of thefollowing algebraic expressonsisapolynomia?
(A) iXZ—\/§+3.7X (B) 2x+i—4
V2 2X
©) (x*—2y%)+(x?+y?) (D) 6++/x —x—15x2
(iv) How many termsdoestheexpression 1 4/2a2b® — (7a)(2b)+~/3b? contain?
(A) 5 (B)4 ©3 (D)2
(v) Whichof thefollowing expressonsisabinomia?
(A) 2y (B) x*+y2—2xy
(C) 2+ x2+y2+2x%2 (D) 1—3xy?
(vi) Which of thefollowing pairsof termsisapair of liketerms?
(A) 2a,2b (B) 2xy?, 2x%y
©) 3y, =YX D) 8, 16
© 3%, 7 (D)8, 162

(Vi) A zero of thepolynomia x?—2x—15is
(A)x==5 (B)yx=-3
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(©)x=0 (D)x=3

(viii) The degree of the polynomial x3y*+9x—8y°+17is
(A)7 (B) 17
©)5 (D)6

. Usngvariablesand operation symbols, expresseach of thefollowing verba statements

asagebraic statement:

(i) A number addedtoitsalf givessix.

(i) Four subtracted from threetimesanumber iseleven.

(iii) Theproduct of two successive odd numbersisthirty-five.

(iv) One-third of anumber exceeds one-fifth of the number by two.

. Determinethedegreeof each of thefollowing polynomias.

(i) 3 (i) X + 7x?y?—6xy°—18 (iii) &% + bx3 whereaand b are congtants
(iv) c®—ax?y? — b3y Where a, b and ¢ are constants.

. Determinewhether given vaueisazero of thepolynomid:

()x*+3x—40; x=8
(i xé-1; =-1

. Evaluate each of thefollowing polynomiasfor theindicated value of thevariable:

0) 2x—§x2+fx5+7x3 at x:1
2 5 2

(ii)gy3+%y2—6y—65 a y=-5

1 1
. Findthevaueof 5 n*+=n forn=10and verify that theresult isequal to the sum of

2
first 10 natural numbers.

. Add:

i Zx3+zx2—3x+Z and Ex3+§x2—3x+§
0]
3 5 5 3 5 5

(i) X2+ y2 + 4xy and 2y?—4xy

(i) X3+ 6x% + 4xy and 7x? + 8x3 + y2 + y3

(iv) 2x5+3x+§ and —3x5+§x—3
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8. Subtract
(i) —x%>+y2—xyfromO
i — —b+
(i) a+b—cfroma—-b+c Notes

(iii) x2—y>x +y fromy>x —x2—y
(iv)=m?+3mnfrom 3m?—3mn + 8
9. What should be added to x? + xy + y?to obtain 2x? + 3xy?
10. What should be subtracted from —13x + 5y —8 to obtain 11x — 16y + 77?

11. The sum of two polynomialsisx?—y?—2xy +y —7. If oneof themis2x?+ 3y>—7y
+ 1, find theother.

12. IfA=3x?—-7x+8,B=x?+8x—-3and C=-5x>*-3x + 2, find B+ C-A.

13. Subtract 3x —y —xy from the sum of 3x —y + 2xy and—y —xy. What isthe coefficient
of xintheresult?

14. Multiply
(la@+5a—6by2a+1 (i) 4x>+16x +15by x —3
(ili)e¢—2a+1bya-1 (iv)eg+2ab+b*bya-Db
(V) x*—1by 2x>+1 (Vi)x?*—x+1byx+1
2 5 7 2 5
i) X>+=X+—= by x—— i) =x*+=x-3 by 3x*+4x+1
(vii) 375 y 2 (viii) 3 2 y

15. Subtract the product of (x*>—xy +y?) and (x +y) from the product of (x?+ Xy +y?)
and (X —Y).

16.Divide
(i)8x3+y3by2x+y (i) 7x3+ 18x*+ 18x—5by 3x + 5
(iii) 20x>—15x3y® by 5x? (iv) 35a° — 21&tb by (—7&%)

(V) x*-3x?+5x—8hbyx—-2 (vi)8y?+38y +35by 2y +7

In each case, writethe quotient and remainder.

t:
{ ANSWERS TO CHECK YOUR PROGRESS

31

2

i . 1 4
L )yl (i)xy; 53,7 (ixy; ¢
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21
(iv)x,y; 5% V) x,y; 2,-8 (vi) x; None

N

(i) 2 (i) 2y (iii) 2¢2
3. ()x-3=15  (i)x+5=22

4. (i)2,abe (i) ab,c,2 (iii)xz,—2xy,—%
1
(v) 5

2 (i)—Xyzﬁéyzx (i) —3ab, +ab (iii) Noliketerms

6. (i), (i)and(v) 7. Monomias(ii) and (vi);
Binomids: (i) and (v); Trinomids: (iii) and (iv)

3.2
1. ()7 (iH3 (i1 (iv)0
2 >
2. 25,9, §X , —25x3, — 3x°
3. ()10 (iH4 (i) 2 (iv)3
4 0o N7 19 e
. () @i)= (iii 15 (@iv)
33
. 23 2 5 - 7 3 2
—X“+—X+6 — X"+ X" +X-2
1 () 1 2 (i) 5
a3 2 19 .
(iii) 3x” +12x —7x+§y (iv) 9x3 + 5x?y —8xy
2. ()—=x2+4x+17 (iHo
(iii) ab+bc+ca (iv) & + 2b*—4ab
3. (i) —7x3+4x2-5x (i) 4y3+ 7y + 8y — 12
(iii) 32 +222-2z+5 (iv) = 7x®+10x2—9x — 17
4. a—ab-3
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34
1. (i) 27b% (i) —10x%y*®
(iii) —10x?y —5xy? (iv) x2+ 2xy —15y?
2. ()x¥y (i) 7y* (iii) & + ab® (iv) —5bc?
3. ()x=-1,0 (ix-2;3 (iii))3x=1;0 (iv)2x?2+2x+1;0

A
I ANSWERS TO TERMINAL EXERCISE
1. ()C (D (i)A (V)B (VD (Vi)C (vi)B (vii)A

X

2. ()y+y=6  (i)3y-4=11 (i) z(z+2)=35 (iv)§—§=2
3. ()0 (i) 6 (ii)3 (iv)4
4. (i)No (i) Yes
37 .
5. (|)£ @io
6. 55
7. (i))3x+x2—6x+2 (ii) X2+ 3y?
: s 17 7
(ii1) O3 + 13x2 + 4xy + y2 +y3 (iv) =X +€X—§
8. (i)x2—y?+xy (i) 2c—2b
(iii) 2y>x —2x? -2y (iv) 4m?>—6mn+8
9. X2+2xy-—y?

10. —24x + 21y — 15
11, —x?—4y?—2xy + 8y —8
12. - 7x?+12x -9

13. 2xy-y; 2y
14. (i) 28+ 11& - 7a—6 (i) 4x3 + 4x>—33x — 45
(i) @ —-3a¢+3a-1 (iv) &+ ab—ar?—b®
(V) 2x*—=x2-1 (Vi)x3+1
(vii) x3—gx2—g—§ (Viii) 2x4+gx3—%x2—§x—3
15. —2y®
16. (i) 4x2—2xy +y% 0 (i) 9x2—9x + 21; 110
(iii) 4—3xy% 0 (iv)—5+3ab; 0
(iv) x2—x+3;-2 (V)4y +5;0
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SPECIAL PRODUCTS AND
FACTORIZATION

Inan earlier lesson you havelearnt multiplication of algebraic expressions, particularly
polynomials. Inthe study of agebra, we come across certain productswhich occur very
frequently. By becoming familiar with them, alot of timeand labour canbe saved asin
those products, multiplication is performed without actualy writing down dl the steps. For
example, products, such as 108 x 108, 97 x 97, 104 x 96, 99 x 99 x 99, can be easily
calculatedif you know the products (a+ b)?, (a—b)?, (a+b) (a—b), (a—b)3 respectively.
Such productsare called special products.

Factorizationisaprocessof finding thefactorsof certain given productssuch as& —b?,

a + 8b? etc. Wewill consider factoring only those polynomiasinwhich coefficientsare
integers.

Inthislesson, youwill learn about certain specia productsand factorization of certain
polynomials. Besides, you will learn about finding HCF and LCM of polynomials by
factorization. Intheend you will bemadefamiliar with rationa agebraic expressionsand
to perform fundamental operationson rational expressions.

After studying thislesson, youwill beableto

e write formulae for special products (a £ b)?, (a + b) (a -b), (x + @) (x +b),
(a+ b)(a>—ab+ b?, (a—h) (&2 + ab + b?), (ax b)*and (ax + b) (cx +d);

e calculate squares and cubes of numbers using formulae;
e factorise given polynomials including expressions of the forms a> — b?, @® + b3,

e factorise polynomials of the form ax? + bx + ¢ (a # 0) by splitting the middle
term;

e determine HCF and LCM of polynomials by factorization;
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e cite examples of rational expressionsin one and two variables;

e perform four fundamental operations on rational expressions.

EXPECTED BACKGROUND KNOWLEDGE

e Number system and four fundamental operations

Lawsof exponents

Algebraicexpressons

Four fundamental operationson polynomids

HCF and LCM of numbers

Elementary conceptsof geometry and mensuration learnt a primary and upper primary
levels.

4.1 SPECIAL PRODUCTS

Here, we consider some speical productswhich occur very frequently inalgebra.
(1) Letusfind (a+ b)?
(@a+b)? =(a+b)(a+b)
=ala+b)+b(a+h) [Digtributivelaw]
=&+ab+ab+b?
=&+ 2ab + b?
Geometrical verification
Concentrate on thefigure, given here, ontheright
() (a+hb)? =Areaof squareABCD

D<«—a—> He€b>C

+
=Areaof square AEFG + 4

A +b
y v
G F
areaof rectangle EBIF + I T
a a
A i

ab b?

areaof rectangle DGFH + 2 -
area of square CHFI

=ad+ab+ab+?

=&+ 2ab+ b’

Thus, (a+b)’=a?+ 2ab + b?

«——a—>E*b>
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(2) Letusfind (a—b)?
(a=b)> =(a-b)(a-b) [Digtributivelaw]
Notes =3a-b)-b(a-b)
=g—-ab-ab+?
=& -2ab+P?

Method 2: Using (a+ b)?
We know that a—b =a+ (-h)
s (a=b)? =[a+ (Dh)]?
=&+ 2(a) (-b) + (-b)?
—g@-2ab+b?
Geometrical verification
Concentrate onthefigure, given here, ontheright

(a—b)? =Areaof square PQRS

X «b» P «— a-b 5 s
A A

=Areaof square STV X —
[areaof rectangle RTVW +
areaof rectangle PUV X — bab) [2—D (a-b)?
areaof square QUVW| i
=& —(ab+ab—b?)
—@-ab-ab+P?
=@-2ab+
Thus, (@a-b)’=a’—2ab +b?
Deductions: We have
(@a+b?=a+2ab+b> .. Q)
(a-by=a-2ab+b> .. )
(1) +(2) gives
(a+b)y’+(a—b)*=2(a%+b?)
(1)—-(2) gives
(a+b)’—(a—b)?=4ab

<<—D"->§
9%
=
?
&
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(3) Now wefind the product (a+ b) (a—b)
(a+b)(a—hb) =a(a—b) +b(a—b) [Digtributivelaw]
=x-d+a-b A~ &~ 7p I Notes
— P A|<— a_b—><-b-? A
Geometrical verification L \ H
Observethefigure, given here, ontheright N T .
(a+b)(a—b) =Areaof RectangleABCD <
=Areaof RectangleAEFD + v
areaof rectangle EBCF "E <« a-b 5| £v
= Areaof RectangleAEFD + {1 %

Areaof Rectangle FGHI Be_ _a-b__»cC

= [Areaof Rectangle AEFD + Areaof rectangle FGHI
+ Areaof square DIHJ] — Areaof square DIHJ

=Areaof squareAEGJ—areaof square DIHJ
=&- b
Thus, (a+b) (a—b)=a?-b?

The process of multiplying the sum of two numbersby their differenceisvery useful in
arithmetic. For example,

64 x 56 = (60 + 4) x (60 —4)
= 60%—4?
= 3600 — 16
= 3584
(4) We, now find the product (x + @) (x + b)

(x+a) (x+b) =x(x+b)+a(x+b) [Digtributivelaw]
=x?+bx+ax+ab
=x?+(atb)x+ab

Thus, (x+a)(x+b)=x*+(a+b)x+ab
Deductions: (i) (x—a) (x=b)=x>—(a+b)x +ab
(i) (x—a)(x+b)=x*+(b—a)x—ab
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Studentsare advised to verify theseresults.
(5) Letus, now, find the product (ax + b) (cx + d)
(ax+b)(cx+d) =ax(cx+d)+b(cx+d)
= acx? + adx + bex + bd
=acx? + (ad + bc)x + bd
Thus, (ax + b) (cx +d) =acx?+ (ad + bc)x + bd
Deductions. (i) (ax—b) (cx —d) = acx?>—(ad + bc)x + bd
(in) (ax—b) (cx + d) = acx®>— (bc—ad)x —bd
Students should verify theseresults.
L et us, now, consider some examples based on the specia products mentioned above.

Example4.1: Findthefollowing products:

() (2a+ 3b)? (D) (ga—GbJ

(i) (Bx +y) (3x—y) (iv) (x+9) (x+3)

(V) (@a+15) (a-7) (vi) (5x—8) (bx —6)

(vii) (7x—2a) (7x+3a)  (viii) (2x+5) (3x+4)
Solution:

(i) Here,inplaceof a, wehave2aandin place of b, we have 3b.
(2a+ 3b)? = (2a)? + 2(2a) (3b) + (3b)?
= 4& + 12ab + 9b?
(i) Using specia product (2), we get

(ga— 6bj2 = (g ajz - 2@ aj(6b)+ (6b)?

= %az —18ab+ 36b?

(iii) Bx +y) (3x—y) = (3x)*—y? [using speical product (3)]
=0x2 _yz
(iv) (x+9) (x+3) =x2+(9+3)x+9x 3 [using speical product (4)]
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=x?+12x + 27

(V)(@+15) (a-7)=a&+(15-7)a—-15x%x7
=& +8a-105

Notes
(Vi) (5x —8) (5x —6) = (5x)>— (8 + 6) (5X) + 8 x 6

= 25x*>—70x + 48
(vii) (7x—2a) (7x + 3a) = (7x)?+ (3a—2a) (7x) —(3a) (29)
= 49x? + 7ax — 6&
(Viii) (2x+5) (3x+4) =(2x 3) x2+(2x4+5x3)x +5x 4

=6x2+23x + 20

Numerical calculations can be performed more conveniently with the help of special
products, often called algebraic for mulae. Let usconsider thefollowing example.

Example4.2: Using specid products, ca culate each of thefollowing:

(i) 101 x 101 (i) 98 % 98 (iii) 68 x 72
(iv) 107 x 103 (V) 56 x 48 (Vi) 94 x 99
Solution: ()  101x101=1012 = (100 +1)>

=100% + 2 x 100 x1 + 12
= 10000 + 200 + 1

= 10201
i) 98x98=098 = (100 — 2)2
= 1007 — 2 x 100 X 2 + 22
= 10000 — 400 + 4
= 9604
(i) 68x72  =(70—2) x (70 +2)
=707 22
= 4900 -4
= 4896

(iv) 107 x 103 = (100 +7) (100+3)
=100*+(7+3)x100+7x 3
= 10000 + 1000 +21
=11021
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(vV)56x48 = (50 +6) (50-2)
= 50°+ (6—-2)x50—-6 % 2
= 2500 + 200 - 12
= 2688

(vi)94x99 = (100-6) (100-1)
= 1002 — (6 + 1) x 100+ 6 x 1
= 10000 — 700 +6
= 9306

CHECK YOUR PROGRESS 4.1

1. Findeach of thefollowing products:

() (Bx +y)? (i) (x=3)2 (iii) (ab + cd)?
. X ? [z 1)’
(iv) (2x~5y)* v) (?1) (vi) (E_gj
4 3
(vii) (@2 +5) (22-5) (viii) (xy=1) (xy+1) (ix) (x+§)(x +Zj

2, 2,1 . i
) (EX ‘3j(§x *5) (xi) (2x+ 3y) (3 +2y) (xii) (7 + 5y) (3x—Y)

. Snplify;
() (2x*+5)°—(2x*-5)? (i) (& + 3)*+ (¥ - 3)?
(iii) (ax + by)? + (ax —by)? (iv) (p* + 80P)? — (p* — 8)?

. Using special products, ca culate each of thefollowing:

(i) 102 x 102 (ii) 108 x 108 (iii) 69 x 69

(iv) 998 x 998 (V) 84 x 76 (vi) 157 x 143
(vii) 306 x 294 (Viii) 508 x 492 (ix) 105 x 109
(X) 77x 73 (xi) 94 x 95 (xii) 993 x 996
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4.2 SOME OTHER SPECIAL PRODUCTS

(6) Consider thebinomia (a+ b). Let usfinditscube.

(a+hby = (a+b) (a+b)? Notes
(a+ b) (& + 2ab + b?) [usinglawsof exponents)
= a(@+2ab+b? +b(a2+2ab+b?) [Digributivelaws)
= a + 2atb + ab? + &b + 2ab? + b?
= a + 3atb + 3ab? + b?
= a+3ab(a+b) +b?
Thus (a+b)®=a®+3ab(a+b)+bs
(7) Wenow find the cube of (a—b).
(a-by® = (a—b) (a—h)*
= (a—b) (&2 —2ab + b [usinglawsof exponents)
= a(@—-2ab+b?)—b(a—2ab+b? [Digributivelaws)
& —2efb + ab? — &b + 2ab? — b®
= a8 —3a + 3ab? — b3
= a—3ab(a—b)—b?
Thus, (a—b)*=a®—3ab(a—b)-b?
Note: Youmay alsoget thesameresult onreplacingb by —bin
(a+b)i=a+3ab(a+b) +b°
(8) (a+b)(@—ab+b?) =a(@—ab+h? +b(@—ab+b? [Distributive law]
—ad@-ab+ab’+ab-ab?+b?
=a&+b?
Thus, (@+b)(@®2—ab +b? =a’+b?
(9) (a—b)(@+ab+b) =a@+a+b?) —b(&@+ab+b? [Distributive law]
—a&+ab+a?-ab-ab*-b?
=a-b?
Thus, (a—b)(@®+ab +b? =a*-b®

L et us, now, consider some examples based on the above mentioned special products:
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Example4.3: Find each of thefollowing products:

(i) (7x +9y)° (i) (px—y2)? (iii) (x—4y?)®
Notes (iv) (22 + 307 (v) @a—gb] (vi) (chj

Solution: (i) (7x+9y)* = (7x)*+3(7x) (%) (7x + 9y) + (%)’
=343 x3+ 189 xy (7x + 9y) + 7293
= 343x3 + 1323x?y + 1701xy? + 729y
(it) (px—y2)* = (px)*=3(px) (y2) (Px—y2) - (y2)*
= p°x°—3pxyz (px —yz) —y°Z°
= px®—3px?yz + 3pxy?z2 —y°7°
(i) (x—4y° =3¢ = 3x (4y?) (x—4y?) - (4y°)
= x3— 12xy? (x — dy?) — 64y"
= X3 —12x%y? + 48xy* — 64y°
(iv) (2a + 3b?)3= (2&9)% + 3(2a2)(3b?) (2& + 3b?) + (3b?)®
= 8af + 18a%h? (2& + 3b?) + 27h°
= 8a° + 36a'b? + b4ath* + 278

o333 3

8 , 10 (ga__b 125
3" 3 ) 27

= —a3——ab

5 125
27 3

= £a3—§a2b+5—oab2—%
27 9 9 27

(vi) (1+ g CT = (1)3 + 3(1)(% cj(1+ g cj + (g CT
=1+ 4c(1+ﬂc:j+%c3
3 27

3

b3

_14ac+ B2 M
27
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Example4.4: Using specia products, find the cube of each of thefollowing:
()19 (i) 101 (il 54 (iv) 47
inn- i 3 — —_1)\3
Solution: (192 =(20-1) Notes

=20°-3x20x1(20—-1) 13
=8000 —-60(20-1)-1
=8000-1200+60-1
= 6859

(i) 1013= (100 + 1)3
=100°*+3x 100 x 1 (100 + 1) +13
= 1000000 + 300 x 100 + 300 + 1
= 1030301

(iii) 54%= (50 + 4)?
=50+3x50x%x4(50+4) +4°
= 125000 + 600 (50 + 4) + 64
= 125000 + 30000 + 2400 + 64
= 157464

(iv) 47°= (50 — 3)3
=50°—3 x50 x 3 (50 —3) — 3
= 125000 — 450 (50 — 3) — 27
= 125000 — 22500 + 1350 — 27
=103823

Example4.5: Without actua multiplication, find each of thefollowing products:
(i) (2a+ 3b) (4a —6ab + 9b?)
(i) (3a—2b) (9a2 + 6ab + 4b?)
Solution: (i) (2a+ 3b) (482 —6ab + 90?) = (2a+ 3b) [(23)2— (23) (3b) + (3b)7]
= (2a)® + (3b)®
= 8a’ + 27b°
(i) (3a— 2b) (922 + 6ab + 4b?) = (3a— 2b) [(33)? + (33) (2b) + (2b)7]
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= (38°— (2b)°
= 27a8 - 81’

Example4.6: Smplify:

Notes

(i) (3x —2y)*+ 3 (3x —2y)* (3x + 2y) + 3(3x —2y) (3x + 2y)*+ (3x + 2y)°
(i) (2a—b)*+ 3 (2a—b) (2b—-2a) (a+ b) + (2b—a)®
Solution: 0] Put3x—2y=aand3x+2y =D
Thegiven expression becomes
a + 3efb + 3ab? + b®
=(a+b)’
=(3x—2y +3x+2y)°
= (6x)°
=216x3
(i) Put2za—b=xand2b—-a=ysothata+b=x+y
Thegiven expression becomes
X3+3xy (x +y) +y°
=(x+y)?
=(a+b)®
= a + 3afb + 3ab? + b®
Example4.7: Smplify:

.. 857x857x857—-537x537x537
( 857x857+857x537+537x537

 674x674x 674+ 326x326x 326
(1) 674x674—674x326 1 326x326

Solution: Thegiven expression can bewrittenas

857° —537°
8572 +857x537 + 537>

Let 857 = aand 537 = b, then the expression becomes

a®~b® _ (a—b)a*+ab+b?)
2 2= 2 2 =a-b
a“+ab+b a“+ab+b
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=857 -537
=320
[ Thegi eSS bewritt
(i) e given expression can bewritten as Notes

674° + 326°
674% — 674x 326+ 326>

_ (674+326)(674% — 674x326+3267)
- 674° —674x 326+ 326

=674+ 326
= 1000

CHECK YOUR PROGRESS 4.2

1. Writetheexpansion of each of thefollowing:

(i) (3x +4y)? (i) (p—ar)® (iii) (a+ gj

(iv) (g - b) (v) 6 a’ +§ sz (vi) [:—13 a’x® - 2b3y2j
2. Using specid products, find the cube of each of thefollowing:

()8 (iH12 (iii) 18 (iv) 23

(v)53 (vi)48 (vii) 71 (viii)69

(ix) 97 (x) 99
3. Without actual multiplication, find each of thefollowing products:

(i) (2x +y) (4x*—2xy +y?) (i) (x=2) (x*+2x + 4)

(i @A+x) ((L—x+x? (iv) (2y —32?) (4y? + 6yz> + 92%)

(v) (4x+3y) (16— 12xy +9y?) (vi) (3X ‘%y)(gxz = +4—19yzj

4. Findthevaueof:
() @+8p*ifa+2b=10andab=15
[Hint: (a+ 2b)® =& + 8b* + 6ab (a+ 2b) = & + 8b* = (a+ 2b)* —6ab (a+ 2b)]
(i) x*—y*when x —y =5 and xy = 66
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5. Findthevaueof 64x3—125z23if
() 4x—-5z=16andxz=12

3
(i) 4x—5z= 5 andxz=6

6. Smplify:
() (2x+5)°—(2x-5)°
(i) (7x+3y)*—(7x—5y)*—30y (7x + 5y) (7x —3y)*
[Hint put 7x + 5y = aand 7x —5y = b so that a—b = 10y]
(iii) (3x +2y) (9x*—6xy +4y?) — (2x + 3y) (4x*—6xy + %y?)
(iv) (2x—5) (4x?+ 10x + 25) — (5x + 1) (25x>—5x + 1)
7. Smplify:
875x875x875+125x125x125
875x875—-875x125+125%x125

0]

678x678x678—234x234x 234
678x 678+ 678x 234+ 234x 234

4.3 FACTORIZATION OF POLYNOMIALS

Recall that from 3 x 4 =12, we say that 3 and 4 arefactorsof the product 12. Similarly,
inalgebra, since (X +y) (Xx—y) =x*—y? wesay that (x +y) and (x —y) arefactorsof the
product (x%—y?).

(i)

Factorization of a polynomial is a process of writing the polynomial as a product of
two (or more) polynomials. Each polynomial in the product is called a factor of the
given polynomial.

Infactorization, weshall restirct ourselves, unless otherwise stated, to finding factors of
thepolynomidsover integers, i.e. polynomidswithintegra coefficients. Insuch cases, itis
required that the factors, too, be polynomials over integers. Polynomials of the type

2x2 —y? will not be considered as being factorable into (ﬁx + yXﬁx - y) because
thesefactorsare not polynomialsover integers.

A polynomial will be said to be completely factored if none of itsfactors can befurther
expressed asaproduct of two polynomialsof lower degreeand if theinteger coefficients
have no common factor other than 1 or —1. Thus, complete factorization of (x*>—4x) is
X(x—4). On the other hand the factorization (4x*> — 1) (4x? + 1) of (16x*—1) is not
completesincethefactor (4x%>—1) can befurther factorised as(2x—1) (2x + 1). Thus,
completefactorization of (16x*—1) is(2x—1) (2x + 1) (4x>+1).

Infactorization, we shall bemaking full use of specid productslearnt earlier inthislesson.
Now, infactorization of polynomiaswetake various cases separately through examples.
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(1) Factorization by Distributive Property
Example4.8: Factorise:
. _ i) w2 /3 2
(i) 10a—25 (i) x3y2 + x3y Notes

(i) 5ab (ax? + y?) —6mn(ax? + y?) (iv)alb—c)®>+b(b—c)

Solution;

()10a—25 =5x2a-5x%x5
=5(2a->5) [Since5iscommon to thetwo terms]
Thus, 5 and 2a—5 arefactors of 10a—25

(ii) Inx?y®+ x3y?, notethat x?y?iscommon (with greatest degree) in both
theterms.

SOXAR+ X3Y2 = X2 Xy + X2Y? X X
=X%y%(y +X)
Therefore, X, X2, Y, y2, Xy, X2y, Xy?, x?y? and y + x arefactors of x2y2 + x3y?
(iii) Notethat ax? + y?iscommon in both theterms
. 5ab (ax? + y?) —emn(ax? + y?) = (ax? + y?) (5ab — 6mn)
(iv)ab—c)*+b(b—c)=(b—c) x[ab-c)] +(b—-c) xb
=(b—c) x[ab—c) +b]
=(b—-c) x[ab—ac+Dh]

(2) Factorization InvolvingtheDifferenceof Two Squares

You know that (X +y) (X —y) =x?—y?2 Thereforex +y and x —y arefactors of x2—y?2.

Example4.9: Factorise

Solution:

(i) 9x%—16y? (i) x*—81y*

(iii) @ —(2b—3c)? (iv) x2—y2+ 6y —9

() 9x2—16y? =(3x)*—(4y)*whichisadifference of two squares.
=(3x +4y) (3x—4y)

(i) x*=8ly*  =(x?)*—(%?)
= (X +9y?) (x*—9y?)

Notethat x*—9y? = (x)?—(3y)?isagain adifference of thetwo squares.

xt-8lyt = (x*+9y?) [(X)*<3y)7]

= (x2+9y?) (x +3y) (x—3y)
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(iii) & — (2b—3c)?= ()2 — (2b — 3c)?
=[& + (2b—3c)] [&— (2b—30)]
= (& +2b—3c) (&2—2b + 3c)
(iv)x?—y?+6y—9 =x>—(y>—6y+9) [Notethisstep)
= () =[(y)*=2xyx3+(3)7
=(x)*-(y—-3)
=[x+ (y-3)][x-(y-3)]
=(x+y-=3)(x-y+3)
(3) Factorization of aPerfect SquareTrinomial
Example4.10: Factorise

(1) 9x2 + 24xy + 16y? (i) x6—8x3+ 16
Solution: (1) 9x? + 24xy + 16y? = (3x)?+ 2 (3X) (4y) + (4y)?
= (3x + 4y)?
=(3x +4y) (3x + 4y)
Thus, thetwo factorsof thegiven polynomia areidentical, each being
(3x +4y).
(i) x°—8x°+ 16 = ()2 =2(x%) (4) + (4
= (¢ 4y’

= (€ —-4) (¢ —4)

Again, thetwo factorsof thegiven polynomial areidentical, eachbeing
(x2-4).

(4) Factorization of a Polynomial ReducibletotheDifferenceof Two Squares
Example4.11: Factorise
(i) x* + 4y* (i x*+x2+1

Solution: () x*+4y*  =(x?)*+ (2y??

= ()2 +(2y%)* + 2(x%) (2y%) -2 (x*) (2y?)

[Adding and subtracting 2 (x?) (2y?)]
= (¢ + 299~ (24))°
= (X2 + 2y + 2xy) (x* + 2y? — 2xy)
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(i) x4 +x2+1 = (x2)2 + (1)2+ 2x2 — X2
[Adding and subtracting x?
=00+ 1 (0 Notes

=(X2+x+1) (x*—x+1)

CHECK YOUR PROGRESS 4.3

Factorise:
1. 10xy-—15xz 2. abc? — ab’c
3. 6p>—15pq+27p 4.2 (b—c)+b(c—h)
5. 2a(4x—y)3—b (4x —y)? 6. X(X +y)3=3xy (X +Y)
7. 100 — 25p? 8. 1—256y®
9. (2x+1)?-9x? 10. (& + bc)? — & (b + ¢)?
11. 25x?—10x + 1 — 36y? 12. 49x? — 1 —14xy +y?
13. m?+ 14m + 49 14. 4x2—4x + 1
15. 3622 + 25 + 60a 16. x5 —8x3+ 16
17. &8 -47a + 1 18. 4& + 81b*
19.x*+ 4 20. 94— & + 16
21. Findthevaueof nif
(i)6n=23x23-17 x 17 (ii) 536 x 536 —36 % 36 = 5n

(5) Factorization of Perfect CubePolynomials
Example4.12: Factorise:
(i) X3+ 6x%y + 12xy? + 8y?3 (i) X®—3x%y? + 3x?y* —y°
Solution: 0] X3+ 6x%y + 12xy? + 8y?
= (x)°+3x? (2y) + 3x (2y)* + (2y)°
=(x+2y)°
Thus, thethreefactorsof thegiven polynomial areidenticd, each
being x + 2y.
(i) Given polynomia isequd to
(x%)° =3y (x*—y?) — ()
- (X2 _ y2)3
=[x+y) (x=y)I°  [Sincex?—y*=(x+Y) (X-Y)]
=(x+y)*(x-y)®
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(6) Factorization of PolynomialsInvolving Sum or Differenceof Two Cubes

Inspecia productsyou havelearnt that

Notes (X+y) (X =xy +y9) =xC+y?
and  (x—y) (R +xy+y)=x-y?
Therefore, thefactorsof x3 + y? arex +y and x? —xy +y? and
those of X3 —y2arex —y and x2 + xy + y?
Now, consider thefollowing example:
Example4.13: Factorise
(i) 642 + 27b° (ii) 8x3—125y°
(iii) 8 (x + 2y)*—343 (iv)et—a®
Solution: (i) 64a° + 27b° = (4a)® + (3b)®
= (4a+ 3D) [(48)* - (4a)(3b) + (30)]
= (4a+ 3b) (16 — 12ab + 9b?)
(ii) 8x3—125y° = (2x)® — (5y)®

= (2x=5y) [(2x)? + (2x)(5y) + (5y)7]
= (2x —5y) (4x? + 10xy + 25y?)

(iii) 8 (x +2y)*—343=[2(x + 2y)]* - (7)°
=[2(x+2y) = 7] [2 (x + 2y)*+ 2(x + 2y) (7) + 7°]

=(2X+4y—T7) (4x?+ 16xy + 16y> + 14x + 28y + 49)
(ivia—a® =a(1-a) [Sincea'iscommontothetwoterms|

=a [(1)°- (@)

—ad(l1-a)(1+a+a)

zad(l-a(l+a+@) (1+ac+)
[Shcel-a=(1-a) (1+a+a&)]

CHECK YOUR PROGRESS 4.4

Factorise:
1. &+ 216b’ 2.a88-343
3. X3+ 12x?% + 48xy? + 64y?3 4. 8x3 —36x%y + 54xy? —27y?3
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5. 8x*—125y3—60x?y + 150xy? 6. 64k® — 144k? + 108k — 27
7. 729x°-8 8. X%+ x?y°
9. 164 — 54ab° 10. 27h° — & — 3¢ —3a—1
11. (2a—30)* + 64C3 12, 64x3 — (2y — 1)? Notes

(7) Factorising Trinomialsby SplittingtheMiddleTerm
You havelearnt that

(x+a) (x+b) =x?+(atb)x+ab =1x*+(at+bx+ab
and(ax +b) (cx +d) =acx?+ (ad + bc)x + bd
Ingeneral, theexpressionsgiven hereontheright areof theform Ax? + Bx + Cwhichcan
be factorised by multiplying the coefficient of x2inthefirst termwith thelast term and
finding two such factorsof thisproduct that their sumisequal to the coefficient of xinthe

second (middle) term. In other words, we areto determinetwo such factorsof AC so that
their sumisequal to B. Theexample, given below, will clarify the processfurther.

Example4.14: Factorise:
() x2+3x+2 (i) x2—10xy + 24y?
(iii) 5x?+13x —6 (iv) 3x2—x -2
Solution: ® Here, A=1,B=3andC=2;s0AC=1%x2=2
Thereforewe areto determinetwo factorsof 2whosesumis3
Obvioudly, 1+2=3
(i.e.twofactorsof ACi.e.2areland 2)
. Wewritethe polynomial as
X2+ (1+2)x+2
= X2+ X+2x+2
X(X+1)+2(x+1)
x+1)(x+2)
(it) Here, AC = 24y? and B = — 10y
Two factors of 24y? whose sumis—10y are—4y and -6y

. Wewritethegiven polynomia as
X2 —4xy —6xy + 24 y?

=X(x—4y) —6y(x—4y)

= (x—4y) (x—6y)
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(i) Here, AC=5x(-6)=-30and B =13
Two factors of —-30 whosesumis13are 15 and —2
Notes . Wewritethegiven polynomial as

5x?+ 15X —2x -6
5x(x +3) —2(x + 3)
= (x+3)(5x—2)
(iv) Hee AC=3x(—-2)=—6andB=-1

Two factorsof —6 whose sumis(-1) are (—3) and 2.

. Wewritethegiven polynomia as
X?—3X +2x 2

= X (x—1)+2(x-1)

= x—=1) (3x+2

CHECK YOUR PROGRESS 4.5

Factorise:

1 x2+11x+24 2. x?>—15xy + 54y?

3. 2x*+5x-3 4. 6x>—10xy —4y?

5. 2x*—x2-1 6. X2 + 13xy — 30y?

7. 22+ 11x + 14 8.10y? + 11y —6

9. 2x*-x-1 10. (m-1) (1—-m) + m+ 109

11. (2a—hb)?>—(2a—hb) — 30 12. (2x + 3y)2—2(2x + 3y)(3x—2y) —3(3x — 2y)?
Hint put 2a—b =x Hint: Put 2x + 3y =aand 3x—2y =b

4.4 HCF AND LCM OF POLYNOMIALS

(1) HCF of Polynomials

You aredready familiar with theterm HCF (Highest Common Factor) of natural numbers
inarithmetic. Itisthelargest number whichisafactor of each of the given numbers. For
instance, the HCF of 8 and 12 is4 since the common factorsof 8and 12 are 1, 2and 4
and4isthelargesti.e. highest among them.

Onsimilar linesin algebra, the Highest Common Factor (HCF) of two or more given
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polynomials is the product of the polynomial(s) of highest degree and greatest
numerical coefficient each of which is a factor of each of the given polynomials.

For example, the HCF of 4(x + 1)2and 6(x + 1)2is2(x + 1)%

The HCF of monomia sisfound by multiplying the HCF of numerical coefficientsof each
of themonomialsand the variablg(s) with highest power(s) commonto al themonomials.
For example, the HCF of monomials 12x%y3, 18xy* and 24x3y® is6xy? since HCF of 12,
18 and 24 is6; and the highest powersof variablefactorscommon to thepolynomiasare
xandy?.

L et usnow consider some examples.
Example4.15: Find the HCF of

(i) 4x%y and x3y? (i) (x—2)%*(2x—3) and (x —2)? (2x — 3)®
Solution: (i) HCF of numerical coefficients4and 1is1.

Sincex occursasafactor at least twiceandy at least onceinthegiven
polynomials, therefore, their HCFis

1xx?xyi.exy
(i) HCF of numericd coefficientsland 1is1.

In the given polynomials, (x —2) occurs as afactor at |east twice and
(2x—3) at least once. Sothe HCF of the given polynomialsis

1x(x=2)2x (2x—3)i.e (x=2)2(2x—3)

Inview of Example4.15(ii), we can say that to determinethe HCF of polynomials, which
can beeadly factorised, we express each of the polynomiasasthe product of thefactors.
Thenthe HCF of thegiven polynomidsisthe product of the HCF of numerica coefficients
of each of the polynomials and factor (s) with highest power(s) common to all the
polynomials. For further clarification, concentrate on the Example4.16 given below.

Example4.16: Find the HCF of
(hx?—4andx*+4x +4
(i) 4x* —16x3 + 12x2 and 6x3 + 6x2 — 72X
Solution: ® X—4=(x+2)(x-2)
X2+ 44X + 4= (X + 2)?
HCF of numerical coefficients=1
HCF of other factors= (X +2)' =x + 2
Hence, therequired HCF =x + 2
(i) 4x* —16x3 + 12 x? =4x2 (X2 —4x + 3)
=4x?(x—1) (x=3)
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6X3 + 6x% — 72X =6X (X2 +x—-12)
=6x (X +4)(x-3)
Required HCF = 2x(x —3) [Since HCF of numericd coefficientis?2)
= 2% —6X
(2) LCM of Polynomials

Like HCF, you are also familiar with the LCM (Lowest Common Multiple or Least
Common Multiple) of natural numbersin arithmetic. It isthesmallest number whichisa
multiple of each of the given numbers. For instance, theLCM of 8and 12is24 since 24
isthesmallest among common multiplesof 8 and 12 asgiven bel ow:

Multiplesof 8: 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, ...
Multiplesof 12: 12, 24, 36, 48, 60, 72, 84, 96, ....
Commonmultipleof 8and12: 24, 48, 72, ...

On similar lines in Algebra, the Lowest Common Multiple (LCM) of two or more
polynomialsisthe product of the polynomial(s) of the lowest degree and the smallest
numerical coefficient which are multiples of the corresponding el ements of each of
the given polynomials.

For example, the LCM of 4(x + 1)?and 6(x + 1)%is12(x + 1)3.

TheLCM of monomidsisfound by multiplyingthe LCM of numerical coefficientsof each
of themonomiasand al variablefactorswith highest powers. For example, the LCM of
12x?y?z and 18x?yz is 36x%y?z since the LCM of 12 and 18 is 36 and highest powers
variablefactorsx, y and zarex?, y? and z respectively.

Let us, now, consider someexamplestoillustrate.
Example4.17: Findthe LCM of
(i) 4x?y and x3y? (i) (x—2)%(2x—3) and (x —2)? (2x—3)®
Solution: 0] LCM of numerical coefficient4and 1is4.
Since highest power of x isx®and that of y isy?,
therequired LCM is4x3y?
(it) Obvioudy LCM of numerical coefficientsland 1is1.
Inthe given polynomials, highest power of thefactor (x—2) is(x—2)3
and that of (2x —3) is(2x —3)3.
LCM of thegivenpolynomials =1 x (x —2)3 x (2x —3)*
=(x—2)°*(2x-3)®
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Inview of Example4.17 (ii), wecan say that to determinethe LCM of polynomids, which
can be easily factorised, we express each of the polynomials asthe product of factors.
Then, the LCM of the given polynomialsisthe product of the LCM of the numerical
coefficientsand al other factorswith their highest powerswhich occur in factorization of Notes

any of thepolynoias. For further clarification, wetake Example 4.18 given below.

Example4.18: Findthe LCM of
() (x—2) (x*—3x +2) and x>*—5x + 6
(i) 8(x®—27) and 12 (x® + 27x?)
Solution: () (x=2) (x*=3x+2) =(x—2) (x—-2) (x—1)
=(x-2(x-1)
Also X2—5x +6 =(x=2)(x=3)
LCM of numerica coefficients=1
LCM of other factors= (X —2)? (x —1) (x —3)
Hence, the LCM of given polynomials=(x—1) (x —2)? (x —3)
(i) 8(x3-27) =8(x—3) (x*+ 3x +9)
12 (x5+27x%) =12x2 (x*+27)
=12x*(x +3) (x*—3x +9)
LCM of numerical coefficient 8and 12 =24
LCM of other factors=x?(x —3) (X + 3) (x2+ 3x +9) (x2—3x + 9)
Hence, required LCM = 24x?(x —3) (X + 3) (X2 +3x +9) (x*—3x +9)

" CHECK YOUR PROGRESS 4.6

1. FindtheHCF of thefollowing polynomias:

(i) 27x%y? and 3xy? (i) 48y"x° and 12y3x®

(i) (x+1D*and (x +1)?(x —1) (iv)x?+4x+4andx +2

(v) 18 (x + 2)*and 24 (x® + 8) (vi) (x + 1)?(x + 5)*and x? + 10x + 25

(vii) (2x=5)? (x + 4)*and (2x —5)* (x —4) (viii) x*—1and x*—1

(ix) x3—y2and x?—y? (X) 6(x?—3x + 2) and 18(x? —4x + 3)
2. FindtheLCM of thefollowing polynomials:

(i) 25x3y? and 15xy (i) 30 xy? and 48 x3y*

(i) (x+1)*and (x + 1)?(x —1) (iv)x*?+4x+4andx + 2

(V) 18 (x + 2)%and 24 (x3 + 8) (Vi) (x+2)?(x+5)%and x?+ 10x + 25

(vii) (2x=5)? (x + 4)?2and (2x —5)* (x —4) (viii) x?—1and x*—1

(ix) x*—y*and x> —y? (X) 6(x2—3x + 2) and 18(x? —4x + 3)

Mathematics Secondary Course 121




MODULE - 1

Algebra

122

Notes

Special Productsand Factorization
45 RATIONAL EXPRESSIONS

You aredready familiar with integersand rational numbers. Just asanumber, which can

beexpressedintheform s wherepand q (#0) areintegers, iscalled arational number,

P
an agebraic expression, which can beexpressed inthefrom =, wherePand Q (non-zero

Q
polynomias) arepolynomids, iscaled ar ational expresson. Thus, each of theexpressions

1, b? 5
x+1 x°-3x+5 23 TP T x4 2y?
x-1" x*-5 ' a+b ' 3x-y

isarational expressioninoneor two variables.

Notes:

x2+1

(1) Thepolynomia ‘x?+ 1’ isarational expresion sinceit can bewritten as and

you havelearnt that the constant 1 inthe denominator isapolynomial of degree zero.

-
(2) Thepolynomid 7isarational expresonsinceit canbewrittenas 1 whereboth 7 and
1 arepolynomiasof degreezero.

(3) Obvioulsy arational expression need not be a polynomial. For example rational

1 _
expression ;(= X 1) isnot apolynomid. Onthe contrary every polynomid isalsoa

rational expresson.

a1
Noneof theexpressions \/;JFZ, X2+ 24X +3, b__ isarationa expression.
1-X a’+ab+b?

CHECK YOUR PROGRESS 4.7

1. Whichof thefollowing algebraic expressionsarerationa expressons?

2X-3 .
4x -1 15 sy?

(i)
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2\/§X2+\/§ . 2X2—\/;+3
(“')T V) =
1) 3 Notes
(V) 200++/11 (Vi) (a+6)+b3
(Vi) y*+3yz(y +2)+ 2 (vi) 5+ (a-+3b)

2. For eachof thefollowing, citetwo examples:
(i) Arationd expressonisonevariable
(i) A rationa expressionistwo variables
(iii) A rationa expressionwhose numerator isabinomia and whosedenominator is
trinomid
(iv) A rational expression whose numerator isaconstant and whose denominator is
aquadratic polynomial

(v) A rationd expressionintwo variableswhose numerator isapolynomid of degree
3 and whose denominator isapolynomial of degree5

(vi) Analgebraic expressonwhichisnot arationa expression

4.6 OPERATIONS ON RATIONAL EXPRESSIONS

Four fundamental operationson rational expressionsare performed in exactly the same
way asin caseof rational numbers.

(1) Addition and Subtraction of Rational Expressions

For observing the analogy between addition of rational numbers and that of rational
expressions, wetakethefollowing example. Notethat theand ogy will betruefor subtraction,
multiplication and divison of rational expressonsalso.

Example4.19: Findthesum:

15,3 L XAL x+2
M) 5*g 51 "%
ution 243 o 5x4r3x3
ution: O T 24« CMof6and8.
2049
T 24
_2®
T 24
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2X+1 x+2 (2x +2)(x +1)+(x +2)(x —1)
(i) +— =
x-1 x+1 (x=2)(x +1k—LCM of (x—1) and (x + 1)
22X 43X+ 1+ xP+x -2
- x?-1
_ 3P +4x-1
X2
Example4.20: Subtract ~—from
xamplea.22. a1 3X+1
ot -2 x-1 _ (x+1)(3x—2)—(x-1)(3x +1)
MO 3 11 x+1 N (3x+1)(x +1)

3%+ x-2-(3x%—2x-1))
- 3% +4x +1

: 3x-1
T O3xZ+4x+1

Note: Observethat the sum and difference of two rational expressionsarealso rationa
expressons.

Since the sum and difference of two rational expressions are rational expressions,

1 1 . : 1 .

X +;(X #0) and X —;(X # 0) arebothrationa expressionsasx and < arebothrational
. . 2,1 5 1 5, 1 5 1 . .

expressions. Similarly, each of X +7,X +F,X _F’X —F,etc. isarationa

1 1
expression. These expresions createinterest asfor givenvaueof X+ M or X L we

3 1

1 1
2 3 . .
5 +?,X —Fetc.andmsomecasewce

1
. 2
candeterminevauesof X +7,X X

versaa so. Let usconcentrate onthefollowing example.

X

Example4.21: Find thevaueof

1 . 1 1 . 1
i) X2 +—= if x-==1 i) X +— if x+==4
(i) 2 N (ii) N N
1. 1 1 . 1
i) x == if x*+—==119 iv) X3 +— if x+==3
(iii) » N (iv) N N
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1. 1
x®—— if x—==5
V) 2 X
[ [ L Notes
Solution: (|)WehaveX—;=1

:>x2+i2—2><x><1=1
X X
1

=>x’+5-2=1
X

Hence, x> +i =3

XZ
N 1
(||)X+;—4
1Y v
:(x+;) =(4)

=X +i:14
X
2
:{x2+x—12j = (14Y
s 1
= X"+—+2=196
X
s 1
So, X" +— =194
X

1
(iii) Wehave x*+—-=119
X

2
= (x?f +(X—j +2=119+2=121
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, 1 _ , »
=X+ =11 [sincebothx?and — arepositive]

X2

, 1

=X +7—2=9

= x3+i3+3><x><1(x+lj=27
X X X

:>x3+i3+3(3):27
X

= x3 —%—3xxx1[x—1) =125
X X X

:x3—i3—3(5)=125
X

X - —140
X
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CHECK YOUR PROGRESS 4.8

1. Findthesum of rationa expressions.

N

x2+1 x2-1
0] and

X—2 X—-2

X+1 1

o x-1 X+4
(i) from
X—2 X+2

1 from x
(i) ™

x2+1
from
X—4

v)

o X+2 from X—2
(vii) 2(x?-9) (x+3)

Find thevaueof

0) a2+i2 when a+1:2
a a

(iii) a3+i3 when a+£= 2
a a

(v) as—é when a—a%l:\/g

(vii) @° +a—13 when a+§:\/§
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O X+2 Xx-1
(ii) and
X+3 X—2

o 3X+2 and X—5
(V) %216 (x+4)

X+2 q X—=2

N XFE g X=4
(VI)X—Z X+2

L 3V2X+1 —24J2x+1
(vii) 3\/;)(; and \2/;;(+

(ii) a2+a—12 when a—iz 2

(iv) a3+i3 when a+1=5
a a

1
i) 8a% +
(vi) 7

5 When 2a+3i:5
a

a

(Viii) a3+a—13 when a2+%:7,a>0
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1 1 1
(X) a3—¥ when a“+¥:34,a>0

(ix) a—1 when a*+-— =727
a a

Notes | (2) Multiplication and Division of Rational Expressions

2 5
You know that the product of two rational numbers, say, 3 and7 IS given as

252265 _10 o iarly, theproduct of two rationa Paa R

37 347 21 milarly, the product of two ration exprulonssayQ S
R _

whereP, Q, R, S(Q, S¢0)arepolynom|aIS|sg|venbyQ S” QS You may observe

that the product of two rational expressionsisagain arational expression.

Example4.22: Find the product:

Bx+3 2x-1 2x+1 x-1 -1
(i) X (ii)
bx-1 x+1 x-1 x+3

XP=TX +10_ X?—7x+12
(i (x—4) X -5

o X8 21 (5x3)2x-Y)
Solution: )5 1571 T Br-1)(x+1)

_10x*+x-3
© Bx24+4x-1

x4+l x-1 (2x+1)(x-1)
) 1*%33 = (x=1(x+3)

2X+1 )
= ——— [Cancelling common factor (x —1) from

numerator and denominator]

x2—7x+10Xx2—7x+12 _ (x2—7x+10)(x2—7x+12)
W62y ™ x5 = x-4¢(x-5)
_ (x=2)(x-5)(x~3)(x-4)
- (x—4)*(x~5)
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_ (x=2)(x-3)
Tea)

[Cancelling commonfactor (x—4) (x—5) from numerator and denominator]

_ X?-5x+6
T x-4

Note: Theresult (product) obtained after cancelling the HCF from its numerator and
denominator iscalled theresult (product) in lowest termsor in lowest form.

2
You area sofamiliar with thedivision of arational number, say, 3 by arational number,

5 2 5 2 7 5
oL 2,9 _242.¢ ’. . SR
say, - isgivenas 3777375 where 5 isthereciprocal of - .Smilarly, divisonof a
o ovoression i ovoresion R isaivenpy e R =P S
rational expresson 0 by anon-zerorationda expression S isgivenby Q o R

T wn|o

S
whereP, Q, R, Sare polynomiasand R isthereciprocal expression of S
Example4.23: Find thereciprocd of each of thefollowing rationa expressions:.

x2+20
x3+5x +6

(i) (i) —yzzzs (i) x+8

x*+20 s x®+5x+6
X*+5x+6 x%+20

Solution: (i) Reciprocal of

2_5 5_ 2
(ii)Reciprocdof—yZZXSis—yZy = 2;/

x3+8

(iii) Sincex*+8= , thereciprocal of X3+ 8is

x3+8

Example4.24: Divide:

x?+1 x—1

0] b
x-1 X+2

(ii) X1 y X" —Ax =5 and expresstheresult inlowest form
x?=25 7 x*+4x-5 P '
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Slution: 0 X241 x-1_ X2+1><X+2
' x-1 x+2 x-1 x-1
Notes (x2+1)(x+2)_x3+2x2+x+2

(x-17  x®-2x+1

o x*-1  x*-4x-5_ (x? —1)(x?+ 4x - 5)
)25~ x2+4x—-5 (x?-25)x*—4x-5)

(x-1)
~ (x=5)(x-5)
[Cancdling HCF (x+1)(x+5)]
_oxP-2x+1
T x2-10x+25
Theresult ﬂ isinlowest form
x2—10x + 25 '

CHECK YOUR PROGRESS 4.9

1. Findtheproduct and expresstheresultinlowest terms:

i X +2 o x+1 x3 1 xZ -1
0 2x2+3x+1 7x?—-5x-2 (I) X +1 x4—1
(i) 3x2—15x+18>< 17x+3 ) 5X — 3 X+2
2x—4 X2 —6x+9 5x+2 X+6
X +1 X+1 X +1 x-1 -1
V) X— 1 x?—x+1 (I) 2x
(vn) X— 3 X2 —5x+4 i ) 7X+12><X —-2X-24
4 x?—2x-3 -3 x?-16
2. Findthereciprocal of each of thefollowing rationa expressions:
X +2 . 3a
) x-1 (i) 1-a
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(i) 12— x2 (iv) x*+1
3. Divideand expresstheresult asarationa expressioninlowest terms: Note
S

x*+11x+18 x*+7x+10 Bx’+x-1  4x*+4x+1

O e ax—117 X% _12x_13 0 e 7% 157 ax?_9
X2 x+l . x°-1 . XP4+2x=24 X*—x-6
(iii) 2 T2 (iv) — T2
X“ -9 X“—4Xx+3 X°—x-12 X“-9
3x?+14x -5 3x*+2x-1 L 2X*+x—=3 2x*+5x+3
V) — T a2 (Vi) _1?% 2_1
x?-3x+2 3x?-3x-2 (x-1) X

@m

e Specid products, given below, occur very frequently inagebra:

(i) (x +y)?=x2+2xy +y? (i) (x=y)?=x*—2xy +y?

(iii) (x +y) (x—y) =x*—y? (iv) (x+a) (x +b) =x*+ (a+ b)x +ab
(V) (ax +b) (cx +d) = acx? + (ad + bc) x + bd

(Vi) (X +y)*=x3+3xy(x +y) +y? (vii) (x —y)*=x*=3xy(x—y) —y*
(Vi) (X +y) (x*=xy +y?) =x°+y° (ix) (X=y) (x* +xy +y?) =x°=y?

e Factorization of apolynomial isaprocess of writing the polynomial asaproduct of
two (or more) polynomials. Each polynomia intheproduct iscalled afactor of the
givenpolynomid.

e A polynomial issaidto be completely factorised if it isexpressed as a product of
factors, which have no factor other thanitself, itsnegative, 1 or —1.

e Apart fromthefactorization based on the above mentioned specia products, wecan
factoriseapolynomial by taking monomia factor out whichiscommonto someor al
of thetermsof the polynomia using distributivelaws.

e HCF of twoor moregiven polynomiasisthe product of the polynomid of thehighest
degreeand greatest numerical coefficient each of whichisafactor of each of thegiven
polynomids.

e LCM of twoor moregiven polynomialsisthe product of the polynomia of thelowest
degree and the smallest numerical coefficient which are multiplesof corresponding
elementsof each of thegiven polynomials.
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P
e Analgebraicexpression, which can beexpressedintheform 6 wherePand Q are
polynomias, Q being anon-zero polynomial, iscaled arationa expression.
Notes

e Operationson rational expressionsare performedintheway, they are performedin
case of rational numbers. Sum, Difference, Product and Quotient of two rational
expressonsarea sorational expressions.

e Expressing arational expressioninto lowest termsmeans cancellation of common
factor, if any, from the numerator and denominator of therational exprssion.

H TERMINAL EXERCISE

1. Mark atick M against the correct dternative:
(i) If 1202—20° = 25p, then pisequal to

(A) 16 (B) 140 (C) 560 (D) 14000
(i) (2e¢+3)*—(2a¢—3)?isequal to

(A) 2422 (B) 24a (C) 72& (D) 72&
(iii) (&2 + b?)? + (2 —b?)? isequd to

(A) 2(&2+b? (B) 4(a2 + ?)

(C) 4(a + b* (D) 2(a* + b?)

1 1
(W) If m—a=—x/§, then mtﬁ isequal to

(A) O (B) 643 ©) -643 (D) -33
327x327-323x323
V) 327+323 Isequal to
(A) 650 (B) 327 (C) 323 (D) 4
(Vi) 8m*—n’isequal to:
(A) (2m—=n)(4m?—2mn + n?) (B) (2m—n)(4m?+2mn +n?)
(©) (2m—=n)(4m?—4mn + n?) (D) 2Mm—n)(4m? +4mn + n?)

467 x467x467+533x533x533 . At
MI) 467467 — 467x533+ 533x 533 'SELA 10

(A) 66 (B) 198 (C) 1000 (D) 3000
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(viii) The HCF of 36a’b? and 90ah* is

(A) 368%0? (B) 18a°n?

(C) 90a%h* (D) 180&°b*
(iX) TheLCM of x*—1andx*—x —2is

(A) (x*-1) (x-2) (B) (x*-1) (x+2)

(C) (x=1)*(x+2) (D) (x+1)*(x-2)
(X) Which of thefollowing isnot arational expression?

(A) V33 ®) X+%

x—+/3
(©) 8/x +6,ly @»X+J§
. Find each of thefollowing products:
(i) (@ +a)(a"-&) (i) x+y+2)(x-y +2)
(iii) (2x + 3y) (2x + 3y) (iv) (3a—5b)(3a—5b)
(V) (5x + 2y) (25x2—10xy +4y?) (vi) (2x —5y) (4x2+ 10xy + 25y?)
5 4

(vii) (a+ Zj(a+ g} (viii) (222 + 3)(22>-5)
(i) 99 x 99 x 99 (x) 103 x 103 x 103
(xi) (@a+b-5) (a+b-6) (xii) (2x +72) (2x +52)

. Ifx=a—-bandy =b-—c, show that

(a—c)(a+tc—2b)=x2—y?

. Findthevaueof 64x®—1252%if 4x —5z =16 and xz = 12.

. Fectorise:
(i) X7 y® + x2y2 (i) 3e°h—243a®
(iii) 3a8 + 12 a'b? + 12 &b? (iv) & —8ab’ + 16 b°
(V) 3x*+12y* (vi)x®+14x4+81
(vii) x>+ 16x + 63 (viii) x2=12x + 27
(iX) 7x%+ xy —6y? (X) 5x>—8x —4
(xi) x6—729y*® (xii) 1252° + 64b°

. Findthe HCF of

(i) x*—x®and x*—x’
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(i) 30(x?—3x + 2) and 50(x? —2x + 1)
7. FindtheLCM of

() x*+y*andx?—y?

(i) x*+ x%y?2 + y*and x> + xy +y?

8. Performtheindicated operation:

X+1 1
+

0) (x-1? x+1

2x2+2x—7_ x—1

ii
0 X24+X—-6 x-2
. x—1x3x+1
(i) X—2 x°-4
. X?’-1 x%*-4x-5
(iv) — 5
X“=25 XxX“+4x-5
9. Smaifv: 2 4 8
- MY ST Akl @ +1 at+1
Hint: - 2 = 4 ; bi tt d
[Hint: a1 arl a?_qnowcombinenextterman soonj
X+1 Xx=-1 _
10.1f m=—— and n=——findm2+n2—mn.
-1 X+1

[ ]
‘ = ANSWERS TO CHECK YOUR PROGRESS

4.1
1. (i) 25%x%+20xy +Y? (i) x2—6x +9 (i) &0? + 2abcd + P
x* 2 22 1.1
V) 4x>— 2 S +Sx+1 ) —Zz+=
(iv) 4x2—20xy + by (V) 53 (vi) 7 3%
. .2, 25
(vii) & —25 (viii) x?y?—1 (ix) X +EX+1
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4 4 2 . i
(X) §X -—x"-1 (Xi) 6x2+ 13xy + 6y?  (Xii) 21x%+ 8xy —5y?
2. (i)40x? (i) 228+ 18 (iii) 2(a8x? + b?y?) (iv) 32p’c? Notes
3. (i)10404 (i) 11664 (ii) 4761 (iv) 996004
(v) 6384 (vi) 22451 (vii)89964  (viii) 249936
(ix) 11445 (x) 5621 (xi) 8930 (xii) 989028
4.2
1. (i) 27x3+36x2%y + 36xy> + 64y® (i) p*—3p?qr + 3pg’r2—g’r?
ab® b’ a® ab
3 2b @ Vv . ___+ab2_b3
(i) a”+a’b+ 3 +27 (iv) 77 3
(v) a—6+1a“b2 + 2oty B (vi) o’ —ga“b3x6y2 +4a°b°x°y* —8b%y°
8 2 3 27 27 3
2. (i)512 (i) 1728 (iii) 5832 (iv) 12167 (v) 148877
(vi) 110592(vii) 357911  (viii) 328509 (ix) 912663  (x) 970299
3. (i)8x3+y?® (i) x*-8 (iii)x3+1
1
(iv) 8y3—2726 (V) 64x3+ 27y3 (vi) 27x° - 3 y?
4. ()100  (ii)1115
5. (i) 15616 (ii 21027
. () (i) 125
6. (i) 120x2+250 (i) 1000y (iii) 19x3—19y?® (iv)—117x*-126
7. (i) 1000 (i) 444
4.3
1. 5x(2y —32) 2.abc (c—h)
3. 3p(2p—-5q +9) 4. (b-c) (@—-b)
5. (4x —y)? (8ax —2ay — h) 6. X (X +Y) (X2—Xxy +Vy?)
7.25(2 + 5p) (2—5p) 8. (L+16y*) (1+4y?) (1+2y) (1-2y)
9.(5x+1) (1-x) 10. (&2 + bc+ ab + ac) (&2 + bc—ab —ac)
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11. (5x+6y—1) (bx—6y—1) 12.(7x-y+1)(7x-y-1)
13. (M + 7)? 14. (2x — 1)
2 3_AN\2
Notes 15. (6a+ 5) 16. (x3—4)

17. (@ + 72+ 1) (&+3a+ (@ —-3a+1)

18. (2& + 6ab + 9b?)(2a2 — 6ab + 9b?)

19. (X2 + 2x + 2)(x2—2x + 2)

20. (322 + 5a+4)(3& —5a+4)  21.(i)40(ii) 57200

4.4

1. (a+6b) (&¢—6ab + 36b% 2.(a-7) (&+7a+49)

3. (x+4y)d 4. (2x—3y)?

5 (2x-5y)® 6. (4k — 3)®

7. (92 —2) (81x* + 18X + 4) 8.x2(L+Yy?) (L—y2+Yy9)

9. 2a(2& —3b?) (4e° + 6ath? + 9b%) 10.(3b—a—1) (?+3ab+3b+ & +a+l)

11. (2a—3b + 4c)(4a + 9b? — 6ab —8ac + 12bc + 16 ¢2
12. (4x — 2y +1)(16x> + 8xy —4x + 4y>— 4y + 1)

4.5

1. (x+3)(x+8) 2. (Xx—=6y) (x—-9y) 3. (x+3)(2x-1)

4.2(x—=2y)(3x +y) 5 (2x*+1) (x+1) (x-1) 6. (X + 15y) (x —2y)

7.(x+2)(2x+7) 8. (2y—-3)(5y-2) 9.(x—-1) (2x+1)

10. (12—-m) (m+9) 11. (2a—b-6)(2a—b+5) 12.(9y—-7)(5x +vy)

4.6

1. (i) 3xy? (i) 12y3x® (i) (x+1)? (iv)x+2 (V) 6(x +2)
(vi) (x +5)? (vii) (2x=5)? (viii))x*=1  (ixX)x-y (x)6(x—1)

2. (i) 75¢3y? (ii) 240x3y* (i) (x=1) (x+1)°

(iV)X2+4x+4 (V) 72(x+22(x*—2x+4)  (vi) (x+DAx+5)*
(vii) (x—4) (x + 4)3(2x-5)3 (vii)x*=1 (X)) x=D(x+1)(x*+x+1)
(X) 18(x—1)(x—2)(x—3)
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4.9

1.

2.

Special Productsand Factorization MODULE - 1
Algebra
1. (i), (i), i), (v), (vii) and (viii)
Notes

o 2x? 22X+ 2X=T o 2XP42

) X—2 (i) X2 +x-6 (i) x3—x%—x+1

) 4x? +5x+28 W 2X i) 2x*+8

x3 +4x? —16x + 64 X+3 X2 —4

o 2x3+3x% -1 .. 5

(vii) X3+ 2X%+X+2 (viid) 6x°

.. X—6 L 8X Lox?=1

. 2=X X242 2P+l

(iv) 2 _x (V) X—4 (vi) (X2+2)2

B x*—15x +16 o 1-x

(vii) 2(x® +3x2 -9x - 27) (vl 1+X

()2 (i) 6 (iii) 2 (iv) 110 (v) 8415

(vi)115  (vii)0 (viii) 18 (ix) £5 (x) 14

. XX+l .. 5Ix+9

) X% —x-1 i) X®+x*+x%+1 (i) 2X—6

W) 5x% +7x—6 v X3+ x%+x+1 i) x3+1

5x% +32x +12 x3—2x?+2x -1 2X

Lo x-1 .. X—6

(vii) il (viii) ol

ox-1 . a-1 oXAP+2x-1 _ 1

0 X2 +2 (i) 3a (”I)f (V) x*+1
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o &

N o

10.

M2

Special Productsand Factorization

L 6x°—11x +3 L

(i) 2x*>-9x -5 (m)x+3
2x?+11x +5 .

(V) 21 (vi)1

[ ]
‘ I ANSWERS TO TERMINAL EXERCISE

()C (DA (i)D (VA (WD (i)B (i)C (ii)B (A (X)C

(i) & — g
(iv) 922 — 30ab + 2517

(vii) @ +g—éa+1

(x) 1092727

15616

(i) X7y®(1 +x*y*)
(iiil) 3e2(a + 207)°
(V) 3(x? + 2xy + 2y?)
(Vii) (X +9)(x + 7)
(ix) (x +y)(7x —6y)

(i) x2=y2+4x+4  (iii) 4x2+ 12xy + 9y?
(v) 125x3 + 8y® (vi) 8x3—125y?3

(viii)4z*—4z2-15  (ix) 970299

(xi) &+ 2ab—11a+ 30 (xii) 4x%+ 24xz + 3522

(ii) 3ab(a—3b) (a+ 3b) (&2 + 9?)
(iv) (2 —4b%?

(Vi) (x*=2x2+9)(x* + 2x2 + 9)
(viii) (x—=3)(x—9)
X)(x=2)(5x+2)

(xi) (x=3y) (X + 3y)(x*—3xy + 9y?) (x*+ 3xy + 9y?)
(xii) (522 + 4b?)(25a — 208207 + 16br)

() x¥(1—x)
(i) (€ =y?) (x> —xy +y?

0 2x2 42
x3—x?—x+1
3x?-2x-1

x3+2x%—4x -8

(i)

16
a®-1

x*+14x2 +1
x*—2x2+1

(i) 10(x—1)
(ii) X4+ Xzyz + y4
X+2

(i) =

X+3

X2 —=2x+1

V) 2 10x+ 25
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LINEAR EQUATIONS

You have learnt about basic concept of avariable and aconstant. You have also learnt
about a gebrai c exprssions, polynomia sand their zeroes. We come across many Situations
such assix added to twice anumber is20. To find the number, we have to assumethe
number asx and formul ate arelationship through which we can find the number. We shall
seethat theformulation of such expression leadsto an equationinvolving variablesand
congtants. Inthislesson, you will study about linear equationsin one and two variables.
Youwill learnhow toformulatelinear equationsin onevariableand solvethemagebraicaly.
Youwill alsolearnto solvelinear equationsin two variablesusing graphical aswell as
algebraic methods.

After studying thislesson, youwill beableto

identify linear equations from a given collection of equations;

e cite examples of linear equations,

e writealinear equation in one variable and also give its solution;
e cite examples and write linear equations in two variables;

e draw graph of a linear equation in two variables;

e find the solution of a linear equation in two variables;

e find the solution of a system of two linear equations graphically as well as
algebraically;

e Trandatereal life problemsin terms of linear equationsin one or two variables
and then solve the same.

EXPECTED BACKGROUND KNOWLEDGE

e Concept of avariableand constant
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e Algebraic expressonsand operationsonthem

e Concept of apolynomial, zero of apolynomial and operationson polynomials

NeOCR ) 51 | INEAR EQUATIONS

You aredready familiar with the algebrai c expressionsand polynomias. Thevalueof an
algebraic expression depends on the values of thevariablesinvolvedit. You have a so
learnt about polynomial inonevariableand their degrees. A polynomiasinonevariable
whosedegreeisoneiscaledalinear polynomial inonevariable. When two expressions
are separated by an equality sign, itiscalled anequation. Thus, inanequation, thereis
alwaysan equdity sign. Theequality sign showsthat the expressionto theleft of thesign
(theleft had sideor LHS) isequal to theexpression to theright of thesign (theright hand
sideor RHS). For example,

3x+2=14 (1)
2y—3=3y+4 (2
2-32+2=0 (3
x+2=1 (%)

ared| equationsasthey contain equdity signand aso containvariables. In (1), theLHS=
3x +2and RHS= 14 and thevariableinvolvedisx. In(2), LHS=2y -3, RHS=3y +4
and both arelinear polynomiasinonevariable. In (3) and (4), LHSisapolynomial of
degreetwo and RHSisanumber.

You can also observethat inequation (1), LHSisapolynomial of degreeoneand RHSis
anumber. In (2), both LHSand RHS arelinear polynomialsandin (3) and (4), LHSisa
quadratic polynomial. The equations (1) and (2) arelinear equationsand (3) and (4) are
not linear equations.

In short, an equationisacondition on avariable. The condition isthat two expressions,
i.e.,, LHSand RHSshould beequal. Itisto be noted that atleast one of thetwo expressions
must containthevariable.

It should be noted that the equation 3x —4 =4x + 6isthesameas4x + 6 =3x —4. Thus,
an equation remainsthe samewhen the expressionson LHS and RHS areinterchanged.
Thisproperty isoften usein solving equations.

An equation which containstwo variables and the exponents of each variableisoneand
hasno terminvolving product of variablesiscalled alinear equationin two variables. For
example, 2x + 3y =4and x —2y + 2=3x +y + 6 arelinear equationsin two variables.
Theequation 3x?+y =5isnot alinear equationintwo variablesandisof degree 2, asthe
exponent of thevariablexis2. Also, theequation xy +x = 5isnot alinear equationintwo
variablesasit containstheterm xy which isthe product of two variablesx andy.

The general form of alinear equation in onevariableisax + b=0,a#0,aand b are
constants. Thegenera form of alinear equationintwo variablesisax + by + c=0where
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a, band c arereal numberssuch that at atleast one of aand b isnon-zero.

Example5.1: Which of thefollowing arelinear equationsin onevariable?Alsowritether
LHSand RHS.

() 2x+5=8
(i) 3y—z=y+5
(i) x*—2x=x+3
(iv) 3x—=7=2x+3
(V) 2+4=5+1
Solution:
() Itisalinear equationinx astheexponentof xisl. LHS=2x+5and RHS=8

(ii) Itisnotalinear equationinonevariableasit containstwo variablesy and z. Here,
LHS=3y-zandRHS=y +5

(iii) Itisnot alinear equation ashighest exponent of x is2. Here, LHS=x?—2x and RHS
=X +3.

(iv) Itisalinear equationin x asthe exponent of x in both LHSand RHSisone.
LHS=3x-7,RHS=2x+3

(v) Itisnotalinear equation asit doesnot contain any variable. Here LHS=2+ 4 and
RHS=5+1.

Example5.2: Which of thefollowing arelinear equationsintwo variables.
()2x+z=5
(i)3y—2=x+3
(i) 3gt+6=t-1

Solution:

(i) Itisalinear equationintwo variablesx and z.

(i) Itisalinear equationintwo variablesy and x.

(iii) 1tisnot alinear equationintwo variablesasit containsonly onevariablet.

CHECK YOUR PROGRESS 5.1

1. Whichof thefollowing arelinear equationsin onevariable?
(i)3x—-6=7
(i)2x—1=3z+2
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(iii)5-4=1
(iv)y?=2y-1
2. Whichof thefollowing arelinear equationsintwo variables:
() 3y—-5=x+2
(i) x*+y=2y-3
(iiiyx+5=2x-3

5.2 FORMATION OF LINEAR EQUATIONS IN ONE
VARIABLE

Congder thefollowing Stuations.

(i) 4morethanxis1l
(i) A numberydividedby 7 gives2.

(iii) Reenahassome appleswith her. Shegave5 applesto her sister. If sheisleft with 3
apples, how many apples she had.

(iv) Thedigit at tensplaceof atwo digit number istwotimesthedigit at unitsplace. If digits
arereversed, thenumber becomes 18lessthantheorigind number. What istheorigina
number?

In (i), the equation can bewritten asx + 4 = 11. You can verify that x = 7 satisfies the
equation. Thus, x = 7isasolution.

In(ii),theequationis% =2,

In(iii), You can assumethe quantity to befound out asavariablesay x, i.e., let Reenahas
x apples. Shegave 5 applesto her sister, hence sheisleft with x —5 apples. Hence, the
required equation can bewrittenasx —5=3, or x = 8.

In(iv), Let thedigit intheunit place bex. Therefore, thedigit inthetens place should be
2x. Hence, thenumber is

10 (2x) +x = 20x + x = 21X

Whenthedigit arereversed, thetens place becomesx and unit place becomes 2x. Therefore,
thenumber is10x + 2x = 12x. Sinceorigind number is 18 morethan the new number, the
equation becomes

21x —12x =18
or Ox =18
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CHECK YOUR PROGRESS 5.2
Formalinear equation using suitablevariablesfor thefollowing Stuations: ot

Twiceanumber subtracted from 15is7.

N B

. Amotor boat uses0.1 litresof fuel for every kilometer. Oneday, it made atrip of x
km. Forman equationinx, if thetotal consumption of fuel was10itres.

w

Thelength of rectangleistwiceitswidth. The perimeter of rectangleis96m. [Assume
width of rectangleasy m]

>

After 15 years, Salmawill befour timesasold assheisnow. [ Assume present age of
Salmaast years)

5.3 SOLUTION OF LINEAR EQUATIONS IN ONE
VARIABLE

Let usconsider thefollowing linear equationinonevariable,
X—3=-2
Here LHS=x-3andRHS=-2

Now, weevauate RHS and LHS for somevaluesof x

X LHS RHS
0 -3 -2
1 -2 -2
3 0 -2
4 1 -2

Weobservethat LHS and RHS areequal only when x = 1. For al other valuesof x, LHS
# RHS. We say that thevalue of x equal to 1 satisfiestheequation or x = 1isasolution
of theequation.

A number, which when substituted for the variablein the equation makesLHS
equal toRHS, iscalled itssolution. We can find the sol ution of an equation by trial and
error method by taking different val uesof thevariable. However, weshal learn asystematic
way to find the solution of alinear equation.

An equation can be compared with abaancefor weighing, itssidesaretwo pansand the
equality symbol ‘=" tellsusthat thetwo pansarein balance.

We have seen theworking of balance, If we put equal (and hence add) or remove equal
weights, (and hence subtract) from both pans, thetwo pansremainin balance. Thuswe
cantrandatefor an equation in thefollowing way:
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1. Addsamenumber to both sides of the equation. : }
2. Subtract samenumber from both sides of the equiation.
3. Multiply both sides of the equation by the same non-

LHS

zeronumber.

4. Divide both sides of the equation by the same non-

zeronumbey. RHS
We now consider someexamples: Fig5.1
Example5.3: Solve5+x =8.

Solution: Subtracting 5 from both sides of the equation.

We get 5+x-5=8-5
or X+0=3
or X=3

So, x = 3isthesolution of the given equation.

Check: Whenx=3,LHS=5+x=5+3=8and R.H.S.=8.
Therefore, LHS=RHS.

Example5.4: Solvery—-2=7.
Solution: Adding 2 to both sides of the equation, we get
y—2+2=T7+2
or y=9

Hence, y = 9isthe solution.

Check: Wheny =9, LHS=y-2=9-2=7and RHS=7. Therefore, LHS=RHS.
Example5.5: Solve: 7x +2=8.
Solution: Subtracting 2 from both sides of the equation, we get

X+2-2=8-2

or 7X=6
> 6 .

or = =3 (dividing both sidesby 7)
_5

or X=-

6
Therefore, x = 2 isthesolution of theequation.
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Example5.6: Solve: %—3= 9
Solution: Adding 3 to both sidesof the equation, we get
Notes
ﬂ—3+3:9+3
2
3y _
or 5 = 12
3y o .
or 5 x 2=12x 2 (Multiplying both sidesby 2)
or y=24
3y 24 . . _
or 3" 3 (Dividing both sidesby 3)
or y=8

Hence, y = 8isthesolution.
Example5.7: Solvetheequation 2(x + 3) =3(2x—7)
Solution: Theequation can bewritten as
2X+6=6x—-21
or 6Xx—-21=2x+6 [Interchanging LHSand RHS]
or 6x—21+21=2x+6+21 [Adding21onbothsides|
or 6X = 2x +27

or B6X — 2X = 2X +27 — 2X [Subtracting 2x from both sides]
or ax =27

_Z
or X=

27
Thus, x = v isthesolution of theequation.

Note:

1. Itisnot necessary to writethe detailsof what we are adding, subtracting, multiplying
or dividing eachtime.

2. Theprocessof takingatermfrom LHSto RHSor RHSto LHS, iscalled transposing.

3. When we transpose a term from one side to other side, sign ‘+ changesto ‘-,
i_’ tO ‘ +1 .
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4. A linear equation in one variable can be written asax + b =0, whereaand b are

b
constantsand x isthevariable. Itssolutionis X= 3 az0,

Notes | Example5.8: Solve3x—5=x +3
Solution: Wehave  3x—-5=x+3
or 3X=X+3+5
or 3X—x=8
or 2x=8
or X=4

Therefore, x =4 isthe solution of the given equation.

CHECK YOUR PROGRESS 5.3

Solvethefollowing equations:
1. x-5=8

2. 19=7+y

3. 3z+4=5z2+4

1
4. :—%y +9=12

5 5(x-3)=x+5

5.4 WORD PROBLEMS

You havelearnt how to form linear equationsin onevariable. Wewill now study some
applicationsof linear equations.

Example 5.9: The present age of Jacob’s father is three times that of Jacob. After 5
years, thedifference of their ageswill be 30 years. Find their present ages.

Solution: Let the present age of Jacob bex years.
Therefore, the present age of hisfather is3x years.
After 5years, the age of Jacob = (x + 5) years.
After Syears, the age of hisfather = (3x + 5) years.

Thedifferenceof their ages=(3x + 5) —(x + 5) years, whichisgivento be
30vyears, therefore
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3X+5—-(x+5)=30
or 3X+5-x-5=30
or 3Xx—-x=30
or 2% =30 Notes
or x=15

Therefore, the present age of Jacob is 15 years and the present age of hisfather = 3x
=3x15=45years.

Check: After 5years, age of Jacob =15+ 5=20years
After Syears, age of hisfather =45+ 5=50years
Difference of their ages=50—-20=30years
Example5.10 : Thesum of three consecutive even integersis 36. Find theintegers.
Solution: Letthesmallest integer bex.
Therefore, other two integersarex + 2and x + 4.
Since, their sumis 36, wehave
X+(x+2)+(x+4)=36
or 3X+6=36
or X =36-6=30
or x=10
Therefore, therequired integersare 10, 12 and 14.

Example5.11: Thelength of arectangleis3 cmmorethanitsbreadth. If itsperimeter is
34 cmfinditslength and breadth.

Solution: L et the breadth of rectanglebex cm

Therefore, itslength=x+ 3

Now, since perimeter =34 cm

Wehave 2(x+3+x)=34
or 2X+6+2x=34
or 4x=34-6
or 4x =28
or X=7

Therefore, breadth=7 cm, and length=7+3=10cm.
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CHECK YOUR PROGRESS 5.4

1. Thesumof twonumbersis85. If onenumber exceedsthe other by 7, find the numbers.

Theageof father is20 yearsmorethan twicethe age of the son. If sum of their agesis
65 years, find the age of the son and the father.

Thelength of arectangleistwiceitsbreadth. If perimeter of rectangleis66 cm, find its
length and breadth.

N

w

2
Inaclass, thenumber of boysis 5 of thenumber of girls. Find thenumber of girlsin

theclass, if the number of boysis10.

5.5 LINEAR EQUATIONS IN TWO VARIABLES

Nehawent to market to the purchase pencilsand pens. The cost of onepencil isRs2 and
cost of one penisRs4. If she spent Rs50, how many pencilsand pens she purchased?

>

Since, wewant to find the number of pencilsand pens, let usassumethat she purchased x
pencilsandy pens. Then,

Cost of x pencils=Rs2x
Costof y pens=Rs4y
Since, total cost in Rs50, we have
2x + 4y =50 (1)
Thisisalinear equationintwo variablesx andy asitisof theformax +by +c=0

Weshall now takedifferent valuesof x andy to find the solution of the equation (1)

1. Ifx=1,y=12,thenLHS=2x1+4x%12=2+48=50and RHS=50. Therefore,
x=1andy=12isasolution.

2. Ifx=3,y=11,thenLHS=2%x3+4x 11 =50and RHS=50. Therefore, x =3,y
=1lisadsoasolution.
3. Ifx=4,y=10,thenLHS=9%x4+4x10=48and RHS=50. Therefore, x =4,y

=10isnot asolution of the equation.

Thus, alinear equation intwo variables has more than one sol ution.
We have seenthat alinear equationin onevariable‘x’ isof theformax +b=0,a=0. It

. b . . . .
hasonly onesolutioni.e., X = 3 However, alinear equationintwovariablesx andy is

of theform
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ax+by+c=0 ..(2)

wherea, b and c are constantsand atleast one of aor bisnon-zero. Let a= 0, then (1) can
bewrittenas

ax=—hy-c

b ¢

o X=-—y-—
a~ a

Now, for each value of y, we get a unique value of x. Thus, alinear equation in two
variableswill haveinfinitely many solutions.

Note: Alinear equationax + ¢ =0, a# 0, can be considered asalinear equationintwo
variablesby expressingit as

ax+0y+c=0

i.e., by taking the coefficient of y aszero. It still hasmany solutionssuch as

x=-2,y=0; x=-C,y=1gc
a a

c
i.e., for eachvalueof y, thevalueof x will beequal to 3

Example5.12: Thesum of twointegersis 15. Formalinear equation in two variables.

Solution: Let thetwointegersbex andy. Therefore, their sum=x +y. Itisgiventhat the
sumis15.

Hence, required equationisx +y = 15.

Example5.13: For the equation 4x —5y = 2, verify whether (i) x =3,y =2and (ii) X =
4,y =1laresolutionsor not.

Solution: (i) Wehave 4x-5y=2
Whenx =3,y =2, LHS=4x-5y=4x3-5x2
=12-10=2
=RHS

Therefore, x =3, y = 2isasolution of the given equation.
(i) Whenx=4,y=1, LHS=4x4-5x1=16-5=11
But RHS=2. Therefore, LHS# RHS

Hence, x =4,y = 1lisnot asolution.
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CHECK YOUR PROGRESS 5.5

1. Formlinear equationsintwo variablesusing suitable variablesfor theunknowns.
(i) Theperimeter of arectangleis98 cm. [Takelength asx and breadth asy.]
(i) Theageof fatheris 10 yearsmorethan twicethe age of son.
(iiiy A number is10 morethan the other number.
(iv) Thecost of 2kg applesand 3 kg orangesisRs. 120. [ Takex andy asthe cost per

kg of applesand orangesrespectively.]

Write Trueor Falsefor thefollowing:

2. x=0,y=3isasolution of theequation

X+2y-6=0

x =2,y =5isasolution of theequation

5x+2y =10

5.6 GRAPH OF A LINEAR EQUATION IN TWO VARIABLES

Youwill now learn to draw the graph of alinear equation intwo variables. Consider the
equation 2x + 3y =12. It can bewritten as

2x =123y or 3y = 12— 2x

_12-yy 12
2 3

w

X

Now, for each valueof y or for each value of x, we get aunique corresponding value of x
ory. Wemakethefollowing tablefor the values of x and y which satisfy the equation:

2x+3y=12
X 0 6 3 9 =3
y 4 0 2 -2 6

Thus, x=0,y=4;x=6,y=0;x=3,y=2;x=9,y=-2;x=-3,y =6 areal solutions
of thegiven equation.

We write these solutions as order pairs (0, 4), (6, 0), (3, 2), (9,—2) and (— 3, 6).

Here, first entry givesthevaueof x and the corresponding second entry givesthevalue of
y. Wewill now learnto draw the graph of thisequation by plotting these ordered pairsin
aplane and then join them. In the graph of 2x + 3y = 12, the points representing the
solutionswill beonalineand apoint whichisnot asolution, will not lieonthisline. Each
point aso called orderd pair, which liesonthelinewill give asolution and apoint which
doesnot lieonthelinewill not beasolution of the equation.
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Todraw thegraph of alinear equationintwo variables, wewill first plot these pointsina
plane. We proceed asfollows:

Sep 1: Wetaketwo perpendicular linesX'OX and Y OY ' intersecting at O. Mark thereal
numbers on X'OX and YOY' by
consdering themasnumber lineswiththe
point O asthereal number 0 asshownin
Fig5.2. Thesetwo linesdividetheplane 4

into four parts, called first quadrant, 3T
second quadrant, third quadrant and 2

fourth quadrant. The number line X'OX 1

is called x-axis and the line Y'OY is % X
called y-axis. Since, we have taken x- =
axis and y-axis, perpendicular to each 1+
other in a plane, we call the plane as
coordinate plane or cartesian planein
the honour of French mathematician 3T
Descartes who invented this system to 4T
plot apoint inthe plane.

|

A -
I

&
| 4
N

| 4
'—\
(@)
H—
N L
W 4=
N

Sep 2: To plot apoint say (3, 2), take
thepoint 3on x-axisand throughthispoint, Fig5.2

draw aline 'l' perpendicular to x-axis

(i.e. paralel toy-axis). Now take the point 2 on y-axis and through 2, draw aline'm’
perpendicular toy-axis(i.e. parallel tox-axis) tomeet | at P. The point Prepresentsthe
point (3, 2) ontheplane.

Y'A A
47
A 2R R ,P ----------------
1 (3,2)
1T 5
X‘A 1 L L i L 5
) 1 1 1 1 ] 1 >
2-11%1 2 3 4
v \/
Y
Fig.5.3

Note1: It may be noted that, for the ordered pair (a, b), aiscalled x-coor dinateand b
iscalledy-coor dinate.
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Note 2: Every point on x-axis can bewritten as (g, 0) i.e. itsy-coordinateis zero and
every point ony-axisisof theform (0, b) i.e,, itsx-coordinateis zero. The coordinates of
thepoint O are (0, 0).

Note3: Inthefirst quadrant, both x and y coordinatesare positive, in the second quadrant,
x coordinate is negative and y coordinate is positive, in the third quadrant both x and
y coordinates are negative and in the fourth quadrant, x-coordinate is positive and
y-coordinateisnegative.

Example5.14: Represent the point (-2, 3) in the coordinate plane.

Solution: Draw x-axisandy-axisontheplane

and mark the pointson them. Tekethe point— A p

2 on x-axisand draw thelinel parallel toy-

axis. Now takethe point 3ony-axisand draw 14

theline'm' parallel to x-axisto meet | at P. 4--5-} ---------- e B > m
Thepoint Prepresent (2, 3), wesay (-2, 3) 15

are coordinates of the point P. L

Youwill now learntodrawthegraphofalinear x| | | o, X
equation intwo variables. It should be noted 3 —25 1 91 2 3
that thegraph of linear equationintwovariables R

isalineand the coordinates of every point on Fig5.4

theline satisfiesthe equation. If apoint does
not lieon the graph then its coordinateswill
not safisfy the equation. You &l so know that from two given points, oneand only oneline
can bedrawn. Therefore, it issufficient to take any two points, i.e., valuesof thevariables
x and y which satisfy the equation. However, it issuggested that you should takethree
pointsto avoid any chance of amistake occurring.

Example5.15: Draw the graph of the equation 2x —3y = 6.

Solution: Now chooseva uesof x andy which satisfy the equation 2x —3y = 6. It will be
easy towritetheequation by transformingitin any of thefollowingform

2x=3y+60r3y=2x-6

3y+6 2X—6
or sz

Now by taking different valuesof x or y, you find the corresponding valuesof y or . If we

2Xx—6
takedifferentvaluesof xin 'y = 3 weget corresponding valuesof y. If x =0, weget

y=—2,x=3givesy=0andx =—3givesy =—4.

= X=

You can represent thesevaluesin thefollowing tabular form:
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X 0 3 =3

y | =20 | -4

The corresponding pointsin the planeare (0, —2), (3, 0) and (-3, —4). Youcannow plot | Notes
these pointsand join themto get thelinewhi ch representsthe graph of thelinear equation
asshown here.

Notethat al thethree pointsmust lieon theline.

Fig5.5

Example5.16: Draw the graph of theequation x = 3.

Solution: It appearsthatitisalinear equationinonevariablex. You can easily convert it
intolinear equationintwo variablesby writingitas

x+0y=3
Now you can havethefollowing tablefor valuesof x andy.
X 3 3 3
y 3 0 1

Observethat for each value of y, thevaue of x isalways 3. Thus, required points can be
takenas(3, 3), (3,0), (3,1). ThegraphisshowninFig. 5.6.
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Y
A A
C(3,3,
31 (3.3)
2 -
™
1- 4 B3, 1) n
A(3,0 =
X < . — > X
1 2 3 4
\ 4 \ 4
YI
Fig.5.6

CHECK YOUR PROGRESS 5.6

1. Potthefollowing pointsinthecartesian plane:

() (3,9 (i) (-3,-2) (iii) (-2, 1)
(iv) (2,-3) (v) (4,0) (vi) (0, -3)
2. Draw thegraph of each of thefollowing linear equationsintwo variables:
(i()x+y=5 (ii)3x+2y=6
(iii)2x+y=6 (iv)5x+3y=4

5.7 SYSTEM OF LINEAR EQUATIONS IN TWO VARIABLES

Nehawent to market and purchased 2 pencilsand 3 pensfor I 19. Mary purchased 3
pencils and 2 pensfor X 16. What isthe cost of 1 pencil and 1 pen? If the cost of one
pencil isT x and cost of one pen isX y, then the linear equation in case of Nehais
2x+ 3y =19andfor Mary itis3x + 2y = 16. Tofind the cost of 1 pencil and 1 pen, you
haveto find thosevaluesof x and y which satisfy both theequations, i.e.,
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2x+3y =19
3x+2y=16

Thesetwo equationstaken together are called system of linear equationsin two variables
andthevaduesof x andy which satisfy both equationss multaneoudy iscalled thesolution. Notes

Therearedifferent methodsfor solving such equation. These are graphical method and
algebraic method. You will first learn about graphical method and then a gebraic method
for solving such equations.

5.7.1 Graphical method

Inthismethod, you haveto draw the graphsof both linear equations on the samegraph
sheet. Thegraphsof the equationsmay be

(i) Intersectinglines: Inthiscase, thepoint of intersection will be common solution of
both s multaneousequations. Thex-coordinatewill givethevaueof x andy-coordinate
will givenvaueof y. Inthiscase sysemwill haveaunique solution.

(i) Concident lines: Inthiscaseeach point onthe common linewill givethe solution.
Hence, system of equationswill haveinfinitely many solutions.

(ii) Parallel lines: Inthiscase, no point will becommon to both equations. Hence, system
of equationswill have no solution.

Example5.17: Solvethefollowing system of equations:
Xx—-2y=0 (1)
3x+4y =20 (2

Solution: Let usdraw the graphsof theseequations. For this, you need atleast two solutions
of each equation. Wegivethesevauesinthefollowing tables.

X—2y =0 3x +4y =20
X 0 2 —2 X 0 4 6
y 0 1 -1 y 5 2 12

Now plot these points on the same graph sheet asgiven below:

Thetwo graphsintersect at the point Pwhose coordinatesare (4, 2). Thusx =4,y =2is
thesolution.

You can verify that x =4, y = 2 satisfiesboth the equations.
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vY'
Fig.5.7
Example5.18: Solvethefollowing system of equations:
X +y=8 (1)
x-y=1 (2

Solution: To draw the graph of these equation, make thefollowing by selecting some
solutionsof each of theequation.

X+y=8 2x-y=1
X 3 4 5 X 0 1 2
y 5 4 3 y -1 1 3

Now, plot the points (3, 5), (4, 4) and (5, 3) to get the graph of x + y =8 and (0, -1),
(1, 1) and (2, 3) to get the graph of 2x —y = 1 on the same graph sheet. Thetwo lines
intersect at the point Pwhose coordinatesare (3, 5). Thusx = 3,y =5, isthe solution of
the system of equations. You can verify that x = 3, y = 5 satisfies both equations
smultaneoudy.
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Example5.19: Solvethefollowing system of equations:

X+y=2 (1)

2X+2y=4 (2
Solution: First maketablesfor some solutionsof each of the equation.

X+y=2 2X+2y=4

X 0 2 1 0 2 1
y 2 0 1 2 0 1
Now draw the graph of these AY
equations by plotting the 3
corresponding points.
2%+
You can seethat graph of boththe 3 N
equations is the same. Hence, SN
system of equationshasinfinitely X , 7 R
many solutions. For example, ol 1 >
x=0,y=2x=1Ly=1x=2, =37
y = 0 etc. You can also observe 241
that these two equations are
essentialy the sameequation. 11
vyY'
Fig.5.9
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Example5.20: Solvethefollowing system of equations:
2X-y=4 (1)
4x—-2y=6 (2

Solution: Let usdraw thegraph of both equationsby taking some solutions of each of the
equation.

2X-y=4 4x -2y =6
X 0 2 -1 X 0 15| 2
y —4 0 —6 y -3 0 1

You can observethat thesegraphsare paralld lines. Since, they do not have any common
point, the system of equations, therefore, hasno solution.

AX

Fig. 5.10

CHECK YOUR PROGRESS 5.7

Solvethefollowing system of equationsgraphically. Also, tell whether these have unique
solution, infinitely many solutionsor no solution.
1. x-y=3
X+y=5
2. 2Xx+3y=1
X-y=7
3. xX+2y=6
2X+4y =12
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4, 3x+2y=6
6x +4y =18
5 2x+y=5
3X+2y=8 Notes

5.7.2 Algebraic Method

Thereare severd methods of solving system of two linear equationsintwo variables. You
havelearnt one method which isknown asgraphical method. We shall now discusshere
two more methods, called algebraic methods. They are

(i) Substitution Method.
(i) Elimination method.
Note: These methodsare useful in casethe system of equations hasaunique solution.

Substitution Method: Inthismethod, wefind the value of oneof the variablefrom one
equation and substituteit in the second equation. Thisway, the second equation will be
reduced to linear equaionin onevariable which we haveaready solved. Weexplainthis
method through some examples.

Example5.21: Solvethefollowing system of equations by substitution method.

5x+2y=8 (1)
3x-5y=11 (2
Solution: From (1), we get
2y =8-5x
1
or y= E(8—5x) (3)

Subgtituting thevaueof y in (2), weget

3x —§(8—5x):11
2
or 6x—5(8—-5x) =22 [multiplyingboth sidesby 2]
or 6x —40 + 25x = 22
or 31x =40+ 22

62

:a_z

or X
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Substituting thevalue of x =2in (3), weget
_1 8-5x2)= 1 8-10
y_ 2( - )_ 2( - )

o2,
or =5 ==

So, the solution to the system of equationsisx =2,y =—1.
Example5.22: Solvethefollowing system of equations by substitution method:
2X+3y=7 (1)
X+y=14 (2
Solution: From equation (2), weget
y=14-3x -(3)
Subgtituting thevaueof y in (1), weget
2X+3(14-3x)=7
or 2X+42-9x=7
or 2X—9x=7-42
or —-7x=-35

-35

Therefore X = 7 = 5

Substituting thevaueof x in (3), weget
y=14-3x=14-3x%x5
o y=14-15=-1
Hence, x =5,y =—1isthesolution.

Check: You can verify that x =5, y =— 1 satisfies both the equations.

CHECK YOUR PROGRESS 5.8

Solvethefollowing system of equationsby substitution method:
1 x+y=14 2.2x+3y=11
X—-y=2 2X —4y =24
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3. X+2y=11 4.7x-2y=1
2X+3y=4 3X+4y=15

Elimination M ethod: Inthismethod, weeiminateoneof thevariableby multiplyingboth | NOtes
equations by suitable non-zero contantsto make the coefficients of one of thevariable
numerically equal. Then weadd or subtract one equation to or from the other so that one
variablegetseliminated and we get an equation in onevariable. We now consider some
examplestoillusgtratethismethod.

Example5.23: Solvethefollowing system of equationsusing €limination method.
3x—-5y=4 (1)
X—-2y=7 -(2)

Solution: Toeminatex, multiply equation (1) by 3 to make coefficient of x equal. You get
theequations.

Ox — 15y = 12 (3
WX—-2y=7 ..(4)
Subtracting (4) from (3), we get
Ox — 15y —(9x —2y) =127
or X —-15y—-9x +2y =5
or —-13y=5

5

or y:—1—3

5
Subgtitutingy = 13 inequation (1), weget

9 _
3X—-5x 13 =4

25
X+—=4
or 13
25 27
x=4-2-=l
or 13 13
_9
or X= 13
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Therefore, x = 13 andy=-— 13 istherequired solution of the given system of equations.
Example5.24: Solvethefollowing system of equationsusing €limination method.
Notes X + 3y =13 (1)
5x -7y =-11 ..(2)
Solution: Toeliminatey, multiply equation (1) by 7 and equation (2) by 3, we get
14x + 21y =91 (3)
15x —21y =-33 (4
Adding (3) and (4), we get
29 x =58
8,
or X=og =

Subgtitutingx =2in (1), weget
2x2+3y=13
or y=13-4=9

or y:§:3

Therefore, x =2 andy = 3isthe solution of the given system of equations.

CHECK YOUR PROGRESS 5.9

Solvethefollowing systemsof equations by elimination method:

1 3x+4y=-6 2. Xx+2y=5
3X-y=9 2x+3y=8

3. x=2y=7 4. 3x+4y=15
3X+y=35 x-2y=1

5. 2x+3y=4 6. 3x—-5y =23
x+2y=11 2x—4y =16
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5.8 WORD PROBLEMS

Exampleb5.25: The perimeter of arectangular gardenis20 m. If thelengthis4 mmore
than the breadth, find the length and breadth of the garden.

Solution: Let thelength of the garden bex m. Therefore, breadth of garden = (x —4) m.
Since, perimeteris20m, so

2[x+(x4)]=20
or 2(2x—-4)=20
or 2x-4=10
or 2x=10+4=14
or X=7
Hence, length=7 mand breadth=7 —4=3m.
Alter natively, you can solvethe problem using two variables. Proceed asfollows:
Let thelength of garden=xm

and  widthof garden=ym

Therefore X=y+4 ..(1)
Also, perimeter is20 m, therefore
2(x+y)=20
or x+y=10 ..(2)

Solving (1) and (2), wegetx =7,y =3
Hence, length =7 mand breadth =3m

Exampleb5.26: Ashaisfiveyearsolder than Robert. Fiveyearsago, Ashawastwiceas
old asRobert wasthen. Find their present ages.

Solution: L et present age of Ashabex years
and  present age of Robert bey years
Therefore, X=y+5
or X—-y=5 (1)
5yearsago, Ashawasx —5 years and Robert was (y —5) yearsold.
Therefore, x—5=2(y-5)
or X—2y=-5 (2
Solving (1) and (2), wegety =10and x =15
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Hence, present age of Asha= 15 years and present age of Robert = 10 years.

Example5.27: Two placesA and B are 100 km gpart. One car startsfrom A and another
from B at thesametime. If they travel inthesamedirection, they meet after 5hours. If they
travel towards each other, they meet in 1 hour. What are the speeds of the two cars.
Assumethat the speed of car at A ismorethan the speed of car at B.

Solution: Let speed of the car starting from A bex km/h

and speed of the car starting from B bey km/h
Therefore, thedistancetravelled by car at A in5hours=5x km
and  thedistancetravelled by car at B in 5 hours=5y km

Since they meet after 5 hours when they travel in the same direction, the car at A has
travelled 100 km morethanthecar at B. Therefore,

5x —5y =100
or Xx—-y=20 (1)

When they travel towards each other, they meet after 1 hour. It means, total distance
travelled by car at A and car at B in 1 hour is100 km

Therefore x+y=100 (2

Solving (1) and (2), weget x =60 andy =40

Therefore, the speed of car at A = 60 km/h and
the speed of car at B =40 km/h.

" . CHECK YOUR PROGRESS 5.10

1. Rahim'sfatheristhreetimesasold asRahim. If sumof their agesis56 years, find their
ages.

2. Ritahas18m of cloth. Shecut it into two piecesin such away that one pieceis4 m
longer than the other. What isthelength of shorter piece.

3. Atotd of Rs50000isto bedistributed among 200 personsasprizes. A prizeiseither
Rs500 or Rs100. Find the number of each type of prizes.

4. A pursecontain Rs 2500 in notesof denominationsof 100 and 50. If the number of
100 rupee notesisone more than that of 50 rupee notes, find the number of notes of
each denomination.
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e Anequationinonevariableof degreeoneiscalled alinear equationinvariable.

Notes
e Thegenera formof alinear equationinonevariableisax +b =0, a=0,aandbare

real numbers.
e Thevaueof thevariablewhich stisfiesthelinear equationiscalleditssolution or root.
e Tosolveaword problem, itisfirst trandatedinto algebriac satementsand then solved.

e Thegenera formof alinear equationintwo variablesisax + by + c=0, wherea, b, c
arerea numbersand atleast oneof aor bisnon zero.

e Theequation ax + ¢ = 0 can be expressed as linear equation in two variables as
ax+0y+c=0.

e Todraw thegraph of alinear equation intwo variables, wefind atleast two pointsin
planewhose coordinates are solutions of the equation and plot them.

e Thegraphof alinear equaionintwo variablesisaline.

e Tosolvetwo simultaneousequationsin two variables, wedraw their graphsonthe
same graph paper.
(1) if graphisintersecting lines, point of intersection givesuniquesolution.
(ii) If graphisthesameline, system hasinfinitely many solutions
(iii) If graphisparald lines, system of equation hasno solution
e Algebraic methodsof solving system of linear equationsare
(1) Substitution method
(i) Elimination method
e Tosolveword problems, wetranlatethegiveninformation (data) into linear equations
and solvethem.

H TERMINAL EXERCISE

1. Choosethe correct option:

(i) Whichoneof thefollowingisalinear equationin onevariable?

(A)2x+1=y-3 B)3t—-1=2t+5
(C)2x—-1=x2 (D) x?=x+1=0
(i) Whichoneof thefollowingisnot alinear equation?
(A) 5+4x=y+3 (B)x+2y=y—x
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(C)3—x=y?+4 (D)x+y=0
(iii) Which of thefollowing numbersisthe solution of the equation 2(x + 3) = 18?
(A) 6 (B) 12

(C) 13 (D) 21
(iv) Thevalueof x, for which theequation 2x — (4—x) =5—x issatisfied, is.
(A) 45 (B)3
(C) 2.25 (D) 0.5
(v) Theequationx —4y =5 has
(A) nosolution (B) uniquesolution
(C) two solutions (D) infinitely many solutions

. Solveeach of thefollowing equations

: O X+2
(i)2z+5=15 (||)T=—2

4-— +1
(i) 32y+y7=1 (iv) 25x—3= 0.5x +1

. Acertain number increased by 8 equals 26. Find the number.
. Present agesof Reenaand Meenaareintheration4 : 5. After 8 years, theratio of their

ageswill be5: 6. Find thelr present ages.

. The denominator of arationa number is greater than its numerator by 8. If the

denominaor isdecreased by 1 and numerator isincreased by 17, the number obtained

3
is 5 Find therationa number

. Solvethefollowing system of equationsgraphicaly:

() x-2y=7 (i) 4x+3y=24
X+y==2 y—2x=6

(i) x+3y=6 (iv) 2x-y=1
2X-y=5 Xx+y =8

. Solvethefollowing system of equations:

() x+2y-3=0 (i) 2x+3y=3
Xx—2y+1=0 X+2y=2

(i) x—-y=7 (iv) 5x -2y =—7
4x -5y =2 2x+3y =-18
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8. Thesumof thedigitsof atwo-digit number is11. If thedigitsarereversed, thenew
number is27 lessthan the original number. Find the original number.

9. ThreeyearsagoAtul'sagewasfour timesParul'sage. After 5 yearsfrom now, Atul's
agewill betwo timesParul'sage. Find their present ages.

10. Theperimeter of arectangular plot of landis32 m. If thelengthisincreased by 2mand
breadthisdecreased by 1 m, theareaof the plot remainsthesame. Find thelength and
breadth of theplot.

[ ]
‘ l ANSWERS TO CHECK YOUR PROGRESS

1 () 2. (i)

1 15-2x=7
2. 01x=10

3. 6y=96

4. t+15=4t

1. x=13 2y=12 3.2z=0
4, y=9 5.x=5

1. 39,46

2. 15years, 50years
3. 22cm,11cm

4. 25

1. () 2(x+y)=98
(i) y=2x+ 10, whereageof son=x years, age of father =y years
(i) x+10=y
(iv) 2x + 3y =120

2. True 3.Fdse
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5.7

1. x=4,y=1,uniquesolution
2. x=2,y=-1,uniquesolution
3. Infinitdly many solutions

4. Nosolution

5. x=2,y=1, uniquesolution

5.8
1. x=8,y=6 2.X=-2,y=5
3. x=5y==2 4.x=1y=3
5.9
1 x=2,y=-3 2.x=1y=2
3. x=11,y=2 4.x=1y=3
5. x=5y=-2 6.Xx=6,y=-1
5.10

1. l4years 42 years

2. 7Tm

3. 75prizesRs 500 and 125 prizesof Rs100 each.
4. 17 of Rs 100 each and 16 of Rs 50 each.

[ ]
i = ANSWERS TO TERMINAL EXERCISE

L ®He MO (i) (A) (iv) (©) V) (D)

2. (i)z=5 (ii)x=-8 (ii)y=5 (iv)x=2
3. 18
4. Ageof Reena= 32 years, age of Meena=40years
=
21
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6. () x=1,y=-3 (i)x=3,y=4
(i) x=3,y=1 (iv)x=3,y=5
7. () x=1Ly=1 (ii)x=0,y=1 T
(i) x=3,y=2 (iv)yx=-3,y=-4
8. 74

9. Atul: 19years, Parul: 7 years
10. 10 m, 6m
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QUADRATIC EQUATIONS

Inthislesson, youwill study about quadratic equations. You will learnto identify quadratic
equationsfrom acollection of given equationsand writethemin standard form. You will
asolearnto solvequadrati c equationsand trand ate and solveword problemsusing quadratic
equations.

After studying thislesson, youwill beableto

e identify a quadratic equation from a given collection of equations,
e write quadratic equations in standard form;
e solvequadratic equationsby (i) factorization and (ii) using the quadratic formula;

e solve word problems using quadratic equations.

EXPECTED BACKGROUND KNOWLEDGE

e Polynomids
e Zeroesof apolynomid
e Linear equationsandtheir solutions

e Factorisation of apolynomia

6.1 QUADRATIC EQUATIONS

You aredready familiar with apolynomial of degreetwo. A polynomial of degreetwois
called aquadratic polynomid. When aquadratic polynomia isequated to zero, itiscalled
aquadratic equation. Inthislesson, youwill learn about quadratic equationsin one
variable only. Let us consider some examplesto identify aquadratic equation from a
collection of equations

Mathematics Secondary Course




MODULE - 1

Algebra
Example6.1: Which of thefollowing equations are quadratic equations?
() 3x?=5 (i x?+2x+3=0
(i) x3+1=3x? (iV)(x+1) (x+3)=2x+1
Notes
1 5
V) X+>=5 V) x2 +4/x +1=0

Solution:

(i) Itisaquadratic equation since 3x*>=5 canbewrittenas3x*—5=0and 3x*-5 isa
quadratic polynomial.

(i) x2+2x+3=0isaquadratic equation asx?+ 2x + 3, isapolynomial of degree 2.

(iii) x®+ 1 = 3x? can bewritten asx®*—3x? + 1 = 0. LHS isnot a quadratic polynomial
since highest exponent of x is3. So, theequation isnot aquadr atic equation.

(iv) (x+1) (x +3) =2x + 1lisaquadratic equation, since (x + 1) (x + 3) =2x + 1 can be
writtenas

X°+4x+3=2x+1
or X3+2x+2=0

Now, LHSisapolynomial of degree2, hence(x + 1) (x + 3) =2x + 1lisaquadratic
equation.

1 5
(v) X +; =5 isnot aquadratic equation.

However, it can be reduced to quadratic equation as shown bel ow:

1 5
X+—=—
X 2
2
or X +1—§,x¢0
X

or 2(x?+1)=5x,x=#0

or 2x2-5x+2=0,x%0

(Vi) x2++/x +1=0 is not a quadratic equation as x2 4 ./x +1 IS not a quadratic
polynomia (Why?)
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CHECK YOUR PROGRESS 6.1

1. Which of thefollowing equationsare quadratic equations?

(i) 3x*+5=x3+x (i) J3X2+5x+2=0
’+1 5
(i) By + 1) By -1) =y +1 (iv)xx++1:E

(V) 3x+2x?=5x -4

6.2 STANDARD FORM OF A QUADRATIC EQUATION

A quadratic equation of theformax?+ bx + c=0, a>0wherea, b, c, are constantsand
x isavariableiscaled aquadratic equation inthe standard form. Every quadratic equation
can dwaysbewritteninthe standard form.

Example6.2: Which of thefollowing quadratic equationsarein standard form? Those
which arenot in standard form, expressthem in standard form.

()2+3x+5x2=0 (i) 3x2=bx+2=0
(iii) 7y2—=5y =2y +3 (iv)(z+1)(z+2)=3z+1

Solution: (i) Itisnot inthe standard form. Itsstandard formis5x?+3x +2=0

(i) Itisinstandardform

(iii) Itisnotinthestandard form. It can bewritten as
7y?—5y =2y +3
or 7y?-5y—-2y—-3=0
or 7y?—7y—-3=0
whichisnow inthestandard form.
(iv) Itisnot standard form. It can berewritten as
z+1)(z+2)=3z+1
or 22+3z2+2=3z+1
or 22+3z2-3z2+2-1=0
or 22+1=0
orz2+0z+1=0

whichisnow inthestandard form.
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CHECK YOUR PROGRESS 6.2

1. Which of thefollowing quadratic equationsarein standard form? Those, which are
not in standard form, rewritethem in standard form:

()3y2—2=y+1 (i) 5-3x—2x2=0
(i) (3t —=1) (3t+1) =0 (iv) 5—x = 3%

6.3 SOLUTION OF A QUADRATIC EQUATION

You have learnt about the zeroes of apolynomial. A zero of apolynomial isthat red
number, whichwhen substituted for the variable makesthevaueof thepolynomia zero. In
case of aquadratic equation, the value of the variable for which LHS and RHS of the
equation becomeequa iscalled aroot or solution of the quadratic equation. You havea so
learntthat if ocisazero of apolynomia p(x), then (x —o) isafactor fo p(x) and conversely,
if (x—o) isafactor of apolynomial, then o isazero of the polynomia. Youwill usethese
resultsinfinding the solution of aquadratic equation. Therearetwo a gebraic methodsfor
finding the solution of aquadratic equation. Theseare (i) Factor Method and (ii) Using the
Quadratic Formula.

Factor M ethod

Let usnow learnto find the solutions of aquadratic equation by factorizing itinto linear
factors. Themethod isillustrated through examples.

Example6.3: Solvetheequation (x—4)(x +3) =0
Solution: Since, (x —4)(x + 3) =0, therefore,
dther x—-4=0, or x+3=0
or X=4 or X=-3
Therefore, x =4 and x = — 3 are solutions of the equation.
Example 6.4: Solvethe equation 6x2 + 7x —3 =0 by factorisation.
Solution: Given6x?+ 7x—-3=0
By breaking middleterm, we get
6x2+9x —2x—3=0[since, 6 x (-3)=—18and—18=9x (-2) and9—-2=7]
or MX(2x+3)-1(2x+3)=0
or (2x+3)(3x-1)=0
Thisgives2x+3=00r3x—-1=0

x=_2 =t
or > or 3
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3 1
Therefore, X = 5 and X = 3 aresolutionsof the given equation.

Example6.5: Solvex?+2x+1=0
Solution: Wehave  x*+2x+1=0
or (x+1)?=0
or x+1=0
whichgives x=-1
Therefore, x =—1istheonly solution.

Note: In Examples6.3 and 6.4, you saw that equationshad two distinct solutions. However,
in Example 6.5, you got only one solution. We say that it hastwo solutionsand theseare
coincident.

CHECK YOUR PROGRESS 6.3

1. Solvethefollowing equationsusing factor method.

H(2x+3)(x+2)=0 (i) x*+3x—-18=0
(ii1) 3x>—4x—-7=0 (iv)x?—5x-6=0
(V) 25x>—-10x+1=0 (vi)4x2—8x+3=0

QuadraticFormula

Now youwill learnto find aformulato find the solution of aquadratic equation. For this,
wewill rewritethe general quadratic equation ax? + bx + ¢ =0 by completing the square.

Wehaveax?+bx+c=0

Multiplying both sides by '4a to makethe coefficient of x2 aperfect square, of an even
number, we get

422x? + dabx + 4dac =0
or (2ax)? + 2(2ax)b + (b)? + 4ac=b?  [adding b?to both sides)
or (2ax)? + 2(2ax)b + (b)? = b? — 4ac

o (2ax+b) = {t\/ b? —46\;:}2
or 2ax +b=+/b”* —4ac
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_—bxvb’-4ac

2a

or X

Thisgivestwo solutions of the quadratic equation ax?+ bx + ¢ = 0. The solutions (roots)
ae

—b++/b*-4ac ad —b—+/b*-4ac

2a 2a

Here, the expression (b? — 4ac), denoted by D, is called Discriminant, because it
determinesthe number of solutionsor nature of roots of aquadratic equation.

For aquadratic equation ax®>+ bx + c=0, a= 0, if

—b++/b*-4ac

(i) D=b?>-4ac>0, theequation hastworeal distinct roots, which are 28

—b-+b?—4ac

2a

and

-b
(i) D=Db?—4ac=0,thenequation hastwo real equal roots, each equal to oa

(iii) D = b?—4ac < 0, the equation will not have any real root, since square root of a
negativereal number isnot areal number.

Thus, aquadratic equation will have at the most two roots.

Example6.6: Without determining theroots, comment on the nature (number of solutions)
of rootsof thefollowing equations:

() 3x2—5x—-2=0
(i)2x2+x+1=0
(i) x*+2x+1=0

Solution: (i) Thegiven equationis3x?—5x —2=0. Comparingit withax?+bx + c=0,
wegeta=3,b=-5andc=-2.

NowD=b2—4ac  =(-52-4x3x(-2)
=25+24=49
Since, D >0, theequation hastwo real distinct roots.
(i) Comparingtheequation2x?+x+1=0withax?+bx+c=0,
wegeta=2,b=1c=1
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NowD=bh*’-4ac=(1)?-4%x2x1=1-8=-7
Since, D = b?—4ac < 0, the equation does not have any real root.
iii) Comparing theequationx?+ 2x + 1 =0withax?+bx + ¢ =0,
Notes| (1) Comparingtheeq

wegeta=1,b=2c=1
Now D=b?—4ac=(2)2-4x1x1=0
Since, D =0, the equation hastwo equal roots.
Example6.7: Using quadratic formula, find theroots of the equation 6x>—19x + 15=0
Solution: Comparing thegiven equationwithax?+bx+c=0
Weget,a=6,b=-19,c=15
Now D=b*—4dac =(-19)2—4x6x 15
=361-360=1

Therefore, rootsaregiven by

X

_ —btyb?—dac 19441 19+1
2a

12 12
% rootsare 215 g 19-1_3
foolsare =573 12 2
5 3
Thus, thetwo rootsare§ and >

Example6.8: Find the value of m sothat the equation 3x? + mx —5= 0 hasequal roots.
Solution: Comparing the given equation withax?+bx +c=0
Wehave,a=3,b=m,c=-5
For equal roots
D=b’—4ac =0
o m—4x3x(-5)=0

or m?=60
Thisgives m= +2./15

Hence, form= +2./15, theequation will have equal roots.
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CHECK YOUR PROGRESS 6.4

1. Without determining theroots, comment on nature of roots of following equations:

2.

w

()3x2=7x+2=0 (i) 4x2=12x+9=0 (iii) 25x2+20x +4=0
(iv)x2=x+1

Solvethefollowing equationsusing quadratic formula

(Hhy?—14y—-12=0 (i) x>=5x=0 (iii)x?=15x +50=0
Find theva ue of m so that thefollowing equations have equa roots:

() 2x*—mx+1=0 (iymx2+3x-5=0

(iii) 3x*—6x+m=0 (iv)2x2+mx—-1=0

6.4 WORD PROBLEMS

Wewill now solve some problemswhichinvolvethe use of quadratic equations.

Example6.9: Thesum of squaresof two consecutive odd natural numbersis74. Findthe
numbers.

Solution: Let two consecutive odd natural numbersbex and x + 2. Since, sum of their
squaresis 74. we have

X2+ (X+2)2=74
or X2+ X2+4AX+4=T4
or 2X2+4x—-70=0
or x?+2x-35=0
or X2+ 7x—-5x-35=0
or X(X+7)=5x+7)=0
or x+7)(x=-5=0
Thereforex+7=00rx—-5=0

or X==70rx=5

Now, X can not be negative asit isanatural number. Hencex =5

So, thenumbersare5and 7.

Example6.10: Thesum of theareas of two squarefieldsis468 m?. If thedifference of
their perimeter is24 m, find the sides of thetwo squares.

Solution: Let thesidesof the bigger square bex and that of the smaller squarebey.
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Hence, perimeter of bigger square=4x
and perimeter of smaller square=4y
Therefore, Ax -4y =24

or X—-y=6

or X=Y+6 D
Also, since sum of areas of two squaresis468 m?
Therefore, X2+Y2=468 ..o (2
Subgtituting value of x from (1) into (2), weget

(y + 6)? + y2 = 468

or y?+ 12y + 36 + y? = 468

or 2y?+ 12y —-432=0

or y?+6y—216=0

y= -6++4/36+864 —6++/900

Therefore =
2 2
_ —6%30
or y="—">5
-6+30 -6-30
Therefore, y= or

2 2
or y=120r-18
Since, side of square can not be negative, soy =12
Therefore, X=y+6=12+6=18

Hence, sidesof squaresare18 mand 12 m.

Example6.11: Theproduct of digitsof atwo digit number is12. When 9isadded to the
number, thedigitsinterchangetheir places. Determinethe number.

Solution: Letthedigit at ten'splace bex

anddigit at unit'splacebey
Therefore, number =10x +y
When digitsareinterchanged, the number becomes 10y + x
Therefore 10x +y +9=10y + X
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or 10x —x+y—-10y=-9
or 9x-9y=-9
or X—-y=-1
or x=y-1 (1) Notes
Also, product of digitsis12
Hence, Xy =12 (2
Subgtituting value of x from (1) into (2), weget
(y-Dy=12

or y2—y—-12=0

o (y-4((y+3=0
Hence, y=4ory=-3
Since, digit can not be negative, y =4
Hence x=y—-1=4-1=3
Therefore, the number is34.

4
Example6.12: Thesum of two natural numbersis12. If sum of their reciprocalsis 9

find the numbers.
Solution: Let one number bex
Therefore, other number =12 —x

4
Since, sum of their reciprocalsis§ , Weget

i L =ﬂ,x¢0,12—x¢0
X 9

or x(12-x) 9

12 4
or 12x—x> 9
or 12:9=12x— 2

or 27 =12x — x?
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or X2—=12x+27=0
or x=3)(x=9) =0

ltgivesx=30rx=9

When first number x is 3, other number is12 —3 =9 and when first number x is9, other
numberis12—-9=3.

Therefore, therequired numbersare 3and 9.

CHECK YOUR PROGRESS 6.5

1.

The sum of the squares of two consecutive even natural numbersis 164. Find the
numbers.

Thelength of arectangular gardenis7 mmorethanitsbreadth. If areaof the garden
is144 m?, find thelength and breadth of the garden.

Thesum of digitsof atwo digit number is13. If sum of their squaresis 89, find the
number.

Thedigit at ten's place of atwo digit number is2 morethan twicethedigit at unit's
place. If product of digitsis 24, find thetwo digit number.

3
Thesum of two numbersis 5. If sum of their reciprocalsis 10 find thetwo numbers.

@hm

Anequation of theformax?+bx +c=0,a#0and a, b, carerea numbersiscalled
aquadratic equation in standard form.

Thevalue(s) of the variablewhich satisfy aquadratic equation are called it rootsor
solutions.

The zerosof aquadratic polynomial aretherootsor solutions of the corresponding
quadratic equation.

If you can factorise ax? + bx + ¢ =0, a= 0, into product of linear factors, then the
roots of the quadratic equation ax®+ bx + ¢ = 0, can be obtained by equating each
factor to zero.

Roots of the quadratic equation ax? + bx + ¢ =0, a= 0 aregiven by

—b++/b*-4ac

2a
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b?>—4aciscalled discriminant of the quadratic equation. ax? +bx +c=0,a=0l1tis
usually denoted by D.

(i) If D >0, then the quadratic equation hastwo real unequal (distinct) roots.
(i) If D =0, then the quadratic equation hastwo equal (coincident) roots.
(iii) If D <0, then the quadratic equation hasno real root.

TERMINAL EXERCISE

|

1. Which of thefollowing are quadratic equations?

N

o >~ w

© N

(i) y(vBy-3)=0 (i1) 52 ~3/x +8=0

1 .

(iii) 3X—;=5 (iV) X(2x +5) =x?>+5x +7
Solvethefollowing equations by factorisation method:

(i) x=8)(x+4)=13 (i) 3y>—7y=0

(i) x2+3x—-18=0 (iv)6x?+x—-15=0

Find the value of mfor which 5x2—3x + m=0 hasequal roots.
Find thevaue of mfor whichx?—mx —1=0hasequa roots.
Solvethefollowing quadratic equationsusing quadratic formula
(i) 6x2—19x + 15=0 (i) x*+x-=1=0
(i) 21 +x=2x2 (iv) 2x3—=x—-6=0
Thesidesof aright angled trianglearex —1, x and x + 1. Find the value of x and hence
thesidesof thetriangle.
the sum of squares of two consecutive odd integersis290. Find theintegers.

Thehypotenuse of aright angled triangleis13 cm. If thedifference of remaining two
sidesis7 cm, find theremaining two sides.

Thesum of theareas of two squaresis41 cm?. If the sum of their perimetersis 36 cm,
find the sides of thetwo sgquares.

10. A right angledisoscelestriangleisinscribed inacircleof radius5 cm. Find thesidesof

thetriangle.
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[ ]
. l ANSWERS TO CHECK YOUR PROGRESS

6.1

1. (i), (iii), (v)

6.2

1. (i) No,3y?~y—-3=0
(iii) No, 62 +t—1=0

6.3

.3 .

1. ()=, —2 (ii)3,-6
2

12 3 11
6.4
1. (i) Twored digtinct roots

(i) Twored equa roots

(iii) Tworedl equal roots

(iv) Noreal roots
2. () 7++/37 (i) 0,5

, 9
3. ()+2y2 (i) 59
6.5
1. 8,10 2.16m, 9m
4. 83 (v)5,10

(i) No, 2x*+ 2x—-5=0
(iv) No,3x*+x-5=0

(iii)%, -1

(Vi)

N w
N

(iii) 5,10

(ii)3 (iv) Fornovalueof m

3. 85,58

[ ]
. = ANSWERS TO TERMINAL EXERCISE

1. (), (iv)

2. (i)8,4 (ii) O,

!
3

.3 5
(iii) 3,—6 (@iv) 573
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5.

6. 3,
7. 11,130r-13,-11
8.
9

. 5cm,4cm

Algebra

9
20

For novalueof m

Notes

_1+.45
2

35 7 3
053 (i) (i) 5.—3 ) 25

5

5cm, 12cm

10. 5,/2 cm, 5,/2 cm,10cm
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Inyour daily lifeyou must have observed that in nature, many thingsfollow patternssuch
aspetals of flowers, the holes of ahoney-comb, the spiralson apine appleetc. Inthis
lesson, you will study one specia type of number pattern called Arithmetic Progression
(AP). Youwill alsolearntofind genera term and the sum of first ntermsof an arithmetic
progression.

After studying thislesson, youwill beableto

e identify arithmetic progression from a given list of numbers;
e determine the general term of an arithmetic progression,;

e find the sum of first n terms of an arithmetic progression.

PREVIOUS BACKGROUND KNOWLEDGE

e Knowledgeof number system
e Operationson number system

7.1 SOME NUMBER PATTERNS

L et usconsider someexamples.

(i) RitadepositsT 1000inabank at thesimpleinterest of 10% per annum. Theamount
at theend of first, second, third and fourth years, in rupeeswill berespectively

1100, 1200, 1300, 1400

Do you observe any pattern?You can seethat amount increasesevery year by afixed
amount of ¥ 100.

Mathematics Secondary Course




Arithmetic Progressions

(i) Thenumber of unit squaresinasquarewithsides1, 2, 3, 4, ... unitsarerespectively
1,4,9 16, ...

[l

Canyou seeany patterninthelist of these numbers?You can observethat
1=12,4=22,9=3%16=4% ..

i.e., theseare squaresof natural numbers.
Now consider some morelistsof numbersandtry to recogniseapatternif possible:

1,3,5,7,9.... )
2,4,6,8, 10 ... @)
1,4,7,10,13 .... ©)
5,3, 1,1, —3... (4
1,3,9, 27,81, ... (5)
2,3,5,7,11, 13... (6)

You can observethat numbersinthelist (1) are odd natural numbers. Thefirst number is
1, second number is 3, third number is 5, etc. All these numbersfollow a pattern. The
patternisthat al these numbers, except thefirst isobtained by adding 2 to its previous
number.

Inlists(2), (3) and (4), each number except thefirst isobtained by adding 2, 3, and—2
respectively toits previousnumber.

In(5), each number, except thefirst isobtained by multiplying 3toitspreviousnumber. In
thelist (6), you can seethat it isthelist of primenumbersand itisnot possibleto giveany
ruletill date, which givesthe next prime number.

Thenumbersinalist aregenerally denoted by
a,a, a, ., a, .
ottt ..t

which arerespectively calledfirst, second, third and nth termin thelist of numbers. We
sometimes call each of theselistsas sequence or pattern of numbers.

7.2 ARITHMETIC PROGRESSION

You have seen different typeof patterns. Some patternsfollow definite mathematical rules
to generate next termin the pattern. You will now study one particular type of pattern of
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numbers.Recdl thefollowing patterns.

1,3,5,7,9, ... Q)
2,4,6,8,10, ... @)
1, 4,7, 10, 13,... 3)

You haveobservedthat in (1) and (2), each term except first isobtained by adding 2 toits
previousnumber (term). In (3), each term except first isobtained by adding 3toitsprevious
term. The numbersappearing in anumber pattern are called itsterms. Asalready stated
thesetermsare usually denoted by

a,a,a, . a, ..
ottt et .. ElC

n'*

Thesuffix denotesthe position of theterminthepattern. Thus, a ort_denotes*n’thterm
of the pattern.

A particular type of patterninwhich each term except thefirst isobtained by adding a
fixed number (positive or negetive) to the previoustermiscalled anArithmetic Progression
(A.P). Thefirst termisusudly denoted by ‘a’ and the common differenceisdenoted by d.
Thus, standard form of an Arithmetic Progressionwould be:

aa+d a+2d a+3d, ...

Example7.1: Inthefollowing list of numbers, find which areArithmetic Progressions. In
caseof AP, find their respectivefirst termsand common differences.

0) 27,12 17,22, ....
(i) 4,0,—4,-8,-12....
(i) 3,7,12,18,25 ...
(iv) 2, 6, 18, 54, 162 ...
Solution:
(i) Itisanarithmeticprogression (AP).
Since7-2=5,12-7=517-12=5and22-17=5

Thus, each term except first isobtained by adding 5to itspreviousterm. Hence, first
terma=2 and common differenced =5.

(i) Weobservethat
0-4=—4,-4-0=-4,-8—(4)=—4,-12—(-8)=—4
Thus, itisanAPwithfirstterma=4

and common differenced =—4.
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(iii) Youcanseethatinthelist
3,7,12, 18, 25, ...
71-3=4,12-7=5,18-12=6,25-18=7
Thus, difference of two consecutivetermsisnot thesame. Hence, itisnot anAP. Notes

(iv) Inthelist of numbers
2, 6,18, 54, 162, ...
6-2=4,18-6=12

Therefore, differenceof two consecutivetermsisnot the same. Hence, itisnot an AP

CHECK YOUR PROGRESS 7.1

Whichof thefollowingareAP?If they arein AR, find their first termsand common differences:
1. -5,-1,3,7,11, ...

6,7,809,10, ..

1,4,6,7,6,4, ..

-6,-3,0,3,6,9, ...

7.3 GENERAL (nth) TERM OF AN AP

Let usconsder anAPwhosefirsttermis’a’ and commondifferencein’d’. Let usdenote
thetermsof APast ,t,,t,,....t ,wheret denotesthenthtermof theAP. Sincefirst term
isa, second termisobtained by adding dtoai.e., a+d, thethird termwill be obtained by
adding ‘d’ toa+d. So, third term will be (a+d) + d=a+ 2d and soon.

El <A

Withthis
Firstterm,t, =a z—a+(1-1)d
Second term, t,=a+d —a+(2-1d
Thirdterm,t, =a+ 2d =a+(3-1)d
Fourthterm,t, =a+3d —a+(4-1d

Canyou seeany pattern?\Weobservethat each termisa+ (term number — 1) d. What will
be 10th term, say:

t,=a+(10-1)d=a+9d
Canyou now say “what will bethenth term or genera term?”’

Clearlyt =a+(n-1)d
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Example7.2: Find the 15th and nth termsof the AP
16,11,6,1,-4,-9, ...
Solution: Herea=16andd=11-16=-5

Notes Thus, t. =a+(15-1)d=a+14d

15
=16 + 14(-5) = 16— 70

Therefore, 15thtermi.e, t  =—54

Now t =a+(n-21d
=16+ (n—1)x (-5)=16-5n+5
=21-5n

Thus, nthterm, i.e.,t ==21-5n

Example7.3: Thefirst term of anAPis—3and 12th termis41. Determinethe common
difference.

Solution: Letfirst term of APbeaand commong differencebed.
Therefore, t,=a+(12-1)d=41

or —3+11d=41 [Sincea=-3]
or 11d=44
or d=4

Therefore, common differenceis4.

Example 7.4: Thecommon difference of an APis5 and 10th term is43. Find itsfirst

term.
Solution: Wehave:
t,=a+(10-1)d
So, 43=a+9x5 [Sinced=5]
or 43=a+45
Hence, a=-2

Therefore, first termis—2.
Example7.5: Thefirsttermof anAPis—2 and 11thtermis18. Find its 15thterm.
Solution: Tofind 15thterm, you need tofind d.

Now t ,=a+(11-1)d
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So, 18=-2+10d
or 10d = 20
or d=2
Now t.=a+ 14d Notes
=—2+14%x2=26

Therefore, t,.=26.

Example7.6: If ptimesthe pth term of an APisequal to gtimesthegthterm, provethat
its(p + g)thtermiszero, provided p# Q.

Solution: Wehave:

t,=a+(p-1)d
t,= a+(g-1)d
Since pt,=aft, therefore,
pla+ (p—1)d] = q[a+ (q-1)d]
o pa+p(p-1)d-ga-qg(q-1)d=0
o (p-ga+(EP-g)d-pd+qd=0
o (p-ga+(P’-g)d-(p-)d=0
o (p-gat(p-q)(p+gd-(p-gd=0
o (p—q)[at(ptgd-d =0
or at(p+qd-d=0 [asp—-q=0]
or at(p+gq-1)d=0
Since, LHSisnothing but (p + g)thterm, therefore,
t =0

p+q

CHECK YOUR PROGRESS 7.2

1.
2.
3.

Thefirst term of an APis4 and common differenceis—3, findits 12th term.
Thefirstterm of an APis2 and 9thtermis 26, find thecommon difference.

The 12th term of anAPis—28 and 18th termis—46. Find itsfirst term and common
difference.

Whichterm of theAPS5, 2,1, ....is—227?
If the pth, gthand rthtermsof anAParex, y and z respectively, provethat:

x(@-n+y(r-p)+z(p-0q)=0
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74 SUM OF FIRST n TERMS OF AN AP

Carl Friedrich Gauss, the great German mathematician, wasin elementary school, when
histeacher asked the classto find the sum of first 100 natural numbers. Whiletherest of
the classwas struggling with the problem, Gauss found the answer within no time. How
Gaussgot theanswer? Probably, hedid asfollows:

S=1+2+3+..+99+100 1)

Writing these numbersin reverse order, we get

S=100+99+98+..+2+1 )

Adding (1) and (2), term by term, we get

25=101+101+ 101 + ... + 101 + 101 (100 times)
=100 x 101

_100x101

orS= 5 = 5050

We shall usethe samemethod to find thesum of first ‘n’ termsof an AP,

Thefirst‘n’ termsof anAPare

aatdat+2d ..,at+(n-2)d a+(n-21)d
L et usdenotethesum of ntermsby S . Therefore,

S =a+(a+d)+(a+2d)+..+[a+(n-2)d] +[a+ (n—1)d] 3
Writing thesetermsin reverse order, we get

S =[a+(n-1d +[a+(n-2)d] +..+(a+d) +a 4

We now add (3) and (4), term by term. We can seethat the sum of any termin (3) and the
corresponding termin (4) is2a+ (n—1)d. We get

2S =[2a+(n—1)d] +[2a+ (n—1)d] +...+[2a+ (n—1)d] +[2a+ (n—1)d] , ntimes
or 2S =n[2a+ (n—1)d]

orSn:2[2a+(n—1)d],

which givesgenerad formulafor finding thesum of first* n’ termsof anAP.

Thiscan berewritten as
n
S=5 [a+{a+ (n—1)d}]

n
:E(a+tn), [asn"termt =a+ (n—1)d]
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Sometimes, nthtermisnamed aslast term andisdenoted by ‘I’. Thus:

s =+l
= 2+ @

Example7.7: Findthesum of thefirst 12 termsof thefollowing AP
(i) 11, 16, 21, 26 ....
(i) — 151, — 148, — 145, — 142
Solution: (i) ThegivenAPis
11, 16, 21, 26 ....
Here, a=11,d=16—-11=5andn=12.

You know that sum of first ntermsof anAPisgiven by

s = g[2a+ (n=1)d

12
Therefore, S,= > [2x11+(12-1)5]

=6[22+55] =6 x 77 = 462
Hence, required sumis462.
(i) ThegivenAPis
— 151, — 148, — 145, - 142
Here, =-151,d=-148—-(-151) =3and n=12.
Weknow that

n
S = 5 [2a+ (n—1)d]
Hence, sum of first 12 termsis
12
S,= ?[2 x (—151) + (12-1)3]

= 6[— 302 + 33] = 6 x (— 269)
=-1614
Therefore, required sumis—1614.
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Example 7.8: How may termsof theAP 2,4, 6, 8, 10 .... are needed to get sum 210?
Solution: ForthegivenAP, a=2,d=2and S =210.
Wehave S = 2[2a+(n—1)d]
Notes ' 2

n
or 21025[2><2+(n—1)2]

or 420 =n[2n + 2]
or 420=2n*+2n
or 2n?+2n-420=0
or n+n-210=0
or n*+15n—-14n-210=0
or n(n+15)-14(n+15)=0
or (n+15(n-14)=0
or n=-150orn=14
Since, n cannot be negative, so, n=14
Therefore, first 14 terms are needed to get the sum 210.
Example7.9: Findthefollowingsum
2+5+8+11+...+59
Solution: Here2,5, 8,11, ...aeinAPanda=2,d=3andt =59.
Tofindthesum, you need to find thevalueof n.
Now, t =a+(n-1)d
So, 59=2+(n-1)3
or 59=3n-1
or 60=3n
Therefore, n=20

n
Now, S = 5 [2a+ (n—1)d]

20
or S, = 7[2><2+(20—1)3]
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or S,, = 10[4 + 57] =610
Therefore, required sumis610.

Example7.10: Findthesumof al natural numbersbetween 1 and 1000whicharedivisble
by 7.

Solution: Here, thefirst number whichisdivisibleby 7is7 andlast number, whichis
divisbleby 7is994. Therefore, thetermsto be added are

7,14, 21, ...., 994
Hee a=7,d=7,t =994
Now t =a+(n-1)d
or 994 =7+ (n-1)7
or 994 ="7n
Thisgivesn=142.

Now, S, =g[a+l]

= % [7+994] = 71x1001

=71071
Therefore, required sumis71071.

Example7.11: Thesum of first threetermsof an APis36 and their product is1620. Find
theAP.

Solution: We cantakethreetermsof theAPasa, a+dand a+ 2d. However, the product
will berather difficult and solving thetwo equationss multaneoul sy will betimeconsuming.
Theedegant way isto assumethefirst threetermsasa—d, aand a+ d, so that the sum of
threetermsbecomes 3a

Let first threetermsof theAPba—d,aanda+d
Therefore, a—d+a+a+d=36
or 3a = 36,
whichgives a=12
Now, since product is 1620, we have:
(a—d)a(a+d)=1620
or (12-d) 12 (12 + d) = 1620
or 122 —d* =135
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or 144 — d? = 135

or d*=9

Therefore, d=3o0r-3
If d=3, thenumbersare12-3,12and 12+ 3
i.e.9,12,15(Sincea=12)
If d=-3, thenumbersarel5, 12 and 9
Therefore, thefirst threetermsof theAP 9,12, 15and 15, 12,9
satisfy the given conditions.

CHECK YOUR PROGRESS 7.3

1.

Findthesum of first 15 termsof thefollowing APs:

()11,6,1,—-4,-9...

(i) 7,12,17, 22, 27 ...

How many terms of theAP 25, 28, 31, 34, .... are needed to give the sum 1070?
Find thefollowing sum:

1+4+7+10+....+118

Find thesum of al natural numbersupto 100 which aredivisbleby 3.

Thesum of any three consecutivetermsof anAPis21 and their productis231. Find
thethreetermsof theAP.

Of thel, a,n,dand S, determinethe onesthat are missing for each of thefollowing
arithmetic progression

()a=-2,d=5,S =568,
(i)l=8n=85=-20
(iii) a=—3030, | =— 1530, n=5

wIiN

(iv)d==,1=10,n=20

6 J=ve

A progressioninwhich eachterm, except thefirst, isobtained by adding aconstant to
theprevioustermiscaledan AP,

Thefirst term of an APisdenoted by aand common difference by d.
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e The'n’thtermof anAPisgivenbyt =a+(n-1)d.

n
e Thesumof first ntermsof anAPisgivenby S = B [2a+ (n—1)d]

e Thesumof anAPwhosefirsttermisaandlast termis| and number of termsisnis Notes

n
givenby S = E(a+ )]

H TERMINAL EXERCISE

1. Whichof thefollowing patternsarearithmetic progressions?

()2,5,8,12,15, ....
(i)-3,0,3,6,9.....
(i) 1,2,4,8, 16, .....
2. Writethenthterm of each of thefollowing arithmetic progressions:
(i) 509,13,17, ...

(i—7,-11,-15,-19
3. Thefourthtermof anAPisequd tothreetimesitsfirst term and seventh term exceeds
twicethethirdterm by 1. Find thefirst term and common difference.

4. Thebthterm of an APis 23 and 12th term is 37. Find the first term and common
difference.

5. Theanglesof atrianglearein AP. If thesmallest angleisone-third thelargest angle,
findtheanglesof thetriangle.

6. Whichtermof AP
(i) 100, 95, 90, 85, ....,is—25?

7. Thenthtermof anAPisgivenbyt =a+bn. ShowthatitisanAP. Finditsfirstterm
and common difference.

8. If 7timesthe 7th term of an APisequal to 11 timesthe 11th term, show that the 18th
termiszero.

9. Eachtermof anAPwhosefirst termisaand common differenceisd, isdoubled. Isthe
resulting pattern an AP?If so, find itsfirst termand common difference.

10. If k + 2, 4k — 6 and 3k — 2 are three consecutive terms of an AP, find k.
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11. How many termsof theAP:

() 1,4,7,10, .... are needed to get the sum 715?

(i) -10,-7,-4,-1, ..... are needed to get the sum 1047
12. Find thesum of first 100 odd natural numbers.

13. Inan AP, a= 2 and sum of thefirst fivetermsisone-fourth the sum of the next five
terms. Show that its20thtermis—12.

5
[Hint: If APisa, a+d,a+2d,...,then S, = 5 [a+ (a+4d)]

Inthenext fiveterms, thefirst termisa+ 5d and last termisa+ 9d.
14. If sumof first ntermsof anAPis2n + 3r?, find rthtermof theA.P.[Hintt =S —-S ]
15. Findthesum of al 3-digit numberswhich leavetheremainder 1, when divided by 4.
[Hint: Firstterm =101, last term = 997]

[ ]
‘ l ANSWERS TO CHECK YOUR PROGRESS

7.1

1. a=-5,d=4
2. a=6,d=1
3. NotanAP

4. a=-6,d=3

1. -29 2. 3 3.5 -3 4. 10" term

1. (i)—360 (ii) 630
2. 20

3. 2380
4. 1689

5. 3,7 110r11,7,3

6. (i)n=16,1=73 (iya=-3,d=3

. 3 220
(iif) d =375, S =-11400 (ivia= —g,Sn=?
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ﬂ ANSWERS TO TERMINAL EXERCISE
(i)
(i)t =4n+1 (i)t = —4n—3 Notes
3,2
15,2
30°, 60°, 90°
(i) 26" term (i) 25" term
a+b,b
Yes, first term = 2a, common difference = 2d
10. 3 11. (i) 22 terms (i) 13terms
12. 10,000 14.6r-1 15. 123525

© N o g &~ w NP
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Mathematics
Practice Work-Algebra
Maximum Marks: 25 Time : 45 Minutes
Instructions:
1. Answer all the questions on a separate sheet of paper.

2.

Give the following informations on your answer sheet
Name

Enrolment number

Subject

Topic of practice work

Address

Get your practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

The value of a if (x —a) is a factor of x® —ax® + x* —ax* +3x —a+2,is 1
Aa=1
B)a=-1
(C)a=2
(D)a=-2
1
The reciprocal of W is 1

(A) (‘ %jz
(3]
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(©) (-5/3)*

3 -2
D) (g)

Notes
3. InanA.P, the sum of three numbersis 15 and their product is45. Then the three
numbersare 1

(A) 1,3, 15
(B) 2,4,9
(©)1,5,9
(D)0,5,9

x-1 1
. 2y——
4. Ify X+1,then y 2y isequal to 1

3x?-10x-3

(A) 2(x? —1)

3x%* —10x+1
x? -1

(B)

3x? +10x+3

©) 2(x*~1)

3x* —10x+3

D) g1

4x*-25

5. Thelowest form of theexpresson ————— = is
PO e+ 11x =15

2X-5
X+3

(A)

2X+5
X+3

(B)

2X-5
X—-3

(®)
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D 2X—5
D) <3

7 -3 8 -11 7 X
. ) o8] (7).
Find x, sothat (8) (7] (8) : 2
Find threeirrational numbersbetween /3 and /8. 2
The HCF of two polynomialsis (x—2) and their LCM isx*+ 2x*—8x — 16. If one of
the polynomidsisx®—8, find the other polynomial. 2

. . .90

The sum of anumber anditsreciprocd is = find the number. 2

10. Thelength of arectangleis5 cmlessthantwiceitsbreadth. If the perimeter is110 cm,

find theareaof therectangle. 2

11. Show that thesum of an APwhosefirst termisa, thesecondtermisb and thelast term

o (a+c)(b+c-2a)
isc, isequal to 2(b—a) : 4

12. Had Ajay scored 10 more marksin histest out of 30 marks, 9 times these marks

would have been the square of hisactual marks. How many marksdid heget inthe
test? 6
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It is a common saying by elders keep your expenditure, less than your income. The
latent meaning of this is to save something for difficult times. You must have seen
birds and animals saving eatables for rainy season, in their nests or caves. Taking
the lead from this, the students have been told about the importance and need of
savingsin this module

Many Indian mathematicians have worked on the topic of commercial Mathematics.
Yodoksu (370 B.C.) worked on fractions and ratio and proportion. In the reigns of
Ashoka and Chandragupta, there is a description of levying taxes. There is a
description of many mathematicians working on practice and proportion (like
Aryabhatt, Mahavira, Brahmgupta, Sridharacharya). In 900 A.D., Bakhshali
Manuscript was discovered which had a number of problems on Commercial
mathematics.

To keep your savings safeisanother tough task. Banksand other financial institutions
keep the money of their customers and on the expiry of the period pay extra money,
called interest, in addition to the money deposited. This encourages citizensto save
and keep the money safe. Thisis why calculation of interest on depositsin banksis
included for teaching.

The Government provides a number of facilities to the citizens. For that they levy
certain taxes on citizens. One of these taxes is sales tax to which the learners are
introduced in this “ module. Financial transactions about buying and selling are
generally donefor profit. Dueto greater supply of goods or sub-standard goods they
are to be sold on loss. The learners are, therefore, introduced to percentage and
profit and loss. Sometimes we have to buy articles on instalments because of non-
availability of adequate funds. Dueto thisthe students aretaught to calculate interest
when they buy articles on instalment plan. Sometimes when we are not ableto return
loaned money on time, the financer starts charging interest on interest also, which is
called compound interest. Due to this the study of compound interest has been
included in this module. The formulae of compound interest is also used in finding
increase or decreasein prices of things. Thisisalso taught under “ Appreciation and
Depreciation” of value.




PERCENTAGE AND ITS APPLICATIONS

You must have seen advertisements in newspapers, television and hoardings etc of the
following type:

“Sale, up to 60% oft™.

“Voters turnout in the poll was over 70%”.

“Ramesh got 93% aggregate in class XII examination™.

“Banks have lowered the rate of interest on fixed deposits from 8.5% to 7%”’.

In all the above statements, the important word is ‘percent’. The word ‘percent’ has been
derived from the Latin word ‘percentum’ meaning per hundred or out of hundred.

In this lesson, we shall study percent as a fraction or a decimal and shall also study its
applications in solving problems of profit and loss, discount, simple interest, compound
interest, rate of growth and depreciation etc.

After studying this lesson, you will be able to

e jllustrate the concept of percentage;

e calculate specified percent of a given number or a quantity;
e solve problems based on percentage;

e solve problems based on profit and loss;

e calculate the discount and the selling price of an article, given marked price of
the article and the rate of discount;

e solve inverse problems pertaining to discount;

e calculate simple interest and the amount, when a given sum of money is invested
for a specified time period on a given rate of interest;
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illustrate the concept of compound interest vis-a-vis simple interest;

calculate compound interest, the amount and the difference between compound
and simple interest on a given sum of money at a given rate and for a given time
period; and

solve real life problems pertaining to rate of growth and decay, using the formula
of compound interest, given a uniform or variable rate.

EXPECTED BACKGROUND KNOWLEDGE

e Four fundamental operations on whole numbers, fractions and decimals.

e Comparison of two fractions.

8.1 PERCENT

3 7
Recall that a fraction 4 means 3 out of 4 equal parts. 13 means 7 out of 13 equal parts

23
and oo Means 23 out of 100 equal parts.

A fraction whose denominator is 100 is read as percent, for example 100 is read as

twenty three percent.

The symbol ‘%’ 1s used for the term percent.

A ratio whose second term is 100 is also called a percent,
So, 33:100 isequivalentto 33%.

Recall that while comparing two fractions, g and 5 , we first convert them to equivalent

fractions with common denominator (L.C.M. of the denominators).

de S=ox2o6
T I MR T R

1 15 5

= X—=—

2 275 10
Now. b 6. 5 3.1
Ow, because 10 10 .o 5 2
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We could have changed these fractions with common denominator 100 as

é:EXQ:ﬂ or 60%
5 5 20 100
l=l><ﬂ=ﬂ or 50%
2 2 50 100

3.1
and so, 5 > 5 as 60% is greater than 50%.

8.2 CONVERSION OF A FRACTION INTO PERCENT AND

VICE VERSA

In the above section, we have learnt that, to convert a fraction into percent, we change the
fraction into an equivalent fraction with denominator 100 and then attach the symbol %
with the changed numerator of the fraction. For example,

25 75 1

3 3
= X—=—"_=T75x—=75Y%

4 4725 100 100 07 and
4 44 16l eq
25 25 4 100 100

Note: To write a fraction as percent, we may multiply the fraction by 100, simplify
it and attach % symbol. For example,

h :iXIOO% =16%
25 25

Conversely,

To write a percent as a fraction, we drop the % sign, multiply the number by

1
100 (or divide the number by 100) and simplify it. For example,

47%=47><L=4—7, 17%=17><L=1—7, 3%=i
100 100 100 100 100

45%:45XL:£22, 210%:&:2, x%:i.
100 100 20 100 10 100
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8.3 CONVERSION OF DECIMAL INTO A PERCENT AND
VICE VERSA

Let us consider the following examples:

0.35= Eal 35><L =35%
100 100

7= 20 sg0x-L —a70%
10 100 100

459 459 1

0.459 = = X
1000 10 100

=45.9%

63 63 1

0.0063 = = X
10000 100 100

=0.63%

Thus, to write a decimal as a percent, we move the decimal point two places to the
right and put the % sign

Conversely,

To write a percent as a decimal, we drop the %sign and insert or move the decimal
point two places to the left. For example,

43% =0.43 75% = 0.75 12% = 0.12
9% = 0.09 115% =1.15 327% = 3.27
0.75% = 0.0075 4.5% = 0.045 0.2% = 0.002

Let us take a few more examples:

Example 8.1: Shweta obtained 18 marks in a test of 25 marks. What was her percentage
of marks?

Solution: Total marks =25

Marks obtained = 18

18
.. Fraction of marks obtained = 2—5
.. Marks obtained i 18 22 g
.. Marks obtained in percent = 25 ><4 100~ 2%

Alternatively:

18
Marks obtained in percent = 05 X 100% = 72%
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Example 8.2: One-fourth of the total number of shoes in a shop were on discount sale.
What percent of the shoes were there on normal price?
1
Solution: Fraction of the total number of shoes on sale = 1
Notes
1 3
.. Fraction of the total number of shoes on normal price = 1 — 1 = 1
_ OB 959, o 2x100% =75%
4 25 100 4

Example 8.3: Out of 40 students in a class, 32 opted to go for a picnic. What percent of
students opted for picnic?

Solution: Total number of students in a class =40
Number of students, who opted for picnic =32

.. Number of students, in percent, who opted for picnic

= 2><100% =80%
40

Example 8.4: In the word ARITHMETIC, what percent of the letters are I's?
Solution: Total number of letters = 10

Number of I’'s=2

2
. Percent of I’'s = EXlOO% =20%

Example 8.5: A mixture of 80 litres, of acid and water, contains 20 litres of acid. What
percent of water is in the mixture?

Solution: Total volume of the mixture = 80 litres
Volume of acid =20 litres

.. Volume of water = 60 litres

60
.. Percentage of water in the mixture = 20 x100% =T75%

CHECK YOUR PROGRESS 8.1

1. Convert each of the following fractions into a percent:
125

12 9 5 6
(a) 75 (b) 20 (© o (d 5 (e) 5
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3 o8 18 M 1231
® 10 @) 300 ®) 150 @ 25 0 1250
Write each of the following percents as a fraction:

7

(a) 53% (b) 85% (c) 16§ % (d)3.425%  (e) 6.25%

3 : :
() 70% (g)15 1 % (h)0.0025% (1) 47.35% () 0.525%
Write each of the following decimals as a percent:
(a) 0.97 (b) 0.735 (c) 0.03 (d)2.07 (e) 0.8
(f)1.75 (g)0.0250 (h) 3.2575 (1) 0.152 (j) 3.0015
Write each of the following percents as a decimal:
(a) 72% (b) 41% (c) 4% (d) 125% () 9%
(f)410% (g) 350% (h)102.5% (1) 0.025% (G) 10.25%

Gurpreet got half the answers correct, in an examination. What percent of her answers
were correct?

Prakhar obtained 18 marks in a test of total 20 marks. What was his percentage of
marks?
Harish saves % 900 out of a total monthly salary of I 14400. Find his percentage of
saving.

A candidate got 47500 votes in an election and was defeated by his opponent by a
margin of 5000 votes. If there were only two candidates and no votes were declared
invalid, find the percentage of votes obtained by the winning candidate.

In the word PERCENTAGE, what percent of the letters are E’s?

10. In aclass of 40 students, 10 secured first division, 15 secured second division and 13

just qualified. What percent of students failed.

8.4 CALCULATION OF PERCENT OF A QUANTITY OR A

NUMBER

To determine a specified percent of a number or quantity, we first change the percent to a
fraction or a decimal and then multiply it with the number or the quantity. For example:

or

25
25% of 90 = 100 % 90 =22.50

25% of 90 = 0.25 x 90 = 22.50
60% of Rs. 120 = 0.60 x Rs. 120 =Rs. 72.00
120% of 80 kg = 1.20 x 80 kg =96 kg
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Let us take some examples from daily life:

Example 8.6: In an examination, Neetu scored 62% marks. If the total marks in the
examination are 600, then what are the marks obtained by Neetu?

Solution: Here we have to find 62% of 600
. 62% of 600 marks = 0.62 x 600 marks = 372 marks
.. Marks obtained by Neetu = 372

Example 8.7: Naresh earns ¥ 30800 per month. He keeps 50% for household expenses,
15% for his personal expenses, 20% for expenditure on his children and the rest he saves.
What amount does he save per month?

Solution: Expenditure on Household = 50%
Expenditure on self = 15%
Expenditure on children =20%
Total expenditure = (50 + 15 + 20)% = 85%
-~ Savings (100 — 85)% = 15%
= 15% of 30800 =% (0.15 x 30800)

=% 4620
Example 8.8: What percent of 360 is 1447
Solution: Let x% of 360 = 144

%360 =144
100

144
_ 1% 100 = 40%
Or =30 ‘

144

Alternatively, 144 out of 360 is equal to the fraction %

144
. = —x100% = 40%
.. Percent 360 0 0

Example 8.9: If 120 is reduced to 96, what is the reduction percent?
Solution: Here, reduction = 120 - 96 = 24

24
.. Reduction percent = EX 100% =20%
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Example 8.10: The cost of an article has increased from ¥ 450 to ¥ 495. By what percent
did the cost increased?

Solution: The increase in Cost Price =3 (495 — 450)
=345

45
= ——x100=10%
Increase percent 150 4

Example 8.11: 60% of the students in a school are girls. If the total number of girls in the
school is 690, find the total number of students in the school. Also, find the number of boys
in the school.

Solution: Let the total number of students in the school be x

Then, 60% of x = 690

90 =690 or x=O00X100
100

=1150

.. Total number of students in the school = 1150
.. Hence number of boys = 1150 — 690 = 460

Example 8.12: A’s income is 25% more than that of B. B’s income is 8% more than that
of C. If A’s income is % 20250, then find the income of C.

Solution: Let income of C be T x
Incomeof B  =x+ 8% of x
8x 108
= X+t——=——Xx
100 100
108x 108x
= +25% of
Income of A 100 0 100
B 108x><£
~ 100 100
108 125

So—XxX——=20250
100 100

or X= 20250X@x@ =15000
108 125

.. Income of C is ¥ 15000.
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Example 8.13: Areduction of 10% in the price of tea enables a dealer to purchase 25 kg
more tea for ¥ 22500. What is the reduced price per kg of tea? Also, find the original price
per kg.

10
Solution: 10% of ¥ 22500 = @X 22500 = ¥ 2250

. Reduced price of 25 kg tea =3 2250

, 2250
.. Reduced price per kg =% 55 = % 90 per kg.
Since, the reduction was 10% so the original price =% 100 per kg.

Example 8.14: A student got 45% marks in the first paper and 70% in the second paper.
How much percent should he get in the third paper so as to get 60% as overall score?

Solution: Let each paper be of 100 marks.
.. Marks obtained in first paper = 45% of 100 =45
Marks obtained in second paper = 70% of 100 =70

Total marks (in three papers) he wants to obtain = 60% of 300

= ﬂ><300 =180
100

.. Marks to be obtained in third paper = 180 — (45 + 70)
=180-115=65
Example 8.15: Find the sum which when increased by 15% becomes % 19320.

Solution: Let the sum be3 x

s x+ 15% of x = 19320

2% 19300 or X 19300
100 0
L _19320x100 _ o0

115
Hence, the required sum = 16800.

CHECK YOUR PROGRESS 8.2

1. Find: (i) 16% of 1250 (1) 47% of 1200

2. A family spends 35% of its monthly budget of ¥ 7500 on food. How much does the
family spend on food?
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3. Inagarden, there are 500 plants of which 35% are trees, 20% are shrubs, 25% are

herbs and the rest are creepers. Find out the number of each type of plants.
60 is reduced to 45. What percent is the reduction?

5. If80isincreased to 125, what is the increase percent?

6. Raman has to score a minimum 40% marks for passing the examination. He gets 178

10.

I1.

12.

13.

marks and fails by 22 marks. Find the maximum marks.

It takes me 45 minutes to go to school and I spend 80% of the time travelling by bus.
How long does the bus journey last?

In an election, between 2 candidates 25% voters did not cast their votes. A candidate
scored 40% of the votes polled and was defeated by 900 votes. Find the total number
of voters.

A rise of 25% in the price of sugar compels a person to buy 1.5 kg of sugar less for
< 240. Find the increased price as well as the original price per kg of sugar.

A number is first increased by 20% and then decreased by 20%. What is the net
increase or decrease percent?

‘A’ scored 12 marks, while B scored 10 marks, in the first terminal examination. If in
the second terminal examination (with same total number of marks) ‘A’ scored 14
marks and ‘B’ scored 12 marks, which student showed more improvement?

30,000 students appeared in a contest. Of them 40% were girls and the remaining
boys. If 10% boys and 12% girls won the contest with prizes, find the percentage of
students who won prizes.

Sunil earns 10% more than Shailesh and Shailesh earns 20% more than Swami. If
Swami earns ¥ 3200 less than Sunil, find the earnings of each.

8.5 APPLICATION OF PERCENTAGE

In our day to day life, we come across a number of situations wherein we use the concept
of percent. In the following section, we discuss the application of percentage in different
fields, like problems in profit and loss, discount, simple interest, compound interest, rate of
growth and depreciation.

8.5.1 Profit and Loss

Let us recall the terms and formulae related to profit and loss.

Cost Price (C.P.): The Price at which an article is purchased, is called its cost price.

Selling Price (S.P.): The Price at which an article is sold, is called its selling price.
Profit (Gain): When S.P. > C.P,, then there is profit, and

Profit=S.P. - C.P.
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Loss: When C.P. > S.P., then there is loss, and arremanes
Loss=C.P.-S.P.
Profit Loss
O — x100 |%, Loss% = x100 (%
Formulae Profit % ( CP. j ( CPp. j Notes

(C.P.)x(100+ Profit%) (C.P.J100—Loss%)

S-P.= 100 - 100
SP.x100 _ (S.P.)x100
CP-= 100+ Profit%) _ (100— Loss%)

Note: Gain % or loss % is always calculated on C.P.

Let us take some examples to illustrate the applications of these formulae in solving problems
related to profit and loss:

Example 8.16: A shopkeeper buys an article for Rs. 360 and sells it for Rs. 270. Find his
gain or loss percent.

Solution: Here C.P. =Rs. 360, and S.P.=Rs. 270
Since C.P. > S.P., .. thereisaloss.

Loss = C.P. — S.P. =Rs (360 — 270) = Rs. 90

Loss
Loss % = CP

xlOOj%

= 2><100 =25%
360

Example 8.17: Sudha purchased a house for ¥ 4,52,000 and spent ¥ 28,000 on its
repairs. She had to sell it for I 4,92,000. Find her gain or loss percent.

Solution: Here C.P. = Cost price + Overhead charges
=< (452000 + 28000) =X 4,80,000
S.P. =34,92,000
Since, S.P. > C.P,, .. Gain =% (492000 — 480000) =% 12000

12000100 5
%= — =2 % =2.5%
Gain % =" 80000 2 ’

Example 8.18: By selling a book for X 258, a publisher gains 20%. For how much should
he sell it to gain 30%?
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Solution: S.P. =Rs. 258
Profit=20%
Cp S.P.x100 258 %100 2515
Notes “ 7 100+ Profit% 120

Now, if Profit = 30% and C.P. =Rs. 215, then,

C.P.x (100 + Profit% ) ?215><13o % 27050
N 100 - 100 '

S.P.

Example 8.19: A man bought oranges at 25 for ¥ 100 and sold them at 20 for I 100.
Find his gain or loss percent.

Solution: C.P. of 25 oranges =X 100

100
. C.P. of 1 orange =X ——=%4
25
100
and S.P. of 1 orange =% o0 = %5

. Profiton 1 orange =% (5-4)=% 1
1
Profit % = Z><100 =25%

Example 8.20: A man sold two horses for ¥ 29700 each. On one he lost 10% while he
gained 10% on the other. Find his total gain or loss percent in the transaction.

Solution: S.P. of first horse =3 29700

Loss =10%
29700100
.. CP. =X o0 - < 33,000

S.P. of 2nd horse =% 29700,
Profit=10%

29700x100
CP. =% T=?27,000

Total CP =3 (33000 + 27000) =X 60,000
Total SP =% (2 x 29700) =< 59400
Net Loss =X (60000 — 59400) =X 600
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600
=—x100 =
Loss % 60000 1%
Example 8.21: The cost price of 15 articles is equal to the selling price of 12 articles. Find
the gain percent. Notes

Solution: Let the C.P. of 15 articles be ¥ 15
then S.P.of 12 articles=% 15

S.P. of 15 articl 54 —15><15 ?—75
P.o articles = 12 = 4
75 15

n=F| —=15| =F =
Gam-?(4 j—? 4

Gain % = —1?;4 x100 =25%

Example 8.22: A watch was sold at a profit of 12%. Had it been sold for ¥ 33 more, the
profit would have been 14%. Find the cost price of the watch.

Solution: Let the cost price of the watch be T x
LSP = xx112 _ 112x
100 100

112x
If the watch is sold for Rs. 33 more then S.P. = 100 +33

New profit = 14%
H2x 23100
100

114

s CP.=

or 114x =112 x + 3300 or 2x = 3300
x=1650 .. C.P.=%1650

CHECK YOUR PROGRESS 8.3

1. A shopkeeper bought an almirah from a wholesale dealer for ¥ 4500 and sold it for
% 6000. Find his profit or loss percent.
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2. Aretailer buys a cooler for I 3800 but had to spend % 200 on its transport and repair.
If he sells the cooler for X 4400, determine, his profit percent.

3. A vendor buys lemons at the rate of 5 for I 7 and sells them at < 1.75 per lemon. Find
his gain percent.

>

A man purchased a certain number of oranges at the rate of 2 for ¥ 5 and sold them at
the rate of 3 for ¥ 8. In the process, he gained T 20. Find the number of oranges he
bought.

5. By selling a bi-cycle for I 2024, the shopkeeper loses 12%. If he wishes to make a
gain of 12% what should be the selling price of the bi-cycle?

6. By selling 45 oranges for ¥ 160, a woman loses 20%. How many oranges should she
sell for¥ 112 to gain 20% on the whole?

7. A dealer sold two machines at I 2400 each. On selling one machine, he gained 20%
and on selling the other, he lost 20%. Find the dealer’s net gain or loss percent.

8. Harish bought a table for ¥ 960 and sold it to Raman at a profit of 5%. Raman sold it
to Mukul at a profit of 10%. Find the money paid by Mukul for the table.

9. A man buys bananas at 6 for ¥ 5 and an equal number at ¥ 15 per dozen. He mixes the
two lots and sells them at < 14 per dozen. Find his gain or loss percent, in the transaction.

10. If the selling price of 20 articles is equal to the cost price of 23 articles, find the loss or
gain percent.

8.5.2 Discount

You must have seen advertisements of the following types, especially during the festival
season.

SALE } DIWALIBONANZA

discount upto 50% 20% discount on all items.

A discount is areduction in the marked (or list) price of an article. “20% discount”means
areduction of 20% in the marked price of an article. For example, if the marked price of
an article is ¥ 100, it is sold for ¥ 80, i.e. T 20 less than the marked price. Let us define the
terms, we shall use:

Marked Price (or List price): The marked price (M.P.) of an article is the price at which
the article is listed for sale. Since this price is written (marked) on the article, so it is called
the marked price.

Discount: The discount is the reduction from the marked price of the article.

Net selling price (S.P.): In case of discount selling, the price of the article obtained by
subtracting discount from the marked price is called the Net Selling price or Selling price
(S.P.). Let us take the following examples, to illustrate:
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Example 8.23: A coat is marked at ¥ 2400. Find its selling price if a discount of 12% is
offered.

Solution: Here, Marked Price (M.P.) of the coat =< 2400
Discount=12%
Net selling price (S.P.) = M.P. — Discount
=3 2400 — 12% of T 2400

12
_ _F | —x2400
=32400-% (100 j

=3 (2400 — 288)
=3 2112
Thus, the net selling price of coatisI2112.

Example 8.24: A machine listed at ¥ 8400 is available for ¥ 6300. Find the rate of
discount offered.

Solution: Here, Marked Price (M.P.) =3 8400
Net selling price (S.P.) =3 6300
Discount offered =3 (8400 - 6300)
=3 2100

2100
~ 8400

Discount % x100% =25%

Note: Discount is always calculated on Marked Price.

Example 8.25: A wholesaler’s list price of a fan is T 1250 and is available to a retailer at
a discount of 20%. For how much should the retailer sell it, to earn a profit of 15%.

Solution: M.P. =% 1250
Discount =20% of T 1250

20
=¥ —x1250 =
3 100 3250
.. Cost Price of the retailer =3 (1250 —250)

=% 1000
Profit =15%
Sp o C.P.(100 + Profit%) _s 1000x115
T 100 - 100
=% 1150
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Example 8.26: A shopkeeper marks his goods 25% more than their cost price and allows
a discount of 10%. Find his gain or loss percent.

Solution: Let the C.P. of an article =% 100
.. Marked Price (M.P.) =% 100 + 25% of ¥ 100
=3 125
Discount offered = 10%
- NetsellingPrice =3 125 - 10% of I 125

10
_ _F | —xI25
=%125-% (100 j

=3 (125-12.50) =% 112.50
-~ Gain =% (112.50 - 100) =% 12.50

12.50
i = —x100=12.5%
Gain % 100 0

Example 8.27: An article listed at I 5400 is offered at a discount of 15%. Due to festival
season, the shopkeeper allows a further discount of 5%. Find the selling price of the
article.

Solution: M.P. =3 5400, Discount=15%
= SP =% 5400 - 15% of ¥ 5400
=3 5400 -% £>< 5400
100
=3 (5400 — 810) =% 4590
Festival discount=5%

- Netselling Price =3 4590 — 5% of I 4590

=%4590 -% % x 4590
=73 (4590 — 229.50)
=3 4360.50

.~ Net selling price of article =% 4360.50.

Example 8.28: A retailer buys books from a wholesaler at the rate of ¥ 300 per book and
marked them at ¥ 400 each. He allows some discount and gets a profit of 30% on the cost
price. What percent discount does he allow to his customers?
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Solution: C.P. of one book =< 300
M.P. =% 400
Profit=30%
op C.P.(100 + Profit%) . 300x130 % 200 Notes
T 100 B 100
.. Discount offered =3 (400 - 390) =X 10
Di (o7 10 x100=2.5%
= —— = 4. (9
1scount % 400
CHECK YOUR PROGRESS 84

1. A shirt with marked price ¥ 375/- is sold at a discount of 15%. Find its net selling

price.
2. A pair of socks marked at ¥ 60 is being offered for ¥ 48. Find the discount percent

being offered.
3. Awashing machine is sold at a discount of 10% on its marked price. A further discount

of 5% is offered for cash payment. Find the selling price of the washing machine if its

marked price is ¥ 18000.
4. A man pays < 2100 for a machine listed at ¥ 2800. Find the rate of discount offered.
5. Thelist price of a table fan is ¥ 840 and it is available to a retailer at a discount of 25%.

For how much should the retailer sell it to earn a profit of 15%.
6. A shopkeeper marks his goods 50% more than their cost price and allows a discount

of 40%, find his gain or loss percent.
7. A dealer buys a table listed at ¥ 2500 and gets a discount of 28%. He spends I 100

on transportation and sells it at a profit of 15%. Find the selling price of the table.
8. Aretailer buys shirts from a manufacturer at the rate of ¥ 175 per shirt and marked

them at ¥ 250 each. He allows some discount and earns a profit of 28% on the cost

price. What percent discount does he allow to his customers?
8.5.3 Simple Interest
When a person has to borrow some money as a loan from his friends. relatives, bank etc.
he promises to return it after a specified time period along with some extra money for using
the money of the lender.
The money borrowed is called the Principal, usually denoted by P, and the extra money
paid is called the Interest, usually denoted by I.
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The total money paid back, that is, the sum of Principal and the Interest is called the
Amount, and is usually denoted by A.
Thus, A=P+1
Not The interest is mostly expresed as a rate percent per year (per annum).
otes

Interest depends on, how much money (P) has been borrowed and the duraton of time (T)
for which itis used. Interest is calculated according to a mutually agreed rate percent, per

) r
annum (R). [i.e. R=r % = 100 ]

Thus, Interest=(Principal) x (Rate % per annum) X time
S I=PxRxT

Interest calculated as above, is called simple interest. Let us take some examples, involving
simple interest.

Example 8.29: Find the simple interest in each of the following cases

P R T
(a) < 8000 5% 2 yrs
1
(b) < 20,000 15% 1 5 yrs
Solution: (a) I=P.R. T

5
=7 |8000x——x2 | =
=X [ 100 } =3 800

15 3
— 20000 X —x— | —
(b) I_?{ 100 2} =3 4500

Example 8.30: Find at what rate of simple interest per annum will ¥ 5000 amount to
6050 in 3 years.

Solution: Here A =% 6050, P=%5000, T=3yrs
- I=% (6050 — 5000) =% 1050

[=PxRxT o 1 . I1x100
= 0=—— Sr=
xR xLor PxT PxT
 =1050x100 _ R = 79
5000%3 R
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1
Example 8.31: A sum amounts to I 4875 at 12 5 % simple interest per annum after 4

years. Find the sum.
. 1 25
Solution: Here A =3 4875, R= 125% = 7%, T=4yrs
[=PxRxT

25 p
- Px—x4 | -7 —
I‘?[ 200 J‘? 2

P 3p
. _ P+—| 3 ——
..A_?( Zj_? >

3P
Thus, 5= I 4875 or 3P =% 9750 or P =3 3250

Example 8.32: In how many years will a sum of T 2000 yield an interest (Simple) of
%560 at the rate of 14% per annum?

Solution: Here P =3 2000, I1=3 560 R=14%

14
= 560 =2000x —XxT
I=PxRxTor 100

560x100
=———=72years

Thus, in 2 years, a sum of X 2000 will yield an interest of ¥ 560 at 14% per annum.

Example 8.33: A certain sum of money at simple interest amounts to < 1300 in 4 years
and to ¥ 1525 in 7 years. Find the sum and rate percent.

PxR x4 )
Solution: Here 1300=———+P ..(1)
100
an =100 ..(i1)
PxRx3 PxR
ine (i i) 225= or =75
Subtracting (i) from (ii) 100 100

Putting in (1) we get
1300 =75x4 +Por P=% (1300 -300) =% 1000
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PxR 75%100 _ 75%100

: =750rR = =7.5%
Again, we have 100 P 1000 0

-~ Principal =X 1000 and rate = 7.5%

Notes | Alternatively:
Amount after 4 years =3 1300
Amount after 7 years =3 1525
.. Interest for 3 years =3 [1525 — 1300] =% 225

225
.. Interest for 1 year =% 3 = 75

. 1300 = P + Interest for 4 yrs =P + 4 x 75 or P =% (1300 — 300) =< 1000

R = 75x100 —759
1000x1

Example 8.34: A certain sum of money doubles itself in 10 years. In how many years will

1
itbecome 2 times at the same rate of simple interest.

2
Solution: LetP=X 100, T=10yrs, A=3200, .. 1=%100
~.100 = Mor R =10%
Now P =% 100, R =10% and A =% 250 1= 150

S 150 = 100><£><T or T=15yrs
100
. . 1.
Thus, in 15 yrs, the sum will become 2 E times.

Example 8.35: Out of ¥ 70,000 to invest for one year, a man invests ¥ 30,000 at 4% and
< 20,000 at 3% per annum simple interest. At what rate percent, should he lend the
remaining money, so that he gets 5% interest on the total amount he has?

Solution: Interest on total amount at 5% for one year

5
= 70,000)(—)(1 =
3 100 < 3500

4
Interest on ¥ 30,000 at 4% for 1 year =% 3OOOO><E><1
=3 1200
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3
Interest on ¥ 20,000 at 3% for 1 year =% 20000><@><1

=3 600
.~ Interest on remaining < 20,000 for 1 yr =3 [3500 — 1200 — 600]
=3 1700
= 1700 = 20000><£><1 orR = 1700100 =8.5%
100 20000

.. The remaining amount should be invested at 8.5% per annum.

CHECK YOUR PROGRESS 8.5

1.

10.

Rama borrowed X 14000 from her friend at 8% per annum simple interest. She returned
the money after 2 years. How much did she pay back altogether?

Ramesh deposited X 15600 in a financial company, which pays simple interest at 8%
per annum. Find the interest he will receive at the end of 3 years.

Naveen lent I 25000 to his two friends. He gave I 10,000 at 10% per annum to one
of his friend and the remaining to other at 12% per annum. How much interest did he
receive after 2 years.

Shalini deposited I 29000 in a finance company for 3 years and received < 38570 in
all. What was the rate of simple interest per annum?

2
In how much time will simple interest on a sum of money be 5 th of the sum, at the rate

of 10% per annum.
At what rate of interest will simple interest be half the principal in 5 years.

. A sum of money amounts to I 1265 in 3 years and to X 1430 in 6 years, at simple

interest. Find the sum and the rate percent.

Out of T 75000 to invest for one year, a man invested ¥ 30000 at 5% per annum and
% 24000 at 4% per annum. At what percent per annum, should he invest the remaining
money to get 6% interest on the whole money.

A certain sum of money doubles itself in 8 years. In how much time will it become 4
times of itself at the same rate of interest?

In which case, is the interest earned more:
(a) ¥ 5000 deposited for 5 years at 4% per annum, or
(b) T 4000 deposited for 6 years at 5% per annum?
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8.5.4 Compound Interest

In the previous section, you have studied about simple interest. When the interest is calculated
on the Principal for the entire period of loan, the interest is called simple interest and is
given by

I=PxRxT

But if this interest is due (not paid) after the decided time period, then it becomes a part of
the principal and so is added to the principal for the next time preiod, and the interest is
calculated for the next time period on this new principal. Interest calculated, this way is
called compound interest.

The time period after which the interest is added to the principal for the next time period is
called the Conversion Period.

The conversion period may be one year, six months or three months and the interest is said
to compounded, annually, semi-annually or quarterly, respectively. Let us take an example:

Example 8.36: Find the compound interest on a sum of Rs. 2000, for two years when the
interest is compounded annually at 10% per annum.

Solution: Here P=3 2000 and R = 10%

.. Interest for the first conversion time period (i.e. first year)

10
=3 2000 x ﬁ x 1 =3200

.. Principal for the second year (or 2nd conversion period)
=% (2000 + 200) =% 2200

10
-~ Interest for the 2nd time period =% 2200 x —— x 1 =220

100
.. Amount payable at the end of two years =% (2200 + 220)
=3 2420
-~ Total interest paid at the end of two years =< (2420 — 2000)
=3 420

or [¥ (200 + 220) =% 420]
.. Compound interest =< 420

Thus, for calculating the compound interest, the interest due after every coversion period
is added to the principal and then interest is calculated for the next period.

8.5.4.1 Formula for Compound Interest

Let a sum P be borrowed for n years at the rate of r% per annum, then
Pr

} r
Interest for the first year =P x 100 x1= 100
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Amount after one year = Principal for 2nd year= P+ 100
_ P(l + Lj
100 Notes

P1+rj r Pr(1+rj
Interest for 2nd year = 100 ) % 100 % 1= 1001 T 100

P 1+— +Pr I+ — | =P 1+— | 1+—
Amount after 2 years = 100 ) 100 100 100 100

2
r

100

3
r
Similarly, amount after 3 years = P| 1+ ﬁj and so on.

A t aft Pl 1+——
mount a ernyears— 1 OO

r
Thus, if Arepresents the amount and R represents r% or 100° then

100
and compound interest =A—-P=P (1 +R)"-P

r n
=P[(1 +R)y" 1] or P{(”ﬁ} —1}

A=P(l +R)'= P(1+Lj

Note: Simple interest and compound interest are equal for first year (first conversion period)
Example 8.37: Calculate the compound interest on ¥ 20,000 for 3 years at 5% per
annum, when the interest is compounded annually.

Solution: Here P =3 20,000, R =5% and n =3

S Cl =P[(1+R)"-1]

5 3
— I+—| -1
=3 20000 {( IOOJ }

3
21 9261-8000
=2 || o= | 1| =7 20000%| "=
?ij } X { 8000 }

=% 3152.50
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1
Example 8.38: Calculate the compound interest on < 20,000 for 1 o years at the rate of

10% per annum, when the interest is compounded semi-annually.

Notes Solution: Here P =% 20,000, R =10% per annum
= 5% per half year

1
andn=1 5 ys= 3 half years

5 3
. _ n _=z 20,000 | 1+——| —1
L Cl =P[(1 +R)"-1]1=X {( 100) }

9261
=7 20,000x| ——-1| =
=X {8000 } 3 3152.50

Example 8.39: Calculate the compound interest on ¥ 20,000 for 9 months at the rate of
49 per annum, when the interest is compounded quarterly.

Solution: Here P =% 20,000, R =4% per annum
= 1% per quarter of year

and n = 3/4 yrs =3 quarters

1 3
. 3 n_11-% 20,000 | 1+— | -1
o CI =P[(1+R)-11=X% {( +1()0) }

~x20000x |[M1) 1| ¢ 2000030301
—TEEL00) 17T 100x100x100

=% 606.02

1
Example 8.40: calculate the amount and compound interest on < 12000 for 1 o years at

the rate of 10% per annum compounded annually.

1
Solution: Here P=% 12000, R =10% and n=1 o years

Since interest is compounded, annually, so, amount at the end of 1 year is given by
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1 1
A:P(1+£ =3 12000><(1+£
100 100

11
=3 IZOOOXE =3 13200

.. Principal for next 6 months =3 13200

10
and Rate R = ?% =5%

5 21
L A=F 132000 1+——| =% 13200x—
- A=Z ( moj . 2

=% 13860

1
. Amount after 1 - years= 313860

Compound interest =3 [13860 — 12000]
=% 1860

1
Note: We can calculate the amount for 1 5 YIS as

10 5
=7 12000 1+ — || 1+——
A=X ( 100)( 100)

Example 8.41: At what rate percent per annum, will a sum of ¥ 15,625 become
% 17576 in three years, when the interest is compounded annually?

Solution: Here A= 17576, P=% 15,625 andn=3

Let R =1% per annum

3
17576 =15625| 1+ ——
100
) 17576 _(26Y
U100 15625 \ 25

r 26 r 26 1
Sl —===0or —==""—"1=—
100 25 100 25 25
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_loo_,

r=——=
or 75
.. Rate = 4% per annum.

Example 8.42: In how much time will a sum of ¥ 8000 amount to X 9261 at 10% per
annum, compounded semi-annually?

Solution: Here A= 9261, P=3 8000 and n = x semi yrs

R =10% per annum = 5% semi annually

~.9261=28000 1+i
100

9261 (21}" (21)3 (21}‘
or =| — or{ — | =| — Sox=3
8000 |20 20 20

. Time =3 halfyears =1 o years

Example 8.43: Find the difference between simple interest and compound interest for

1
1 o years at 4% per annum, for a sum of I 24000, when the interest is compounded semi-

annually..
Solution: Here P =% 24000, R = 4% per annum
3 .
T= o years R =2% per semi-annually
1 :
n=1 5 years= 7 years= 3 semi years

4 3
i = =3 24000X —x —
Simple Interest=P xR x T 3 1003

=% 1440.

For compound interest, A = P[(l + %) }

2 3
_ > 24000| [ 14—
A=R {( 100”
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F 24000 (ET 7 24000 ﬂx Sl % 51 }
A 50) |~ 50 50 50
24%x51x51%x51
=X s =T 25468.99 or T 25469 Notes

.. CI1 =% [25469 — 24000] =3 1469
Difference=CI-SI =3 [1469 — 1440]
=329

1
Example 8.44: A sum of money is invested at compound interest for 1 5 year at 4%

compounded annually. If the interests were compounded semi-annually, it would have
fetched ¥ 20.40 more than in the previous case. Find the sum.

Solution: Let the sum be < x.

Here R =4% annually, or 2% semi-annually

T=1 5 yrsor 3 semi years

In first case

4 1 2 1
= I+— | 1+—
A=% x[ 100“ 100}
s x(gj{ﬂ} _g 1326x
- 25 \50) 1250
In 2nd case
A=% x(l+iJ3 3 x(ﬂf
a 100) 50

132651
~ 125000

132651 1326 }

.. Difference =% {125000 * 250"

51x
~ 125000
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~51x 2040 or <7 2040 125000 %5000
125000 100 =% 00 51
. Sum =3 50,000

CHECK YOUR PROGRESS 8.6

1.

10.

Calculate the compound interest on % 15625 for 3 years at 4% per annum, compounded
annually.

1
Calculate the compound interest on ¥ 15625 for 15 years at 8% per annum,

compounded semi-annually.

Calculate the compound interest on ¥ 16000 for 9 months at 20% per annum,
compounded quarterly

Find the sum of money which will amount to ¥ 27783 in 3 years at 5% per annum, the
interest being compounded annually.

Find the difference between simple interest and compound interest for 3 years at 10%
per annum, when the interest is compounded annually on ¥ 30,000.

The difference between simple interest and compound interest for a certain sum of

money at 8% per annum for 1 o years, when the interest is compounded half-yearly

is ¥ 228. Find the sum.

A sum of money is invested at compound interest for 9 months at 20% per annum,
when the interest is compounded half yearly. If the interest were compounded quarterly,
it would have fetched % 210 more than in the previous case. Find the sum.

A sum of T 15625 amounts to X 17576 at 8% per annum, compounded semi-annually.
Find the time.

Find the rate at which I 4000 will give ¥ 630.50 as compound interest in 9 months,
interest being compounded quarterly.

A sum of money becomes X 17640 in two years and X 18522 in 3 years at the same
rate of interest, compounded annually. Find the sum and the rate of interest per annum.

8.5.5 Rate of Growth and Depreciation

In our daily life, we come across the terms like growth of population, plants, viruses etc
and depreciation in the value of articles like machinery, crops, motor cycles etc.

The problems of growth and depreciation can be solved using the formula of compound
interest derived in the previous section.

Mathematics Secondary Course




Percentage and Its Applications

If V_is the value of an article in the beginning and V_is its value after ‘n’ conversion
periods and the rate of growth/depreciation for the period be denoted by 1%, then we can
write

r n
V. =V |1+—]| i
n o( 0 Oj in case of growth, and

r n
V.=V [1-—| i iati
n o( 10 Oj in case of depreciation.

If the rate of growth/depreciation varies for each conversion period, then

T T, I
V.=V [ I+ 1+—= 1+ ..
" ‘{ 100)( 100)( 100) for growth, and

I, r I,
V.=V [l-——— | 1-—2 | 1-——|.. iati
n = Vo ( 100 ]( 100 j( 1 OOJ for depreciation.

Let us take some examples to illustrate the above concepts.

Example 8.45: The population of a city is 9765625. What will be its population after 3
years, if the rate of growth of population is 4% per year?

Solution: Here V_=9765625,r=4% andn =3

3
. 'V, =9765625 1+i
100

3
=9765625 X% (2—6]
25

= 10985000.
Hence, the population of that city after 3 years will be = 10985000.

Example 8.46: The cost of a car was % 3,50,000 in January 2005. If the rate of depreciation
is 15% for the first year and 10% for the subsequent years, find its value after 3 years.

Solution: Here V_ =% 3,50,000
r,=15%,r,=10% and r, = 10%

:.V3=\g(1— d j(l— 2 j(r— 5 J
100 " 100 A" 100
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_z 350000 1— 2> [[1- 19}, 10
100 100" 100

17_9_9
=3 350000X —X—X— = :
3 201010 3 2,40,975/

.. The value of car after 3 years =3 240975.

Example 8.47: A plant gains its height at the rate of 2% per month of what was its height
in the beginning of the month. If its height was 1.2 m in the beginning of January 2008, find
its height in the beginning of April 2008, correct upto 3 places of decimal.

Solution: Here V. =1.2m, r=2%,n=3

AV, =V 1+ —
100

3 3
= 1.2(1 +i) =1 2(2J =1.2734m
100 50

=1.273m
Hence, height of plant in the beginning of April =1.273 m.

Example 8.48: The virus of a culture decreases at the rate of 5% per hour due to a
medicine. If the virus count in the culture at 11.00 AM was 2.3 x 107, find the virus count
at 1.00 PM on the same day.

Solution: V, =23%x10",r=5%,n=2

2
Vv, =2.3x10’ 1=} —23x10° x(0.95)
100
=2.076 x 10’
Hence, the virus count at 1.00 PM is 2.076 x 10’.

CHECK YOUR PROGRESS 8.7

1. The population of a town is 281250. What will be its population after 3 years, if the
rate of growth of population is 4% per year?

2. The cost of a car was X 4,36,000 in January 2005. Its value depreciates at the rate of
15% in the first year and then at the rate of 10% in the subsequent years. Find the
value of the car in January 2008.
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3. The cost of machinery is ¥ 360000 today. In the first year the value depreciates by

12% and subsequently, the value depreciates by 8% each year. By how much, the
value of machinery has depreciated at the end of 3 years?

. The application of manure increases the output of a crop by 10% in the first year, 5%
in the second year and 4% in the third year. If the production of crop in the year 2005
was 3.5 tons per hectare, find the production of crop per hectare in 2008.

. The virus of a culture decreases at the rate of 4% per hour due to a medicine. If the

virus count in the culture at 9.00 AM was 3.5 x 103, find the virus count at 11.00 AM
on the same day.

. Three years back, the population of a village was 50000. After that, in the first year,
the rate of growth of population was 5%. In the second year, due to some epidemic,
the population decreased by 10% and in the third year, the population growth rate
was noticed as 4%. Find the population of the town now.

@hmm

Percent means ‘per hundred’.
Percents can be written as fractions as well as decimals and vice-versa.
To write a percent as a fraction, we drop the % sign and divide the number by 100.

To write a fraction as a percent, we multiply the fraction by 100, simplify it and suffix
the % sign.

To determine the specific percent of a number or quantity, we change the percent to a
fraction or a decimal and then multiply.

When the selling price is more than the cost price of the goods, there is a profit (or
gain).

When the selling price is less than the cost price of the goods, there is a loss.

Profit (Gain) =S.P.— C.P. ; Loss=C.P.-S.P.
Gain% = S8 %100 : Loss% = 2% 100
C.P. : C.P.
gp - 100+Gain% ., : gp = 00-Loss% o
100 : 100

The simple interest (I.) on a principal (P) at the rate of R% for a time T years, is
calculated, using the formula

.=PxRxT
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e Discountis areduction in the list price of goods.
e Discountis always calculated on the marked price of the goods

e (Marked price —discount), gives the price, which a customer has to pay while buying
an article.

e Two or more successive discounts are said to form a discount series.
e Adiscount series can be reduced to a single discount.
e Sales tax is charged on the sale price of goods.
e Aninstalment plan enables a person to buy costlier goods.
e Inthe case of compound interest
Amount (A) =P (1 + R)", where P is the Principal, R =rate% and n = time.
e Compount interest is greater than simple interest, except for the first conversion period.

e IfV isthe value of an article in the beginning and V _is its value after ‘n’ conversion
periods and ‘r’ be the rate of growth/depreciation per period, then

r n
V =V [1+—| i
n 0( 10 Oj in case of growth, and

r n
V.=V |[l-——] i iati
2 O( 0 OJ in case of depreciation.

e Ifthe rate of growth/depreciation varies for each conversion period, then

T T I
V =V |1+ | 1+=2[1+—=]|..
' ( 100j( 100)( 100) for growth, and

T, r r
V.=V [l-——— | 1-—2 | 1-——|. iati
n = Vo [ 100 ]( 100 j( 1 OO) for depreciation.

H TERMINAL EXERCISE

1. Write each of the following as a percent

9 7
(a) 20 (b) 10 (c)0.34 (d) 0.06

2. Write each of the following as a decimal:
(a) 36% (b) 410% (c)2% (d) 0.35%
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3. Write each of the following as fraction:
(a) 0.12% (b) 2.5% (c) 25.5% (d) 255%

4. Find each of the following:

(a) 23% of 500  (b) 2.5% of 800 (c) 0.4% of 1000 (d) 115% of 400 || Notes
What percent of 700 is 2947

By what percent is 60 more than 45?

What number increased by 10% of itself is 3527

Find the number whose 15% is 270.

What number decreased by 7% of itself is 16.74?

A S B AN

10. If three fourth of the students of a class wear glasses, what percent of the students of
the class do not wear glasses?

11. There are 20 eggs in a fridge and 6 of them are brown. What percent of eggs are not
brown?

12. 44% of the students of a class are girls. If the number of girls is 6 less than the number
of boys, how many students are there in the class?

13. During an election, 70% of the population voted. If 70,000 people cast their votes,
what is the population of the town?

14. A man donated 5% of his monthly income to a charity and deposited 12% of the rest
in a Bank. If he has Rs. 11704 left with him, what is his monthly income?

15. Ratan stores has a sale of ¥ 12000 on Saturday, while Seema stores had a sale of
< 15000 on that day. Next day, they had respective sales of T 15000 and I 17500.
Which store showed more improvement in Sales?

16. A candidate has to secure 45% marks in aggregate of three papers of 100 marks each
to get through. He got 35% marks in the first paper and 50% marks in the second
paper. At least how many marks should he get in third paper to pass the examination?

17. The price of sugar rises by 25%. By how much percent should a householder reduce
his consumption of sugar, so as not to increase his expenditure on sugar?

18. By selling 90 ball pens for X 160, a person loses 20%. How many ball pens should he
sell for Rs. 96, so as to have a gain of 20%?

19. A vendor bought bananas at 6 for 5 rupees and sold them at 4 for 3 rupees. Find his
gain or loss percent.

20. A man bought two consignments of eggs, first at ¥ 18 per dozen and an equal number
at ¥ 20 per dozen. He sold the mixed egges at I 23.75 per dozen. Find his gain
percent.
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21. A man sells an article at a gain of 10%. If he had bought it for 10% less and sold it for

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

% 10 more, he would have gained 25%. Find the cost price of the article.

A pair of socks is marked at ¥ 80 and is being offered at ¥ 64. Find the discount
percent being offered.

A dealer buys a table listed at ¥ 1800 and gets a discount of 25%. He spends I 150
on transportation and sells it at a profit of 10%. Find the selling price of the table.

AT.V. set was purchased by paying ¥ 18750. If the discount offered by the dealer
was 25%, what was the marked price of the TV set?

A certain sum of money was deposited for 5 years. Simple interest at the rate of 12%
was paid. Calculate the sum deposited if the simple interest received by the depositor
is X 1200.

1
Simple intrest on a sum of money is 3 rd of the sum itself and the number of years is

thrice the rate percent. Find the rate of interest.

In what time will % 2700 yield the same interest at 4% per annum as < 2250 in 4 years
at 3% per annum?

The difference between simple interest on a sum of money for 3 years and for 2 years
at 10% per annum is ¥ 300. Find the sum.

Find the sum which when invested at 4% per annum for 3 years will becomes
370304, when the interest is compounded annually.

the difference between compound interest and simple interest at 10% per annum in 2
years (compounded annually) is ¥ 50. Find the sum.

A sum of money becomes X 18522 in three years and ¥ 19448.10 in 4 years at the
same rate of interest, compounded annually. Find the sum and the rate of interest per
annum.

Find the sum of money which will amount to I 26460 in six months at 20% per annum,
when the interest is compounded quarterly.

At what rate percent per annum will a sum of ¥ 12000 amount to X 15972 in three
years, when the interest is compounded annually?

The price of a scooter depreciates at the rate of 20% in the first year, 15% in the
second year and 10% afterwards, what will be the value of a scooter now costing
< 25000, after 3 years.

The population of a village was 20,000, two years ago. It increased by 10% during
first year but decreased by 10% in the second year. Find the population at the end of
2 years.
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t 1
{ ANSWERS TO CHECK YOUR PROGRESS

8.1
2
1. (a)48% (b)45% (c)41§%
030% (g)36% (h) 126%
53 17 27
2. @710 ®5y © 60
7 63 1
® 0 ©® 400 M 5000
3. @97% (b)73.5% (c) 3%
0 175% (g)2.5% (h) 325.75%
4. (0)0.72 (b)0.41 (c) 0.04
(HH4.1 (g)3.5 (h) 1.025
5. 50% 6. 90% 7.6.25%
10. 5%
8.2
1. (a)200 (b) 564
2. Rs. 2625 3. 175, 100, 125, 100
5. 56.25% 6. 500
8. 6000 9.Rs. 40, Rs. 32
11. B 12. 10.8%
13. Rs. 13200, Rs. 12000, Rs. 10000
8.3
1. 33% % profit 2. 10%
5.Rs. 2576 6. 21
9. 12% gain 10. 15% gain
8.4
1. Rs.318.75 2.20%
5. Rs.724.50 6. 10% loss
8.5
1. Rs. 16240 2.Rs. 3744
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(d) 40%

(i) 288%

d 137
@ 4000

947
® 000
(d) 207%
(i) 15.2%
() 1.25
(i) 0.00025
8. 47.5%

4.25%

(e) 20%

(J) 98.48%

1
(e 6

21
D 2000
(e) 80%

(G) 300.15%
(e) 0.09

(i) 0.1025
9. 30%

7.36 minutes
10. 4% decrease

3.25%

7.4% loss

3.Rs. 15390

7.Rs. 2185

3. Rs. 5600

4. 120

8. Rs. 1108.80

4.25%
8.10.4%

4. 11%
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5. 4years

9. 24years
8.6
1. Rs. 1951

5. Rs. 630

9. 20%
8.7
1. 316368

4. 4.2042 tons/hectare

1. (a)45%
2. (a)0.36

3
2500
4. (a)115
5. 42%

9. 18

13. 1Lakh
17. 20%
21. Rs. 400

3. (a)

25. Rs. 2000

29. Rs. 62500
33. 10%

Percentage and Its Applications

6. 10%

10. b

2.Rs. 1951

6. Rs. 46875

10. Rs. 1600, 5%

2. Rs. 300186
5. 3.2256x108

(b) 70%
(b) 4.10

1
(b) 10
(b) 20
6. 25%
10. 25%
14. Rs. 14000

18. 36
22.20%

1
26. 35%

30. Rs. 5000
34. Rs. 13500

7.Rs. 1100, 5%

3.Rs. 2522

7. Rs. 80000

3. Rs. 291456

6. 49140

A
ﬂ ANSWERS TO TERMINAL EXERCISE

(c) 34%
(c) 0.02

51
© 500
(04
7. 320
11.70%
15. Ratan Stores
19. 60% gain

23.Rs. 1650

1
27. 25 years
31. Rs. 16000, 5%

35. 19800

5
8. 97%

4. Rs. 24000

1
8. 15 years

(d) 6%
(d) 0.0035

51
(d) 20
(d) 460
8. 1800
12. 50
16. 50

20. 25%
24. Rs. 25000

28. Rs. 3000

32. Rs. 24000
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You must have seen advertisementslike, “ Pay just I 500 and take homeacolor TV, rest
ineasy instalments’, or “buy acar of your choice by paying 50,000 and the balancein
easy instalments’. Such plansattract customers, specially the common man, who could
not buy some costly articleslikecar, scooter, fridge, colour TV, etc. dueto cash congtraints.
Under these plans, afixed amount is paid at the time of purchase and the rest of the
amount isto be paidininstaments, which may bemonthly, quarterly, haf yearly or yearly,
asper the agreement signed between the customer and the sdller.

I nstal ment purchase scheme, thus, enablesaperson to buy costly goods, on convenient
termsof payment. Under thisscheme, the customer, after making apartial paymentinthe
beginning, takesaway the articlefor use after signing the agreement to pay the balance
amount iningtalments. Such aschemea so encouragesthebuyer to saveat regular intervas,
so asto pay theinstalments.

Inthislesson, weshdl study different typesof instament plansand shall find out how much
easy they are, by calculating theinterest charged under these plans.

After studying thislesson, youwill beableto

e explain the advantages/disadvantages of buying a commodity under instalment
plan;

e determine the amount of each instalment, when goods are purchased under
instalment plan at a given rate of interest (simple interest);

e determine the rate of interest when the amount of each (equal) instalment and
the number of instalmentsis given,

e determine the amount of each instalment under instalment plan when compound
interest is charged yearly, half yearly or quarterly;

e solve problems pertaining to instalment plan.

Mathematics Secondary Course

MODULE - 2

Commercial
Mathematics

Notes

239



MODULE - 2

Commercial
Mathematics

240

Notes

I nstalment Buying

EXPECTED BACKGROUND KNOWLEDGE

e Simpleinterest and compound interest.

e Cdculation of interest whentheinterest isca culated yearly, half yearly, quarterly or
monthly..

9.1 INSTALMENT BUYING SCHEME-SOME DEFINITIONS

Cash Price: Thecash priceof anarticleisthe amount which acustomer hasto pay infull
for thearticleat thetime of purchase.

Cash Down Payment: Theamount to be paid (in cash) under aninstalment plan at the
time of purchase of acommodity, is called the cash down payment. It isthe partial
payment made by the customer at thetime of signing the agreement and taking away the
articlefor use.

Instalments: Itistheamount whichispaid by the customer at regular intervalstowards
theremaining part of theselling price of thearticle.

Interest under thelnstalment Plan: Inaninstalment plan only part payment of thetotal
costispaid by the customer at thetime of purchase. Theremaining part of costispaid on
subsequent dates; and therefore the seller charges some extra amount for deferred
payments. Thisextraamount isactually theinterest charged on the amount of money
whichthe customer owstothe sdller at different timesof payment of instalments.

9.2 TO FIND THE INTEREST IN AN INSTALMENT PLAN

Let ussolveafew examplestoillustrate the process.

Example 9.1: A Television set is sold for I 20000 cash or for ¥ 6000 as cash down
payment followed by I 16800 after sx months. Find therate of interest charged under the
ingament plan.

Solution: The cash price of theteevision =3 20000
Cash down payment =3 6000
Balanceto be paid = 14000
.. Thepresent value of Rs. 16800 to be paid after 6 months= Rs. 14000
If therate of interest per annum under instal ment planisr%, then

14000+ 14000 " x-® —16800
100 12

T _ .
OrE: 28 j.e, r=40,i.e rate = 40%
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Example9.2: Atablefanissoldfor 450 cash or % 210 cash down payment followed by I
two monthly insta mentsof ¥ 125 each. Find therate of interest charged under theinstalment
plan.
Solution: Cash priceof thetablefan =3 450
Notes

Cash down payment =% 210
Balanceto be paid =3 (450 — 210) = 240
Let therateof interest charged under instalment plan ber% p.a. then

r 2
T 240 at theend of two monthswill become =% (240 + 240><E><Ej

2
-3 [240+€rj o

< 125 paid after 1 month will amount to (after another 1 month)
31254125~ x L =Rs [125+ 2| i
100 12 48

Amount for ¥ 125 paid after two months =% 125 (i)

.'.240+£:125+5—r+125i.e., E—i r=10
5 48 5 48

2400
r= N = 3338 (approx)

Hence, rate of interest = 33.8%
Alternativemethod:
Cash price of thefan =3 450
Cash down payment =% 210
Payment in 2 instalments=3 (125 x 2) =% 250
Total amount paid under instalment plan =3 (210 + 250)
=3 460
. Interest paid = T (460 — 450) =¥ 10
ThePrincipal for thefirst month =3 (450—-210) =% 240
Principal for the 2nd month =% (240-125) =% 115
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.~ Total Principal (for 1 month) =% (240 +115) =% 355

Thuswehave

10x100x12
355

~ 20338
71

355% %~ =10, or, r=
100" 12

Hence, rate of interest = 33.8% p.a

Example9.3: A microwave ovenisavailablefor I 9600 cash or for I 4000 cash down
payment and 3 monthly instalments of I 2000 each. Find therate of interest charged under
theinstalment plan.

Solution: Cash price of microwave oven =< 9600

Cash down payment =3 4000

Payment in 3instalments=< (3 x 2000) = 6000

Total amount paid under instalment plan =< (4000 + 6000)
=3 10000

.. Interest paid = ¥ (10000 — 9600) =¥ 400

Principd for 1st month =¥ (9600 — 4000) =¥ 5600

Principa for 2nd month = I (5600 — 2000) =¥ 3600

Principa for 3rd month =3 (3600 — 2000) =¥ 1600

.~. Total Principal (for 1 month) =3 (5600 + 3600 + 1600)

=% 10800

Thus, wehave

10800% " x -~ = 400 9r = 400 or r="P _ 44.4%
100 12 9

So, rate of interest charged = 44.4%

Example9.4: A computer issold for I 30,000 cash or I 18000 cash down payment and
6 monthly instalmentsof I 2150 each. Find therate of interest charged under theinstal ment

plan.
Solution: Cash price of the computer =3 30000
Cash down payment =% 18000
Paymentin6instalments =3 (6 x 2150) =¥ 12900
.~. Total amount paid under instalment plan =3 (18000 + 12900)
=3 30900
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. Interest paid =¥ (30900 — 30000) =< 900

Principal for 1t month =¥ (30000 — 18000) =¥ 12000
Principa for 2nd month = (12000 — 2150) =X 9850
Principa for 3rd month =3 (9850 — 2150) =% 7700
Principa for 4thmonth =3 (7700 — 2150) = 5550
Principal for 5Sthmonth = (5550 — 2150) =¥ 3400
Principa for 6thmonth = (3400 — 2150) =¥ 1250

.~. Total Principal for one month =< (12000 + 9850 + 7700 + 5550 + 3400 + 1250)

=% 39750

.. We have

Note: In Examples 2 to 4, observethat the Principal for the last month islessthan the

_ 900x12x100 _ 1440
39750 53

=27.17%

30750x " x £ =900= r
100" 12

Thus, therate of interest = 27.17% per annum.

amount of theinstalment. If interestisadded to thelast Principal, the sumwill beequa to
theamount of monthly instalment.

" . CHECK YOUR PROGRESS 9.1

1.

A tableis sold for I 2000 cash or for ¥ 600 as cash down payment, followed by
< 1500 paid after 2 months. Find therate of interest charged under theinstal ment plan.

A cycleis sold for ¥ 2700 cash or ¥ 600 as cash down payment, followed by 3
monthly instalmentsof ¥ 750 each. Find therate of interest charged under theinsta ment
plan.

AT.V. setisavailablefor 21000 cash or for I 4000 cash down payment and 6 equal

monthly instalments of I 3000 each. Cal cul atetherate of interest charged under the

instament plan.

Anil purchased acomputer monitor priced at ¥ 6800 cash, under theinstalment plan
by making acash down payment of ¥ 2000 and 5 monthly instalmentsof ¥ 1000 each.
Find therate of interest charged under theinstalment plan.

A scooter can be purchased for I 28000 cash or for ¥ 7400 as cash down payment
followed by 4 equal monthly instalments of ¥ 5200 each. Find the rate of interest
charged under instalment plan.
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6. Anair conditioner issoldfor ¥ 20,000 cash or ¥ 12000 cash down payment followed
by 4 monthly instalmentsof ¥ 2200 each. Find therate of interest under theinstalment

plan correct upto onedecimal place.

7. Anarticleisavailablefor I 25000 cash or 20% cash down payment followed by 6
monthly instalments of ¥ 3750 each. Calcul ate therate of interest charged under the

ingament plan.

9.3 TO FIND THE AMOUNT OF INSTALMENT

Now, let usthink the problem with the shopkeeper’sangle. A shopkeeper purchasesan
article at some priceand wantsto offer aninstalment plan to hiscustomers, ashe knows
that moreitemscan be sold in thisway. Now hewishesto chargeinterest at aparticul ar
rate and wantsto decide the cash down payment, theamount of equal instalmentsand the

number of instalments.

L et ustake someexamplestoillustrate the process.

Example9.5: A celling fanismarked at ¥ 1940 cash or for I 420 cash down payment
followed by three equal monthly instalments. If the rate of interest charged under the

instalment planis 16% per annum, find themonthly instalment.

Solution:

Cash priceof cellingfan=3 1940

Cash down payment =% 420

Let eachinstalment =X x

. Amount paid ininstalment plan =3 [420 + 3X]

. Interest paid =% (420 + 3x —1940) =¥ (3x — 1520)
Thebuyer owesto the seller for first month =% 1520
Thebuyer owesto the seller for 2nd month =3 (1520 —x)
Thebuyer owesto the seller for 3rd month =3 (1520 —2x)
.~. Totol principal for onemonth =3 [4560— 3x]

Rate of interest = 16%

. (3x—1520) = (4560 - 3x)1— =
10012

25(3x —1520) = (1520—x)

i.e., 76x =39520
or X =520

So, theamount of each instalment =3 520
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Example9.6: A computer isavailablefor I 34000 cash or ¥ 20000 cash down payment
together with 5 equal monthly instalments. If therate of interest charged under theinstal ment
planis30% per annum, cal cul ate the amount of each instal ment.

Solution: Cash price =3 34000
Cash down payment =< 20000
Balancetobepaidin5equa instalments=3 14000
L et eachinstalment be x
So, interest charged under instalment plan =3 (5x —14000)
Thebuyer owestotheseller for
1stmonth  2nd month 3rdmonth 4thmonth Sthmonth
314000 T (14000—x) T (14000-2x) T (14000-3x) < (14000-4x)
Therefore, total principal for one month =3 [70000—10x]

30 1
5x —=14000)= (70000 -10X )X —x —
So, (5x )=( )><1oox12

40 (5x — 14000) = 10(7000 — x)

20x —56000 = 7000 — x

or 21x = 63000

or x = 3000

Thus, theamount of each instalment =3 3000

Example9.7: Thecost of awashing machineis 12000. The company asksfor I 5200
inadvance and therest to be paid in equal monthly instalments. Therate of interest to be
chargedis 12% per annum. If acustomer can pay I 1400 each month, then how many
ingtalmentshewill haveto pay?

Solution: Let number of instalmentsbe‘n’
Cash price of washing machine=3 12000
Priceunder instalment plan =3 (5200 + 1400n)
- Interestcharged =3 (5200 + 1400n — 12000)
=Y (1400n — 6800)

Principa owed eachmonthis
First month =3 6800
2nd month =% 5400
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I nstalment Buying

3rd month =< 4000
4th month =< 2600
5thmonth =% 1200
6thmonth=nil

Total for one month =3 20000

12 1
20000x —x— = (1400n— 6800
=0, 100 12 ( )

1400n=7000i.en=5
Thus, the number of instalments=5

" CHECK YOUR PROGRESS 9.2

1.

A scooter isavailable for ¥ 30000 cash or for ¥ 15000 cash down payment and 4
equal monthly instalments. If therate of interest charged under theinstalment planis

1
335 %, find theamount of each instal ment.

A microwaveovenisavailablefor I 9600 cash or for ¥ 4000 cash down payment and

2
3equa monthly instalments. If therate of interest charged i522§ % per annum, find
theamount of eachinstalment.

An articleissold for ¥ 5000 cash or for ¥1500 cash down payment followed by 5
equal monthly instalments. If therate of interest charged is18% p.a., computethe
amount of each monthly instal ment.

Anarticleissold for ¥ 500 cash or ¥ 150 cash down payment followed by 5 equal
monthly instalments. If therate of interest charged is 18% per annum, computethe
monthly ingta ment.

9.4 TO FIND CASH PRICE

L et usnow take problemswherewe areto find the cash price of an articlewheninthe
instalment scheme, amount of each equal instalment, therate of interest, the number of
instalmentsand theamount of cashdown payment, aregiven.

Example9.8: A bicycleissold for I 500 cash down payment and< 610 after one month.
If therate of interest being charged is20% p.a., find the cash price of thebicycle.
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Solution: Cash down payment =3 500
Amount of instalment paid after onemonth =3 610
Rate of interest = 20%
Thuswehavetofind present value(i.e. Principal) of Rs. 610 paid after one month.

So, 610= [(Princi pal )x%x%+ Principal }

610x1200
1220
=3 600

.. The cash price of bicycle=% (500 + 600) =% 1100

Example 9.9: A camerais sold for ¥ 2500 as cash down payment and X 2100 after 3
months. If therate of interest charged is20% p.a., find the cash price of the camera.

Solution: Cash down payment =3 2500
Instalment paid after 3 months =3 2100

= 610 = Principal 1+£ or Principal = ¥
1200

Rate of interest =20%p.a.
S0, Principa amount for I 2100

2100x100  _ 2100x1200
100+ 20><l32 - 1260

=3 2000
Therefore, cash price =3 (2500 + 2000) =< 4500
AlternativeMethod:
Let cash pricebeX x.
Cash down payment =% 2500
Instalment paid =% 2100
. Interest =% (4600 —Xx)
Principal for theinstalment =< (x —2500)

~. (4600 - x) = (x — 2500)x 3,20 _x—2500
12”100 20

20(4600 —x) = x — 2500
or 21x = 92000 + 2500
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or 21x = 94500
or X = 4500
Hence, cash price =3 4500

Example9.10: A mixi was purchased by paying < 360 as cash down payment followed
by three equal monthly instal ments of I 390 each. If therate of interest charged under
instalment planis 16% p.a., find the cash price of the mixi.

Solution: L et the cash price of the mixi be3 x

Cash down payment =3 360
Amount paidin 3instalments=3 (3 x 390) =X 1170
Total paid =3 (360 + 1170) =X 1530

-~ Interest =% (1530 —x)
Principal for 1st month =3 (x —360)
Principal for 2nd month =3 (x —360—390) =X (x — 750)
Principal for 3rd month =3 (x — 750 —390) =3 (x — 1140)
Total principa foronemonth =3 [x — 360 + x — 750 + x — 1140]

=% [3x—2250]

16 _ (x—750)
100 25

So, (1530 -x)=(3x- 2250)><%><

25(1530—x) =x—750
or 26x = 38250 + 750 = 39000

39000
X =———=1500
or 6

Thus, the cash price of mixi =3 1500

CHECK YOUR PROGRESS 9.3

1.

2.

A tablewas purchased by paying acash down payment of I 750 followed by I 436
after aperiod of 6 months. If therate of interest charged is18% p.a., what isthecash
priceof thetable?

A refrigerator was purchased for acashdown payment of ¥ 7000 followed by asum
of ¥ 3180 after 3months. If therate of interest charged is24% p.a., find the cash price
of therefrigerator.
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3. A cooking range is available for ¥ 520 cash down payment followed by 4 equal
monthly instalments of ¥ 520 each. If therate of interest charged is25% per annum,
find the cash priceof the cookingrange.

4. A celingfanwaspurchased for < 210 as cash down payment followed by threeequal
instalments of ¥ 260 each. If therate of interest charged under theinstalment planis
16% p.a., then find the cash price of the ceiling fan.

5. Aneélectrical ovenwas purchased for I 1500 cash down payment, followed by five
equa monthly instalments of ¥ 440 each. If therate of interest charged per annum
under theinstalment planis24%, find the cash price of theoven

9.5 PROBLEMS INVOLVING COMPOUND INTEREST

Ininstalment buying whichinvolved monthly instalmentswith thetotal time period being
lessthan ayear, smpleinterest was used.

Sometimestheindividuastakelong-termloans, for purposeslike, buying ahouse, acar or
setting up afactory etc. Inthat case, the instalments are to be paid annually for along
period and thereforeinvolvesthe use of compoundinterest. Evenininsta ment buying for
aperiod less than a year, sometimes the seller charges compound interest when the
instamentsare semi annually or quarterly.

Now, we shall take some problemsinvolving compound interest.

Example9.11: Arefrigerator isavailablefor I 12000 cash or ¥ 3600 cash down payment
alongwith 2 equal half yearly instalments. If the dealer chargesaninterest of 20% p.a.
compounded semi-annually, under theinstament plan, find theamount of eachinstalment.

Solution: Cash priceof refrigerator =3 12000
Cash down payment =3 3600
Balance =3 8400
Rate of interest = 20% p.a. or 10% semi-annually

L et each monthly instalment beX x, then we shall find the present value (or the
Principd) for eachinstadment.

Let P, P, bethe present valuesof first, 2nd conversion period respectively.
1 2
. X= Pl[1+ Ej and x= P2(1+ Ej
100 100

10 10\’
P="—xand P,=| — | X
Therefore, R 11 b ( 11)

10 100
— X+ —x=28400
Thus, we have, 11 121
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. 8400x121
210

=4840

Thus, theamount of each instalment =3 4840.

Example9.12: A washing machinewasavailablefor I 15000 cash but was purchased
under an instalment plan after paying ¥ 2250 as cash down payment followed by two
equal haf yearly instalments. If interest charged was 8% per annum compounded semi-

annudly, findthevaueof eachinstalment.

Solution:

Example9.13: Ajuicerisavailablefor ¥ 3500 cash but was sold under instalment plan
wherethe purchaser agreed to pay I 1500 cash down and 3 equal quarterly instalments.
If thedealer chargesinterest at 12% p.a. compounded quarterly, find theamount of each

Cash price of thewashing machine =3 15000

Cash down payment =% 2250

Balanceto be paid =% [15000 — 2250] =% 12750

Rate of interest = 8% p.a. = 4% semi-annually

L et each instalment be x (semi-annualy) and

P,, P, bethe present val uesrespectively of thetwo instalments, then

1 2
SoX= Pl(1+ ij and x= p2(1+ i)
100 100

25 25)?
isgivesP,=—xand P,=| — | X
Thisgives B 6 2 (26)

26

25 25\ 25 25\ 25 51
26 26

12750 = — x+ X=—X 1+ —
Hence, 26 26 26

= X= 12750><§><§ =6760
25 51

Thus, eachinstalment =3 6760.

instal ment to the nearest rupee.

Solution:

Cash priceof thejuicer =% 3500
Cash down payment =% 1500
Balanceto be paid = (3500 — 1500) =< 2000

12
Rateof interest =12%p.a. = i 3% quarterly
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L et theamount of eachinstalment beRs. xand P, P,, P, respectively betheir

present values, then

2 3
X=R 1+i] , X= P2(1+ij and x=P, 1+i
100 100 100
Notes
_ 100

2 3
P=—Xx P,= 100 x and P, = 100 X
103 103 103

2 3 2
@x+ @ X+ 100 X:ZOOO:@X 1+@+ @ = 2000
103 103

103 103 103 (103
2
X= ZOOOX@X (103) =3 707
100" 30909

.. Eachinstalment =% 707

Example 9.14: A television set is sold for ¥ 7110 cash down payment along with
2 equa monthly instalments of ¥ 5581.50 each. If the dealer chargesinterest at 20% p.a.
compounded monthly under theinstalment plan, find the cash price of thetelevision set.

Solution: Cash down payment =X 7110

_ 11163
Amount of each monthly instalment =¥ 5581.50 =X S

20
Rateof interest=20%p.a = 7] monthly

Let P, P, bethePrincipalsfor 1st and 2nd instalment respectively

2
11163_p (), 20 ) 11163 () 20
2 1200 2 1200
11163 60 11163 60 60
isgives P, = =2 x> — Rs5490 and P, = =2 x> x > — Rs,5400
Thisgives & =541 2772 76l el

Thus, cash Price = [7110 + 5490 + 5400] =< 18000

Example9.15: A dealer offeresamicro-oven for I 5800 cash. A customer agreesto pay
< 1800 cash down and 3 equal annual instalments. If thedealer chargesinterest at 12%
p.a. compounded annually, what istheamount of each instalment.

Solution: Cash price of themicro-oven =3 5800
Cash down payment =% 1800
Balanceto be paid =% 4000
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Rateof interest = 12% p.a. compounded annually

. LetRs. x betheamount of eachinstament and P,, P,, P, be the principalsfor
eachingtal ment respectively.

2 3
s x=R 1+£ , X=PR, 1+£ and x=P, 1+£
100 100

2 3
:>Pl:§x, PZ:E X and Pszé X
28 28

2 3
. 25x+(25j x+(§j x = 4000
28

28" (28
or é 1+ é + @ = 4000
28 28 784
28 784
X =4000x —x =
or 252109 T 1665.40

Henceeachinstalment =¥ 1665.40

Example9.16: Aflat isavailablefor ¥ 1600000 cash or ¥ 585500 cash down payment
and three equal half yearly instaments. If the interest charged is 16% per annum
compounded haf yearly, ca culatetheva ue of eachinstament. Find dsothetota interest
charged.

Solution: Cash price of theflat =3 1600000
Cash down payment =3 585500
Balanceto be paid = 1014500
Rate of interest = 16% per annum = 8% semi annually

L et theamount of each instalment be< x and Let P, P, and P, bethe Principals
for eachinstalment respectively.

8 27 25
X=P|1+— |orx=RB| — | orP, =X —
o, 1( 100) 1(25) 1 X(27j

25\ 25\°

<. P+ P, + P, = 1014500
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é + § + x(ﬁJ =1014500
27 27 27
25\ 25 (25}’
211+24[ 221 |=1014500
{27){ 27 [27) } Notes
%22 2929 _ 1014500
27 729
1014500 27x 729
25x% 2029
=¥ 393660

Interestpaid = [393660 x 3 — 1014500]
=% [1180980 — 1014500]
=T 166480.

" . CHECK YOUR PROGRESS 9.4

1. AbicycleisavailableforI 1661 cash or by paying I 400 cash down and balancein
threeequa hdf yearly instalments. If theinterest charged is10% per annum compounded
semi-annudly, find theinsta ment.

2. A washing machineisavailablefor ¥ 15000 cash or ¥ 2000 cash down with two equal
half yearly instalments. If therate of interest charged is 16% per annum compounded
haf yearly, find theinstal ment.

3. Kamal purchased acomputer in instalment plan by paying I 5612.50 cash down
followed by three equal quarterly instalments of ¥ 8788 each. If therate of interest
charged was 16% per annum, compounded quarterly, find the cash price of the
computer. Also find thetotal interest charged.

4. A car wasavailablefor I 70000 cash or by paying I 21200 cash down along with
three equal annual instalments. If the dealer charges interest of 25% per annum,
compounded annually, find theamount of each instalment.

5. A microwave oven was purchased by paying acash down payment of ¥ 2800 along
with 2 equal annual instalments of ¥ 2420 each. If therate of interest charged under
theinstalment plan was 10% p.a. compounded annually, find the cash price of the
atide.
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Under an instalment scheme, the customer, after making a partial payment in the
beginning takesaway thearticlefor use, after signing the agreement to pay the balance
amountininsaments.

Under instalment plan, the buyer pays some extraamount, whichisinter est onthe
deferred payments.

I nstalment scheme encouragesthe buyer to saveat regular intervals, so asto pay the
ingaments.

Thepriceat whichthearticleisavailable, if full paymentismadein cash, iscalled the
cash priceof thearticle.

Thepartid payment madeat thetime of purchaseunder ingtalment planiscalled Cash
down payment.

The payments, which thebuyer hasto makeat regular intervals, arecaledinsadments.

H TERMINAL EXERCISE

1.

A sawing machineisavailablefor I 2600 cash payment or under aninstalment planfor
< 1000 cash down payment and 3 equa monthly instalments of ¥ 550 each. Find the
rate of interest charged under theinstalment plan.

Anil purchased atypewriter priced at ¥ 8000 cash payment under theinstalment plan
by making acashdown payment of ¥ 3200 and 5 equal monthly instalmentsof ¥ 1000
each. Find therate of interest charged under theinstalment plan.

A tableissold for ¥ 2000 cash or % 500 as cash payment followed by 4 equal monthly
instalmentsof ¥ 400 each. Find therate of interest charged under theinstalment plan.

AT.V. set hasacash price of ¥ 7500 or ¥ 2000 as cash down payment followed by
6 monthly instamentsof I 1000 each. Find therate of interest charged under instal ment

plan.

Anarticleisavailablefor ¥ 7000 cash or for I 1900 cash down payment and six equa
monthly instalments. If therate of interest charged isZ% % per month, determineeach
ingament.

Anarticleissoldfor ¥ 1000 cash or Rs. 650 cash down payment followed by 5 equal
monthly instalments. If therate of interest charged is 18% per annum, computethe
monthly insta ment.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

The sdlling price of awashing machineis3 14000. The company asksforI 7200in
advanceand therest to be paid in equa monthly instalmentsof I 1400 each. If therate
of interest is12% per annum, find the number of instalments.

A scooter isavailable for ¥ 30000 cash or for I 15000 cash down payment and 4
equal monthly instalments. If therate of interest charged under theinstalment planis

33% %, find theamount of each instalment.

A plot of landisavailablefor ¥ 200000 cash or I 100000 cash down payment and 5
monthly instalments of ¥ 21000 each. Find the rate of interest charged under the
ingament plan.

A steel almirah is marked for ¥ 3575 cash or I 1600 as cash down payment and
< 420 per month for 5 months. Find therate of interest under theinstalment plan.

A watchissoldfor I 1000 cash or for ¥ 300 cash down payment followed by 5 equa
monthly instalments. If therate of interest charged is18% p.a., compute the monthly
ingadment.

A computer isavailablefor I 34000 cash or I 20000 cash down payment, together
with 5 equa monthly instaments. If therateof interest charged under instadment planis
30% per annum, cal cul ate the amount of eachinstalment.

Ritapurchased awashing machinefor I 4000 cash down payment and 4 equa monthly
ingtalments. Thewashing machinewasa so availablefor I 15000 cash payment. If the
rateof interest charged under theinstalment plan is 18% per annum, find theamount of
eachinstalment.

A celling fanismarked at I 970 cash or ¥ 210 cash down payment followed by three
equal monthly instalments. If therate of interest charged under theinstalment planis
16% p.a., find themonthly instal ment.

A watchisavailablefor I 970 cash or for ¥ 350 as cash down payment followed by
3equa monthly instalments. If therate of interest is 24% per annum, find themonthly
ingament.

A DVD player was purchsed by the customer with acash down payment of ¥ 2750
and agreed to pay 3 equal half yearly instalmentsof ¥ 331 each. If theinterest charged
was 20% p.a. compounded half yearly, then find the cash price of the DVD player.

A flat can be purchased for ¥ 200000 cash from ahousing society or on thetermsthat
< 67600 be paid in the beginning as cash down payment followed by three equal half
yearly instalments. If the society charges interest at the rate of 20% per annum
compounded semi-annually. If theflat is purchased under instalment plan, find each
ingament.

A scooter was sold by ashopkeeper for cash down payment of ¥ 11000 alongwith 2
equa annual instalmentsof I 6250 each. If therate of interest charged was 25% per
annum compounded annually, find the cash price of the scooter.
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19. A computer isavailable for I 78600 cash or for I 25640 cash down payment and
threeequa quarterly instalments. If thedealer chargesinterest at therate of 20% per
annum compounded quarterly, find theval ue of eachinstament.

20. A builder announces sale of flats each for ¥ 3000000 cash or I 1031600 cash down
payment and three equal quarterly instalments. If therate of interest charged is 10%
per annum compounded quarterly, compute the value of each instalment under the
instalment scheme. Alsofind thetotd interest.

[ ]
i l ANSWERS TO CHECK YOUR PROGRESS

9.1
4 1 1
1. 4287% 2. 445 3. 21E % 4. 177 % 5.4.69%
6. 51.1% 7. 47.06%
9.2
1. %4000 2. % 3.3 775.77
4. ¥1934.55 4.3 77.6 approx.
9.3
1. T1150 2.3 10,000 3.3 2500
4. 970 5.3 3580
9.4
1. 3463.05 2.3 7290 3.7 30,000, X 1976.50
4. ¥ 25000 5.3 7000

[ ]
= ANSWERS TO TERMINAL EXERCISE

1 19-% 217 % 3, 33% a4 33%

5. 2920 6.2 63.35 7.5 8.% 4000
9. 20.7% 10. 26.43% 11,7 146.12 12. 7 3000
13. % 2850.86 14.3 366 (Approx)  15. % 220 16. T 6060
17.% 53240 18. T 20,000 19. % 19448

20. % 689210, ¥ 99230

Mathematics Secondary Course




MODULE -

Commercial
Mathematics

Secondary Course
Mathematics

Practice Work-Commercial Mathematics Notes

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1. Answer all the questions on a separate sheet of paper.
2. Give the following informations on your answer sheet
Name
Enrolment number
Subject
Topic of practice work
Address

3. Getyour practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

1. Byselling a school bag to a customer for T 660, a shopkeeper makes a profit of 10%.
The cost price (in rupees) of the school bag is 1

(A) 625 (B) 600
(©)575 (D) 550

2. A customer purchases a radio set for ¥ 5400 after getting 10% discount on its list
price. The list price of the radio set is 1

(A) % 5050 (B) T 5800
(C) % 5950 (D)% 6000

3. Listprice of abook is ¥ 300. A student purchases the book for I 234. Percentage of
discount is 1

(A)25 (B) 24
(©)22 (D) 20
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4. Theratio(inamplestform) of 35cmto2mis 1
(A)35:2 (B) 35:200
(©) 740 (D) 40:7
5. Thedifferencein simpleand compound interest for ¥ 2000 at 10% per annumin 2
years, compounded annualy is 1
(A)X 20 (B)X 200
(©)X 400 (D)XO
6. Determinethevaueof kif 20: k:: 25: 450. 2
7. 1f 120isreduced to 96, what isthe percentage reduction? 2
8. Ifthecodt priceof 15articlesisthesameasthesdling priceof 12 articles, findthegain
or losspercent in thetransaction. 2
9. Findthesinglediscount equivalent to the discount series of 20%, 15% and 10%.
2
10. Find thethe sum of money which will amount to< 26010 in six monthsat the rate of
8% per annum, when interest iscompounded quarterly. 2
11. A sewing machineisavailablefor ¥ 2600 cash or under instalment plan for I 1000
cash down payment followed by 3 monthly instalmentsof ¥ 550 each. Find therate of
interest charged under theinstalment plan. 4
12. A treegainsitsheght at therate of 2% of what it wasin the beginning of themonth. If

itsheight was 1.5 min the beginning of January 2010, find theheight at theend of April
2010.
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LINES AND ANGLES

Observe the top of your desk or table. Now move your hand on the top of your table. It
gives an idea of a plane. Its edges give an idea of a line, its corner, that of a point and the
edges meeting at a corner give an idea of an angle.

After studying this lesson, you will be able to

illustrate the concepts of point, line, plane, parallel lines and interesecting lines;
recognise pairs of angles made by a transversal with two or more lines;

verify that when a ray stands on a line, the sum of two angles so formed is 180°;
verify that when two lines intersect, vertically opposite angles are equal;

verify that if a transversal intersects two parallel lines then corresponding angles
in each pair are equal;

verify that if a transversal intersects two parallel lines then

(a) alternate angles in each pair are equal

(b) interior angles on the same side of the transversal are supplementary;
prove that the sum of angles of a triangle is 180°

verify that the exterior angle of a triangle is equal to the sum of two interior
opposite angles; and

explain the concept of locus and exemplify it through daily life situations.

find the locus of a point equidistent from (a) two given points, (b) two intersecting
lines.

solve problems based on starred result and direct numerical problems based on
unstarred results given in the curriculum.
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EXPECTED BACKGROUND KNOWLEDGE

e point, line, plane, intersecting lines, rays and angles.

e parrallel lines

10.1 POINT, LINE AND ANGLE

In earlier classes, you have studied about a point, a line, a plane and an angle. Let us
quickly recall these concepts.

Point : If we press the tip of a pen or pencil on a piece of paper, we get a fine dot, which
is called a point.

A C
Fig. 10.1

A point is used to show the location and is represented by capital letters A, B, C etc.
10.1.1 Line

Now mark two points A and B on your note book. Join them with the help of a ruler or a
scale and extend it on both sides. This gives us a straight line or simply a line.

A
A

Fig. 10.2

In geometry, a line is extended infinitely on both sides and is marked with arrows to give
this idea. A line is named using any two points on it, viz, AB or by a single small letter /, m
etc. (See fig. 10.3)

Fig. 10.3

The part of the line between two points A and B is called a line segment and will be named
AB.

Observe that a line segment is the shortest path between two points A and B. (See Fig.
10.4)
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A B

Fig. 10.4 Notes

10.1.2 Ray

If we mark a point X and draw a line, starting from it extending infinitely in one direction
only, then we getaray XY.

Fig. 10.5
Xis called the initial point of the ray XY.

10.1.3 Plane

If we move our palm on the top of a table, we get an idea of a plane.

H .

Fig. 10.6
Similarly, floor of a room also gives the idea of part of a plane.
Plane also extends infintely lengthwise and breadthwise.
Mark a point A on a sheet of paper.

How many lines can you draw passing though this point? As many as you wish.

N7
2N

Fig. 10.7
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In fact, we can draw an infinite number of lines through a point.

Take another point B, at some distance from A. We can again draw an infinite number of
lines passing through B.

Fig. 10.8

Out of these lines, how many pass through both the points A and B? Out of all the lines
passing through A, only one passes through B. Thus, only one line passes through both the
points A and B. We conclude that one and only one line can be drawn passing through
two given points.

Now we take three points in plane.

A

A 4

Fig. 10.9
We observe that a line may or may not pass through the three given points.

If aline can pass through three or more points, then these points are said to be collinear.
For example the points A, B and C in the Fig. 10.9 are collinear points.

If aline can not be drawn passing through all three points (or more points), then they are
said to be non-collinear. For example points P, Q and R, in the Fig. 10.9, are non-
collinear points.

Since two points always lie on a line, we talk of collinear points only when their number is
three or more.

Let us now take two distinct lines AB and CD in a plane.

C D B C b
/ < >
A A B
Fig. 10.10

How many points can they have in common? We observe that these lines can have. either
(i) one point in common as in Fig. 10.10 (a) and (b). [In such a case they are called
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intersecting lines] or (ii) no points in common as in Fig. 10.10 (c). In such a case they are
called parrallel lines.

Now observe three (or more) distinct lines in plane.

/ - ) Notes
>K; . N/ |
(a) /(b)

(©) (d)
Fig. 10.11
What are the possibilities ?
(1) They may interest in more than one point as in Fig. 10.11 (a) and 10.11 (b).

or (i) They may intesectin one pointonly as in Fig. 10.11 (c). In such a case they are
called concurrent lines.

or (i) They may be nonintersecting lines parrallel to each other as in Fig. 10.11 I(d).
10.1.4 Angle

Mark a point O and draw two rays OA and OB starting from O. The figure we get is
called an angle. Thus, an angle is a figure consisting of two rays starting from a common
point.

B

Y

>

Fig. 10.11(A)

This angle may be named as angle AOB or angle BOA or simply angle O; and is written as
ZAOB or ZBOA or ZO. [see Fig. 10.11A]

An angle is measured in degrees. If we take any point O and draw two rays starting from
it in opposite directions then the measure of this angle is taken to be 180° degrees, written
as 180°.
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This measure divided into 180 equal parts is called one degree (written as 1°).
Angle obtained by two opposite rays is called a straight angle.

An angle of 90°is called a right angle, for example Z/BOA or ZBOC is a right angle in
Fig. 10.13.

sl $s

Noo gof -\900

Right angle c o A

>V

Fig. 10.13

Two lines or rays making a right angle with each other are called perpendicular lines. In
Fig. 10.13 we can say OA is perpendicular to OB or vice-versa.

An angle less than 90° is called an acute angle. For example ZPOQ is an acute angle in
Fig. 10.14(a).

An angle greater than 90° but less than 180° is called an obtuse angle. For example,
ZXQY is an obtuse angle in Fig. 10.14(b).

/ \
32°
40° — .
o Q 0
(a)

Y
Fig. 10.14 ®)
10.2 PAIRS OF ANGLES
B A
1
2 ; ——
S c
Fig. 10.15
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Observe the two angles Z1 and £2 in each of the figures in Fig. 10.15. Each pair has a
common vertex O and a common side OA in between OB and OC. Such a pair of angles

is called a ‘pair of adjacent angles’.
A

RN

Fig. 10.16

(b)

Observe the angles in each pair in Fig. 10.16[(a) and (b)]. They add up to make a total of
90°.

A pair of angles, whose sum is 90°, is called a pair of complementary angles. Each angle
is called the complement of the other.

Z \12. \QQ 80°
(a)

< >
< —>

a Fig. 10.17 (b)
Again observe the angles in each pair in Fig. 10.17[(a) and (b)].
These add up to make a total of 180°.
A pair of angles whose sum is 180", is called a pair of supplementary angles.
Each such angle is called the supplement of the other.

Draw aline AB. From a point C on it draw a ray CD making two angles ZX and £Y.

A Cc B
Fig. 10.18
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If we measure £X and £Y and add, we will always find the sum to be 180°, whatever be
the position of the ray CD. We conclude

If a ray stands on a line then the sum of the two adjacent angles so formed

Notes is 180°.
The pair of angles so formed as in Fig. 10.18 is called a linear pair of angles.
Note that they also make a pair of supplementary angles.

Draw two intersecting lines AB and CD, intersecting each other at O.

Fig. 10.19

ZAOC and ZDOB are angles opposite to each other. These make a pair of vertically
oppposite angles. Measure them. You will always find that

ZAOC = ZDOB.

ZAQOD and ZBOC is another pair of vertically opposite angles. On measuring, you will
again find that

ZAOD = ZBOC
‘We conclude :

If two lines intersect each other, the pair of vertically opposite angles are
equal.

An activity for you.

Attach two strips with a nail or a pin as shown in the figure.

Fig. 10.20
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Rotate one of the strips, keeping the other in position and observe that the pairs of verti-
cally opposite angles thus formed are always equal.
A line which intersects two or more lines at distinct points is called a transversal. For
example line /in Fig. 10.21 is a transversal. Notes

Fig. 10.21

When a transversal intersects two lines, eight angles are formed.

Fig. 10.22

These angles in pairs are very important in the study of properties of parallel lines. Some of
the useful pairs are as follows :

(a) Z1 and 45 is a pair of corresponding angles. £2 and £6, /3 and £7 and £4 and
/8 are other pairs of corresponding angles.

(b) £3and £61is a pair of alternate angles. £4 and /5 is another pair of alternate angles.
(c) 43 and £S5 is apair of interior angles on the same side of the transversal.
Z4 and Z6 is another pair of interior angles.

In Fig. 10.22 above, lines m and n are not parallel; as such, there may not exist any relation
between the angles of any of the above pairs. However, when lines are parallel, there are
some very useful relations in these pairs, which we study in the following:

When a transversal intersects two parallel lines, eight angles are formed, whatever be the
position of parallel lines or the transversal.
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Fig. 10.23
If we measure the angles, we shall alwys find that
L1 = /5, L2 = /6, £3=/Tand L4 = £8
that is, angles in each pair of corresponding angles are equal.
Also £3=/6and L4 = L5
that is, angles in each pair of alternate angle are equal.
Also, Z3+ £5=180°and £4 + £6 = 180°.
Hence we conclude :
When a transversal intersects two parallel lines, then angles in
(i) each pair of corresponding angles are equal
(ii) each pair of alternate angles are equal

(iii) each pair of interior angles on the same side of the transversal are supple-
mentary,

You may also verify the truth of these results by drawing a pair of parallel lines (using
parallel edges of your scale) and a transversal and measuring angles in each of these pairs.

Converse of each of these results is also true. To verify the truth of the first converse, we
draw a line AB and mark two points C and D on it.

A
- CKSOO I
CE F
D/~\50° N
G H
B
Fig. 10.24

At C and D, we construct two angles ACF and CDH equal to each other, say 50°, as
shown in Fig. 10.24. On producing EF and GH on either side, we shall find that they do
not intersect each other, that is, they are parallel.

270 Mathematics Secondary Course




Lines and Angles

In a similar way, we can verify the truth of the other two converses.

Hence we conclude that

When a transversal inersects two lines in such a way that angles in
(i) any pair of corresponding angles are equal

or (i) any pair of alternate angles are equal

or (ili) any pair of interior angles on the same side of transversal are supple-
mentary then the two lines are parallel.

Example 10.1 : Choose the correct answwer out of the alternative options in the follow-
ing multiple choice questions.

A
A
C
0N R
E o) F
D
B
v
Fig. 10.25
@i InFig. 10.25, ZFOD and ZBOD are
(A) supplementary angles (B) complementary angles

(C) vertically opposite angles (D) alinear pair of angles Ans. (B)
@) InFig. 10.25, ZCOE and ZBOE are

(A) complementary angles (B) supplementary angles

(C) alinear pair (D) adjacent angles Ans. (D)
@) InFig.10.25, ZBOD isequal to

(A)x° (B) (90 + x)°

(©) (90 —x)° (D) (180 —x)° Ans (C)
@iv) Anangleis 4 times its supplement; the angle is

(A) 39 (B) 72°

(C) 108° (D) 144° Ans (D)
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(v) What value of x will make ACB a straight angle in Fig. 10.26
D E
2x’
Notes - » 30
A c B
Fig. 10.26
(A) 30° (B) 40°
(C) 50° (D) 60° Ans (C)

Fig. 10.27

In the above figure, / is parallel to m and p is parallel to .

(vi) Z3and £5 form a pair of

(A) Alternate angles (B) interior angles
(C) vertically opposite (D) corresponding angles Ans (D)
(vi)) In Fig. 10.27, if £1 =80°, then £6 is equal to
(A) 80° (B) 90°
(C) 100° (D) 110° Ans (C)
A
B
A Cc
90°
L o Mo
Fig. 10.28

(viii) In Fig. 10.28, OA bisects £ZLLOB, OC bisects ZMOB and ZAOC =90°. Show that
the points L, O and M are collinear.

272 Mathematics Secondary Course




Lines and Angles

Solution : ZBOL=2 ZBOA ..()
and ZBOM =2 ZBOC ..(ii)
Adding (i) and (ii), ZBOL + ZBOM =2 ZBOA +2/BOC
- ZLOM =2[£BOA + £ZBOC]
=2 x90°
= 180° = a straight angle

.. L, Oand M are collinear.

CHECK YOUR PROGRESS 10.1.

1. Choose the correct answer out of the given alternatives in the following multiple

choice questions :

Fig. 10.29
In Fig. 10.29, AB Il CD and PQ intersects them at R and S respectively.
(i) ZARSand ZBRS form

(A) apair of alternate angles

(B) alinear pair

(C) apair of corresponding angles

(D) apair of vertically opposite angles
(i) ZARS and ZRSD form a pair of

(A) Alternate angles (B) Vertically opposite angles
(C) Corresponding angles (D) Interior angles

i) If ZPRB =60°, then ZQSC is
(A) 120° (B) 60°
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(C) 30° (D) 90°
D
Notes
720 .
A 0 B
c
Fig. 10.30
@v) InFig.10.30 above, AB and CD intersect at O. ZCOB is equal to
(A) 36° (B) 72°
(C) 108° (D) 144°
X\Q\o o
&t o
Y o B
Fig. 10.31

2. InFig.10.31 above, AB is a straight line. Find x
3.  InFig. 10.32 below, [ is parallel to m. Find angles 1 to 7.

1/74 N
2
5

6

> |
3
4
—m
/TVI

Fig. 10.32

<
<
il
<&

10.3 TRIANGLE, ITS TYPES AND PROPERTIES

Triangle is the simplest polygon of all the closed figures formed in a plane by three line
segments.
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Fig. 10.33
Itis a closed figure formed by three line segments having six elements, namely three angles

(i) ZABC or £B (ii) ZACB or £C (iii) ZCAB or ZA and three sides : (iv) AB (v) BC
(vi)CA

Itis named as A ABC or ABAC or A CBA and read as triangle ABC or triangle BAC or
triangle CBA.

10.3.1 Types of Triangles

Triangles can be classified into different types in two ways.

(a)  Onthe basis of sides

VANANIPAN

(1) (ii1)
Fig. 10.34

(i)  Equilateral triangle : a triangle in which all the three sides are equal is called an
equilateral trangle. [A ABC in Fig. 10.34(i)]

(i) Isosceles triangle : A triangle in which two sides are equal is called an isosceles
triangle. [ADEF in Fig. 10.34(ii)]

(i) Scalene triangle : A triangle in which all sides are of different lengths, is called a
sclene triangle [A LMN in Fig. 10.34(iii)]

(b) On the basis of angles :

R X
Pd

Q u \
) (i) (ii1)
Fig. 10.35
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(i)  Obtuse angled triangle : A triangle in which one of the angles is an obtuse angle is
called an obtuse angled triangle or simply obtuse triangle [A PQR is Fig. 10.35(1)]

(i) Rightangled triangle : A triangle in which one of the angles is a right angle is called
aright angled triangle or right triangle. [A UVW in Fig. 10.35(ii)]

(i) Acute angled triangle : A triangle in which all the three angles are acute is called an
acute angled triangle or acute triangle [A XYZ in Fig. 10.35(iii)

Now we shall study some important properties of angles of a triangle.

10.3.2 Angle Sum Property of a Triangle

We draw two triangles and measure their angles.

B c Q R
Fig. 10.36

In Fig. 10.36 (a), ZLA =80°, B =40°and £C =60°

ZA + £ZB + ZC = 80° + 40° + 60° = 180°
In Fig. 10.36(b), £P =30°, £Q =40°, ZR = 110°

P+ Z£Q+ ZR =30°+40°+ 110° = 180°
What do you observe? Sum of the angles of triangle in each case in 180°.
We will prove this result in a logical way naming it as a theorem.

Theorem : The sum of the three angles of triangle is 180°.

D A E

.

oy
¢ e

Fig. 10.37
Given : Atriangle ABC
To Prove : ZA+ /B + £C =180°
Construction : Through A, draw a line DE parallel to BC.

Proof : Since DE is parallel to BC and AB is a transversal.
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/ZB=/DAB (Pair of alternate angles)
Similarly ZC= ZEAC (Pair of alternate angles)
- ZB+ £ZC=4ZDAB + ZEAC (1)
Notes

Now adding ZA to both sides of (1)
LA+ 4B+ £C=ZA + ZDAB + ZEAC
= 180° (Angles making a straight angle)

10.3.3 Exterior Angles of a Triangle

Let us produce the side BC of AABC to a point D.

A

C
Fig. 10.38

In Fig. 10.39, observe that there are six exterior angles of the AABC, namely £1, /2,
Z3, /4, /5 and Z£6.

Fig. 10.39
In Fig. 10.38, ZACD so obtained is called an exterior angle of the AABC. Thus,

The angle formed by a side of the triangle produced and another side of the
triangle is called an exterior angle of the triangle.

Corresponding to an exterior angle of a triangle, there are two interior opposite angles.

Interior opposite angles are the angles of the triangle not forming a linear
pair with the given exterior angle.

For example in Fig. 10.38, ZA and £B are the two interior opposite angles correspond-
ing to the exterior angle ACD of AABC. We measure these angles.

ZA =60°
ZB =50°
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and ZACD =110°
We observe that ZACD = ZA + ZB.
This observation is true in general.
Thus, we may conclude :

An exterior angle of a triangle is equal to the sum of the two interior
opposite angles.

Examples 10.3 : Choose the correct answer out of the given alternatives in the fol-
lowing multiple choice questions:

(1) Which of the following can be the angles of a triangle?

(A) 65°, 45° and 80° (B) 90°, 30° and 61°
(C) 60°, 60°and 59° (D) 60°, 60° and 60°. Ans (D)
A
105° 7500
B Cc D
Fig. 10.40
(i) InFig. 10.40 ZA is equal to
(A) 30° (B) 35°
(C) 45° (D) 75° Ans (C)
(iii) In a triangle, one angle is twice the other and the third angle is 60°. Then the
largest angle is
(A) 60° (B) 80°
(C) 100° (D) 120° Ans (B)
Example 10.4:
P
GAH

Fig. 10.41
In Fig. 10.41, bisctors of ZPQR and ZPRQ intersect each other at O. Prove that

1
ZQOR =90° + 5 ZP.
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1
Solution : ZQOR = 180°— 5 [£ZPQR + ZPRQ)]

1

=180° - ) (£PQR + £ZPRQ) Notes
1

=180° - 3 (180° — £P)

1 1
=180°-90° + ELP:90°+ ELP

CHECK YOUR PROGRESS 10.2

1.

2.
3.

Choose the correct answer out of given alternatives in the following multiple choice
questions:

(i) A triangle can have
(A) Tworight angles (B) Two obtuse angles
(C) At the most two acute angles (D) All three acute angles

(i) In a right triangle, one exterior angles is 120°, The smallest angle of the triangles is

(A) 20° (B) 30°
(C) 40° (D) 60°
(iii) o A
65°
- 65°
E C B
Fig. 10.42
InFig. 10.42, CD is parallel to BA. ZACB is equal to
(A) 55° (B) 60°
(C) 65° (D) 70°

The angles of a triangle are in the ratio 2 : 3 : 5, find the three angles.

Prove that the sum of the four angles of a quadrilateral is 360°.
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4. In Fig. 10.43, ABCD is a trapezium such that ABIIDC. Find ZD and ZC and
verify that sum of the four angles is 360°.

D 9

40° 70°

Fig. 10.43

5. Prove that if one angle of a triangle is equal to the sum of the other two angles,
then it is a right triangle.

6. InFig. 10.44, ABC is triangle such that ZABC = ZACB. Find the angles of the
triangle.
A

1350

o)
(9]
Q

Fig. 10.44

10.4 LOCUS

During the game of cricket, when a player hits the ball, it describes a path, before being
caught or touching the ground.

-----------

e .
-
.

Fig. 10.44
The path described is called Locus.

A figure in geometry is a result of the path traced by a point (or a very small particle)
moving under certain conditions.

For example:

(1) Giventwo parallel lines / and m, also a point P between them equidistant from both
the lines.
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- » 1
p
o
- > m
Fig. 10.45 Notes

If the particle moves so that it is equidistant from both the lines, what will be its path?

A

Fig. 10.46

The path traced by P will be a line parallel to both the lines and exactly in the middle of
them as in Fig. 10.46.

(2) Given afixed point O and a point P at a fixed distance d.

v
O.
Fig. 10.47

If the point P moves in a plane so that it is always at a constant distance d from the
fixed point O, what will be its path?

Fig. 10.48
The path of the moving point P will be a circle as shown in Fig. 10.48.

(3) Place a small piece of chalk stick or a pebble on top of a table. Strike it hard with a

pencil or a stick so that it leaves the table with a certain speed and observe its path
after it leaves the table.
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Fig. 10.49

The path traced by the pebble will be a curve (part of what is known as a parabola) as
shown in Fig. 10.49.

Thus, locus of a point moving under certain conditions is the path or the geometrical figure,
every point of which satisfies the given conditon(s).

10.4.1 Locus of a point equidistant from two given points

Let A and B be the two given points.

A B
Fig. 10.50

We have to find the locus of a point P such that PA = PB.

Joint AB. Mark the mind point of AB as M. Clearly, M is a point which is equidistant from
Aand B. Mark another point P using compasses such that PA=PB. Join PM and extend
iton both sides. Using a pair of divider or a scale, it can easily be verified that every point
on PM is equidistant from the points A and B. Also, if we take any other point Q not lying
on line PM, then QA # QB.

Also ZAMP = ZBMP =90°
That is, PM is the perpendicular bisector of AB.

Fig. 10.51
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Thus, we may conclude the following:
The locus of a point equidistant from two given poitns is the perpendicular
bisector of the line segment joining the two points.
Activity foryou : Notes

Mark two points A and B on a sheet of paper and join them. Fold the paper along mid-
point of AB so that A coincides with B. Make a crease along the line of fold. This crease
is a straight line. This is the locus of the point equidistant from the given points A and B. It
can be easily checked that very point on it is equidistant from A and B.

10.4.2 Locus of a point equidistant from two lines intersecting at O

Let AB and CD be two given lines intersecting at O.

Fig. 10.52
We have to find the locus of a point P which is equidistant from both AB and CD.
Draw bisectors of ZBOD and ZBOC.

Fig. 10.53

If we take any point P on any bisector / or m, we will find perpendicular distances PL and
PM of P from the lines AB and CD are equal.

that is, PL =PM

If we take any other point, say Q, not lying on any bisector / or m, then QL will not be
equal to QM.

Thus, we may conclude :

The locus of a point equidistant from two intersecting lines is the pair of
lines, bisecting the angles formed by the given lines.

Mathematics Secondary Course 283




MODULE - 3 Lines and Angles

Geometry

Activity for you :

Draw two lines AB and CD intersecting at O, on a sheet of paper. Fold the paper through
O so that AO falls on CO and OD falls on OB and mark the crease along the fold. Take

Notes | apiontP on this crease which is the bisector of ZBOD and check using a set square that

PL=PM

Fig. 10.54

In a similar way find the other bisector by folding again and getting crease 2. Any point on
this crease 2 is also equidistant from both the lines.

Example 10.5 : Find the locus of the centre of a circle passing through two given points.

Solution : Let the two given points be A and B. We have to find the position or positions
of centre O of a circle passing through A and B.

0]

Fig. 10.55

Point O must be equidistant from both the points A and B. As we have already learnt, the
locus of the point O will be the perpendicular bisector of AB.

Fig. 10.56
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CHECK YOU PROGRESS 10.3

1. Find the locus of the centre of a circle passing through three given points A, B

and C which are non-collinear. Notes

N

There are two villages certain distance apart. A well is to be dug so that it is equidis-
tant from the two villages such that its distance from each village is not more than
the distance between the two villages. Representing the villages by points A and B
and the well by point P. show in a diagram the locus of the point P.

b

Two straight roads AB and CD are intersecting at a point O. An observation post
is to be constructred at a distance of 1 km from O and equidistant from the roads
AB and CD. Show in a diagram the possible locations of the post.

>

Find the locus of a point which is always at a distance 5 cm from a given line AB.

@hm

e A line extends to inifinity on both sides and a line segment is only a part of it
between two points.

e Two distinct lines in a plane may either be intersecting or parallel.
e [fthree or more lines intersect in one point only then they are called cocurrent lines.
e  Two rays starting from a common point form an angle.
e A pair of angles, whose sum is 90° is called a pair of complementary angles.
e A pair of angles whose sum is 180° is called a pair of supplementary angles.
e Ifaray stands on a line then the sum of the two adjacent angles, so formed is 180°
e [ftwo lines intersect each other the pairs of vertically opposite angles are equal
e  When a transversal intersects two parallel lines, then
(i) corresponding angles in a pair are equal.
(ii) alternate angles are equal.
(iii) interior angles on the same side of the transversal are supplementary.
e  The sum of the angles of a triangle is 180°
e  Anexterior angle of a triangle to equal to the sum of the two interior opposite angles

e Locus of a point equidistant from two given points is the perpendicular bisector
of the line segment joing the points.
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e  Thelocus of a point equidistant from the intersecting lines is the pair of lines, bisecting
the angle formed by the given lines.

Notes
H TERMINAL EXERCISE

1. InFig.10.57,if x =42, then determine (a) y (b) LAOD

C

Fig. 10.58

In the above figure p, q and r are parallel lines intersected by a transversal / at A, B
and C respectively. Find Z1 and £2.

3. The sum of two angles of a triangle is equal to its third angle. Find the third angle.
What type of triangle is it?

Fig. 10.59

In Fig. 10.59, sides of A ABC have been produced as shown. Find the angles of the
triangle.
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5. F
A
Notes
c -E

] /é/
Fig. 10.60

In Fig. 10.60, sides AB, BC and CA of the triangle ABC have been produced as
shown. Show that the sum of the exterior angles so formed is 360°.

6. A
B C
Fig. 10.61
In Fig. 10.61 ABC s a triangle in which bisectors of ZB and ZC meet at O. Show
that ZBOC = 125°.
A
’ A
E F
B \v/>< c
D

Fig. 10.62
In Fig. 10.62 above, find the sum of the angles, ZA , ZF, ZC, /D, /B and ZE.

60° 360
B ° C
D E

Fig. 10.63
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In Fig. 10.63 in A ABC, AD is perpendicular to BC and AE is bisector of ZBAC.
Find ZDAE,
9. P
Notes /\
Q - = 5

Fig. 10.64

In Fig. 10.64 above, in A PQR, PT is bisector of ZP and QR is produced to S.
Show that Z/PQR + ZPRS =2 /PTR.

10. Prove that the sum of the (interior) angles of a pentagon is 540°.

11. Find the locus of a point equidistant from two parallel lines / and m at a distance of 5
cm from each other.

12. Find the locus of a point equidistant from points A and B and also equidistant from
rays AB and AC of Fig. 10.65.

/
A L 4
C

Fig. 10.65

A
u ANSWERS TO CHECK YOUR PROGRESS
10.1
1L ()(B) (i) (A) (iii) (B) (iv) (C)
2. x=17°
3. L1=/43=/44=,6=110°
and £L2=/5=/7="70°.
10.2
1. ()(D) (i) (B) (iii) (B)
2. 36° 54°and 90° 4. /D = 140° and ZC = 110°
6. ZABC =45°, ZACB =45° and ZA =90°
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10.3

1. Only a point, which is the point of intersection of perpendicular bisectors of AB
and BC.

2. Letthe villages be A and B, then locus will be the line segment PQ, perpendicular
bisector of AB such that

AP=BP=QA=QB=AB

Q

Fig. 10.65

3. Possible locations will be four points two points P and Q on the bisector of ZAOC
and two points R and S on the bisector of ZBOC.

7k R
c B
%o < 5%
D
A S
N4
Fig. 10.66

4. Two on either side of AB and lines parallel to AB at a distance of 5 cm from AB.

A
ﬂ ANSWERS TO TERMINAL EXERCISE

1. (a)y=27(b)=126° 2. /1 =48 and £2 = 132°
3. Third angle = 90°, Right triangle 4. /A = 35°, /B = 75° /C = 70°
7. 360° 8. 120

11. A line parallel to locus / and m at a distance of 2.5 cm from each.

12. Point of intersection of the perpendicular bisector of AB and bisector of ZBAC.
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CONGRUENCE OF TRIANGLES

You might have observed that leaves of different trees have different shapes, but leaves of
the same tree have almost the same shape. Although they may differ in size. The geometrical
figures which have same shape and same size are called congruent figures and the property
is called congruency.

In this lesson you will study congruence of two triangles, some relations between their
sides and angles in details.

6 e

After studying this lesson, you will be able to
e verify and explain whether two given figures are congruent or not.

e state the criteria for congruency of two triangles and apply them in solving
problems.

e prove that angles opposite to equal sides of a triangle are equal.
e prove that sides opposite to equal angles of a triangle are equal.

e prove that if two sides of triangle are unequal, then the longer side has the
greater angle opposite to it.

e state and verify inequalities in a triangle involving sides and angles.

e solve problems based on the above results.

EXPECTED BACKGROUND KNOWLEDGE

e Recognition of plane geometrical figures
e Equality of lines and angles

e Types of angles

e Angle sum property of a triangle

e Paper cutting and folding.
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11.1 CONCEPT OF CONGRUENCE
In our daily life you observe various figures and objects. These figures or objects can be
categorised in terms of their shapes and sizes in the following manner.
Notes

(i) Figures, which have different shapes and sizes as shown in Fig. 11.1

AN

(i) Objcts, which have same shpaes but different sizes as shown in Fig. 11.2

Fig. 11.1

Fig. 11.2

(iii) Two one-rupee coins.

Fig. 11.3

@iv) Two postage stamps on post cards

LT

Fig. 11.4
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(v) Two photo prints of same size from the same negative.

Notes

Fig. 11.5

We will deal with the figures which have same shapes and same sizes.

Two figures, which have the same shape and same size are called congruent
figures and this property is called congruence.

11.1.1. Activity

Take a sheet of paper, fold it in the middle and keep a carbon (paper) between the two
folds. Now draw a figure of a leaf or a flower or any object which you like, on the upper
part of the sheet. You will get a carbon copy of it on the sheet below.

The figure you drew and its carbon copy are of the same shape and same size. Thus, these
are congruent figures. Observe a butterfly folding its two wings. These appear to be one.

11.1.2 Criteria for Congruence of Some Figures

Congruent figures, when palced one over another, exactly coincide with one another or
cover each other. In other words, two figures will be congruent, if parts of one figure are
equal to the corresponding parts of the other. For example :

(1) Two line - segments are congruent, when they are of equal length.

A B C D
Fig. 11.6

(2) Two squares are congruent if their sides are equal.

Fig. 11.7
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(3) Twocircles are congruent, if their radii are equal, implying their circumferences are
also equal.

Fig. 11.8

11.2 CONGRUENCE OF TRIANGLES

Triangle is a basic rectilinear figure in geometry, having minimum number of sides. As such
congruence of triangles plays a very important role in proving many useful results. Hence
this needs a detailed study.

Two triangles are congruent, if all the sides and all the angles of one are
equal to the corresponding sides and angles of other.

For example, in triangles PQR and XYZ in Fig. 11.9

Q R Y b 4

Fig. 11.9
PQ=XY,PR=XZ,QR=YZ
LP=1X,ZQ=4LY and LR =17
Thus we can say
APQR is congruent to A XYZ and we write
APQR =AXYZ

Relation of congruence between two triangles is always written with corresponding or
matching parts in proper order.

Here APQR =AXYZ

also means P corresponds to X, Q corresponds to Y and R corresponds to Z.
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This congruence may also be written as A QRP =A YZX whichmeans, Q corresponds to
Y, R corresponds to Z and P corresponds to X. It also means corresponding parts, (ele-
ments) are equal, namely
Notes QR=YZ,RP=7ZX,QP=YX, £Q= LY, LR =Z1Z

and ZP=2sX

This congruence may also be written as
ARPQ =AZXY

butNOTas APQR=AYZX.

OrNOTas APQR=AZXY.

11. 3 CRITERIA FOR CONGRUENCE OF TRIANGLES

In order to prove, whether two triangles are congruent or not, we need to know that all the
six parts of one triangle are equal to the corresponding parts of the other triangle. We shall
now learn that it is possible to prove the congruence of two triangles, even if we are able
to know the equality of three of their corresponding parts.

Consider the triangle ABC in Fig. 11.10

A
B ' c

Fig. 11.10
Construct another triangle PQR such that QR = BC, ZQ = ZB and PQ = AB.

(See Fig. 11.11)
P
Q * R

Fig. 11.11

If we trace or cut out triangle ABC and place it over triangle PQR. we will observe that
one covers the other exactly. Thus, we may say that they are congruent.

Alternatively we can also measure the remaining parts, and observe that
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AC=PR, ZA=/Pand LC=~ZR
showing that A PQR = A ABC.

It should be noted here that in constructing A PQR congruent to A ABC we used only two
parts of sides PQ = AB, QR = BC and the included angle between them £Q = ZB.

This means that equality of these three corresponding parts results in congruent triangles.

Thus we have

Criterion 1 : If any two sides and the included angle of one triangle are
equal to the corresponding sides and the included angle of the other triangle,
the two triangles are congruent.

This criterion is referred to as SAS (Side Angle Side).

Again, consider A ABCinFig. 11.12
A

Fig. 11.12
Construct another A PQR such that, QR =BC, ZQ= 4B and LR =ZC. (See Fig. 11.13)

A P

B c Q R

Fig. 11.13

By superimposition or by measuring the remaining corresponding parts, we observe that
/P=/A,PQ=AB and PR = AC establishing that A PQR = A ABC, which again means
that equality of the three corresponding parts (two angles and the inluded side) of two
triangles results in congruent triangles.

We also know that the sum of the three angles of a triangle is 180°, as such if two angles of
one triangle are equal to the corresponding angles of another triangle, then the third angles
will also be equal. Thus instead of included side we may have any pair of corresponding
sides equal. Thus we have
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Criterion 2 : If any two angles and one side of a triangle are equal to
corresponding angles and the side of another triangle, then the two triangles
are congruent.

Notes || This criterion is referred to as ASA or AAS (Angle Side Angle or Angle Angle Side)

11.3.1 Activity

In order to explore another criterion we again take a triangle ABC (See Fig. 11.14)

A

Fig. 11.14

Now take three thin sticks equal in lengths to sides AB, BC and CA of A ABC. Place them
in any order to form A PQR or AP’Q’R’ near the A ABC (Fig. 11.15)

A Q Q
P
B 7
B p

Fig. 11.15 R’

By measuring the corresponding angles. we find that, /P = /P’ = LA, ZQ=£Q' = /B
and ZR = ZR’ = ZC, establishing that

APQR = AP'QR’ = A ABC

which means that equality of the three corresponding sides of two triangles results in con-
gruent triangles. Thus we have

Criterion 3 : If the three sides of one trianle are equal to the corresponding
sides of another triangle, then the two triangles are congruent.

This is referred to as SSS (Side, Side, Side), criterion.

Similarly, we can establish one more criterion which will be applicable for two right trangles
only.

Criterion 4 : If the hypotenuse and a side of one right triangle are respec-
tively equal to the hypotenuse and a side of another right triangle, then the
two triangles are congruent.
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This criterion is referred to as RHS (Right Angle Hypotenuse Side).

Using these criteria we can easily prove, knowing three corresponding parts only, whether
two triangles are congruent and establish the equality of remaining corresponding parts.

Example 11.1 : In which of the following criteria, two given triangles are NOT congruent. Notes

(a) Allcorresponding sides are equal

(b) All corresponding angles are equal

(c) Allcorresponding sides and their included angles are equal

(d) All corresponding angles and any pair of corresponding sides are equal.
Ans. (b)

Example 11.2 : Two rectilinear figures are congruent if they have

(a) All corresponding sides equal

(b) All corresponding angles equal

(c) The same area

(d) All corresponding angles and all corresponding sides equal.
Ans. (d)

Example 11.3 : In Fig. 11.16, PX and QY are perpendicular to PQ and PX = QY. Show
that AX =AY.

X
P A
Q
Fig. 11.16 Y
Solution :
In APAX and A QAY,
ZXPA=/ZYQA (Eachis 90°)
/ZPAX = ZQAY (Vertically opposite angles)
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and PX=QY
- APAX = A QAY (AAS)
- AX =AY.

Example 11.4 : In Fig. 11.17, A ABC is right triangle in which ZB =90° and D is the mid
point of AC.

1
Prove that BD = 5 AC.

Fig. 11.17
Solution : Produce BD to E such that BD = DE. Join CE

N

Fig.. 11.18
In A ADB and A CDE,
AD=CD (D being and point of AC)
DB =DE (By construction)
and ZADB=ZCDE (Vertically opposite angles)
A ADB = A CDE @)
AB =EC
Also «ZDAB=ZDCE
But they make a pair of alternate angles
. AB s parallel to EC
ZABC + ZECB = 180° (Pair of interior angles)
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. £90°+ ZECB = 180°
ZECB = 180° — 90° = 90°
Now in A ABC and A ECB,
AB =EC (From (1) above) Notes
BC =BC (Common)
and ZABC = ZECB (Each90°)
A ABC =AECB
AC=EB
But BD = %EB
BD = ] AC
2

CHECK YOUR PROGRESS 11.1

1.

In A ABC (Fig. 11.19) if ZB = ZC and AD | BC, then A ABD = A ACD by the

criterion.
A

B D C
Fig. 11.19
(a) RHS (b) ASA
(c) SAS (d) SSS

In Fig. 11.20, A ABC = APQR. This congruence may also be written as

A P

Fig. 11.20
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(a) ABAC=ARPQ (b) ABAC=A QPR
(c) ABAC=ARQP (d) ABAC = A PRQ.

3. Inorder that two given triangles are congruent, along with equality of two corre-
sponding angles we must know the equality of :

(a) No corresponding side
(b) Minimum one corresponding side
(c) Minimum two corresponding sides
(d) All the three corresponding sides
4. Two triangles are congruent if ....
(a) Allthree corresponding angles are equal
(b) Two angles and a side of one are equal to two angles and a side of the other.

(c) Two angles and a side of one are equal to two angles and the corresponding
side of the other.

(d) One angle and two sides of one are equal to one angle and two sides of the
other.

S. InFig. 11.21, ZB=ZC and AB =AC. Prove that A ABE = A ACD. Hence show

that CD =BE. 5

Fig. 11.21

6. InFig. 11.22, ABis parallel to CD. If O is the mid-point of BC, show thatitis also
the mid-point of AD.

Fig. 11.22
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7. In A ABC (Fig. 11.23), AD is 1L BC, BE is L AC and AD = BE. Prove that
AE=BD.
A
3 Notes
B D o]
Fig. 11.23
8. From Fig. 11.24, show that the triangles are congruent and make pairs of equal
angles.
R
c Scm
\0&
> 5cm
P
a
A 10cm B
Q
Fig. 11.24

11.4 ANGLES OPPOSITE TO EQUAL SIDES OF A

TRIANGLE AND VICE VERSA

Using the criteria for congruence of triangles, we shall now prove some important theo-
rems.

Theorem : The angles opposite to equal sides of a triangle are equal.
Given : Atriangle ABC in which AB =AC.

To prove : /B = ZC. A
Construction : Draw bisector of ZB AC meeting BC at D.
Proof : In A ABD and A ACD,

AB=AC (Given) e
Z/BAD = ZCAD (By construction) B D C
and AD =AD (Common) Fig. 11.25
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A ABD =A ACD (SAS)
Hence £B=/C (Corresponding parts of congruent triangles)

The converse of the above theorem is also true. We prove it as a theorem.

11.4.1 The sides opposite to equal angles of a triangle are equal

Given : Atriangle ABC in which Z/B = ZC
To prove : AB=AC A
Construction : Draw bisector of ZBAC meeting BC at D.
Proof : In A ABD and A ACD,
£ZB=/ZC (Given)
Z/BAD =ZCAD (By construction)

and AD=AD (Common) ’ Fig. f1.26 ’
A ABD =A ACD (SAS)
Hence AB=AC (c.p.c.t)
Hence the theorem. A
Example 11.5 : Prove that the three angles of
an equilateral triangle are equal.
Solution :
Given : Anequilateral A ABC
To prove : ZA =/B=/C B { ¢
Proof: AB=AC  (Given) Fig. 11.27
ZC=/B (Angles opposite equal sides) ..(1)
Also AC=BC (Given)
ZB= /A ..(i1)
From (i) and (i1),
LA =/B=/C
Hence the result.

Example 11.6 : ABCis anisosceles triangle in which AB = AC
(Fig. 11.28),If BD | ACand CE | AB, proe that BD = CE.

Mathematics Secondary Course




Congruence of Triangles MODULE - 3

Geometry
Solution : In ABDC and ACEB A
/BDC = ZCEB (Measure of each is 90°)
ZDCB = ZEBC (Angles opposite equal sides of a triangle) E D
Notes

and BC=CB (Common)
ABDC =ACEB (AAS)

Hence BD =CE (c.p.ct) Fig. 11.28
This result can be stated in the following manner:

Perpendiculars (altitudes) drawn to equal sides, from opposite vertices of
an isosceles triangle are equal.

The result can be extended to an equilateral triangle after which we can say that all the
three altitudes of an equilateral triangle are equal.

Example : 11.7 : In A ABC (Fig. 11.29), D and E are mid-points of AC and AB
respectively.

A
If AB = AC, then prove that BD = CE.
1
Solution : BE = 5 AB E D
1
and CDh= - AC
2 B c
_ Fig. 11.29
. BE=CD (1)
In ABEC and A CDB,
BE=CD [By ()]
BC=CB (Common)
and ZEBC = /DCB (-~ AB=AC)
D
. ABEC =ACDB (SAS)
Hence, CE =BD (c.p.c.t) A/\124°
Example 11.8 : In A ABC (Fig. 11.30) AB =AC and
ZDAC = 124°; find the angles of the triangle.
Solution ZBAC = 180° — 124° = 56°
£ZB=/C
(Angles opposite to equal sides of a triangle) B Fig. 1130 c
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Also ZB + ZC =124°
124°
/B=/C= = 62"
Notes
Hence ZA =56° £ZB =62° and LC =62°

. CHECK YOUR PROGRESS 11.2

1. InFig. 11.31, PQ=PR and SQ = SR. Prove that ZPQS = ZPRS.

p

Q
Fig. 11.31

2. Prove that AABC is an isosceles triangle, if the altitude AD bisects the base BC

Fig. 11.32).
(Fig. 11.32) A

h

B D C
Fig. 11.32

3. Iftheline/in Fig. 11.33 is parallel to the base BC of the isosceles AABC, find the
angles of the triangle.

65°

B C
Fig. 11.33

4. AABCisanisosceles triangle such that AB = AC. Side BA is produced to a point D
such that AB = AD. Prove that ZBCD is aright angle.
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B C

Fig. 11.34

5. InFig. 11.35. D is the mid point of BC and perpendiculars DF and DE to sides AB
and AC respectively are equal in length. Prove that AABC is an isosceles triangle.

A

Fig. 11.35

6. In Fig. 11.36, PQ = PR, QS and RT are the angle bisectors of ZQ and ZR
respectively. Prove that QS =RT.

Fig. 11.36

7.  APQR and ASQR are isosceles triangles on the same base QR (Fig. 11.37). Prove

that ZPQS = ZPRS.
P

Q\I\/R
s

Fig. 11.37

8. InAABC,AB=AC (Fig. 11.38). Pis a point in the interior of the triangle such that
ZABP=ZACP. Prove that AP bisects ZBAC.
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Y N\
B C

Fig. 11.38

11.5 INEQUALITIES IN A TRIANGLE

We have learnt the relationship between sides and angles of a triangle when they are
equal. We shall now study some relations among sides and angles of a triangle, when

they are unequal.
A
/\"c:'
B C

Fig. 11.39

In Fig. 11.39, triangle ABC has side AB longer than the side AC. Measure £B and
ZC. You will find that these angles are not equal and ZC is greater than ZB. If you
repeat this experiment, you will always find that this observation is true. This can be
proved easily, as follows.

11.5.1 Theorem

If two sides of a triangle are unequal, then the longer side has the greater angle oppo-
site to it.

Given. A triangle ABC in which AB > AC.
To prove. ZACB > ZABC

A

Construction. Make a point D on the side AB such that
AD = AC and join DC.
Proof: In AACD,
AD = AC
ZACD = ZADC (Angles opposite equal sides)

(9]

Fig. 11.40
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But ZADC > ZABC

(Exterior angle of a triangle is greater than opposite

interior angle)

Again ZACB > ZACD (Point D lies in the interior of the ZACB).
ZACB > ZABC

What can we say about the converse of this theorem. Let us examine. A

In AABC, (Fig. 11.41) compare ZC and ZB. Itis clear
that ZC is greater than ZB. Now compare sides AB and
AC opposite to these angles by measuring them. We
observe that AB is longer than AC.

Again compare ZC and ZA and measure sides AB and
BC opposite to these angles. We observe that ZC > ZA
and AB > BC; i.e. side opposite to greater angle is longer.

Fig. 11.41

Comparing ZA and £B, we observe a similar result. ZA> 2B and BC > AC; i.e. side
opposite to greater angle is longer.

You can also verify this property by drawing any type of triangle, a right triangle or an
obtuse triangle.

Measure any pair of angles in a triangle. Compare them and then compare the sides
opposite to them by measurement. You will find the above result always true, which we
state as a property.

In a triangle, the greater angle has longer side opposite to it.
Observe that in a triangle if one angle is right or an obtuse then the side opposite to that
angle is the longest.

You have already learnt the relationship among the three angles of a triangle i.e., the sum of
the three angles of a triangle is 180°. We shall now study whether the three sides of a
triangle are related in some way.

Draw a triangle ABC.

Fig. 11.42
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Measure its three sides AB, BC and CA.

Now find the sum of different pairs AB+BC, BC+CA, and CA+AB separately and
compare each sum of a pair with the third side, we observe that

(i) AB + BC>CA
(ii) BC + CA > AB and
(iii) CA + AB > BC

Thus we conclude that

Sum of any two sides of a triangle is greater than the third side.

ACTIVITY

Fix three nails P, Q and R on a wooden board or any surface.

Q R

P

Fig. 11.43

Take a piece of thread equal in length to QR and another piece of thread equal in
length (QP + PR). Compare the two lengths, you will find that the length correspond-
ing to (QP + PR) > the length corresponding to QR confirming the above property.

Example 11.9 : In which of the following four cases, is construction of a triangle
possible from the given measurements

(a)5cm, 8 cmand 3 cm

(b) 14 cm, 6 cm and 7 cm

(¢)3.5cm,2.5cmand 5.2 cm

(d) 20 cm, 25 cm and 48 cm.

Solution. In(@a)5+3 #8, in(b)6+7 » 14
in(c)3.5+25>5.2,35+52>25and 2.5+5.2>3.5and
in (d) 20 + 25 » 48.

Ans. (¢)
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Example 11.10 : In Fig. 11.44, AD is a median of AABC. Prove that AB + AC >2AD.
A
A
Notes
D
B C
B D c
E
Fig. 11.44 Fig. 11.45

Solution: Produce AD to E such that AD = DE and join C to E.
Consider AABD and AECD
Here, BD =CD

ZADB = ZEDC
and AD =ED

AABC = AECD
s AB =EC
Now in AACE,

EC + AC > AE
or AB + AC > 2AD (. AD =ED = AE = 2AD)

CHECK YOUR PROGRESS 11.3

1. PQRS is a quadrilateral in which diagonals PR and QS intersect at O. Prove that
PQ+ QR + RS + SP > PR + QS.

2. Intriangle ABC,AB =5.7 cm, BC=6.2 cm and CA =4.8 cm. Name the greatest

and the smallest angle.
3. InFig. 11.46,if ZCBD > ZBCE then prove that AB > AC.
A
C
B
D 13
Fig. 11.46
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4. InFig. 11.47, D is any point on the base BC of a AABC. If AB > AC then prove
that AB > AD. A
Notes %\
B D c

Fig. 11.47

5. Prove that the sum of the three sides of triangle is greater than the sum of its three
medians.

(Use Example 11.10)
6. InFig. 11.48, if AB = AD then prove that BC > CD.
[Hint : ZADB = ZABD].

A
D
B
C

Fig. 11.48
7. InFig. 11.49, AB is parallel to CD. If ZA> ZB then prove that BC > AD.

C
A
D
B8
Fig. 11.49

e Figures which have the same shape and same size are called congruent figures.

e Two congruent figures, when placed one over the other completely cover each
other. All parts of one figure are equal to the corresponding parts of the other figure.
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e To prove that two triangles are congruent we need to know the equality of only three
corresponding parts. These corresponding parts must satisfy one of the four criteria.
(1) SAS (i1)) ASA or AAS
(iii) SSS (iv)RHS

e Angles opposite to equal sides of a triangle are equal.

e Sides opposite to equal angles of a triangle are equal.

e Iftwo sides of a triangle are unequal, then the longer side has the greater angle opposite
toit.

e Inatriangle, the greater angle has the longer side opposite to it.
e Sum of any two sides of a triangle is greater than the third side.

H TERMINAL EXERCISE

1. Twolines AB and CD bisect each other at O. Prove that CA=BD (Fig. 11.50)
A

C

B
Fig. 11.50

2. InaAABC, if the median AD is perpendicular to the base BC then prove that the
triangle is an isosceles triangle.
3. InFig. 11.51, AABC and ACDE are such that BC = CE and AB =DE. If Z/B =60°,
ZACE =30°and £D =90°, then prove that the two triangles are congruent.
B Cc

i
T

60° 30°

90°

E H D
Fig. 11.51
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4. InFig. 11.52 two sides AB and BC and the altitude AD of AABC are respectively
equal to the sides PQ and QR and the altitude PS, Prove that AABC = APQR.
A P
Notes

:“: =

[ 1

B D c Q S R
Fig. 11.52

5. Inaright triangle, one of the acute angles is 30°. Prove that the hypotenuse is twice
the side opposite to the angle of 30°.

6. Line segments AB and CD intersect each other at O such that O is the midpoint of
AB. If AC is parallel to DB then prove that O is also the mid piont of CD.

7. InFig. 11.53, AB is the longest side and DC is the shortest side of a quadrilateral
ABCD. Prove that ZC> ZA and £ZD> /B. [Hint : Join AC and BD].

C

Fig. 11.53

8. ABCisanisosceles triangle in which AB = AC and AD is the altitude from A to the
base BC. Prove that BD = DC.

al
B D c

Fig. 11.54
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9. Prove that the medians bisecting the equal sides of an isosceles triangle are also
equal. [Hint : Show that ADBC = AECB]
A

Notes

Fig. 11.55

A

u ANSWERS TO CHECK YOUR PROGRESS
11.1

1. (a) 2.(b)

3. (b) 4. (c)

8. /P=/C £Q= /A and /R = /B.

11.2

3. ZB=/C =65 LA =50°

11.3

2. Greatest angle is A and smallest angle is B.
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CONCURRENT LINES

You have already learnt about concurrent lines, in the lesson on lines and angles. You have
also studied about triangles and some special lines, i.e., medians, right bisectors of sides,
angle bisectors and altitudes, which can be drawn in a triangle. In this lesson, we shall
study the concurrency property of these lines, which are quite useful.

After studying this lesson, you will be able to

e define the terms concurrent lines, median, altitude, angle bisector and
perpendicular bisector of a side of a triangle.

e Verify the concurrnence of medians, altitudes, perpendicular bisectors of sides
and angle bisectors of a triangle.

EXPECTED BACKGROUND KNOWLEDGE

Properties of intersecting lines, such as:

e Two lines in a plane can either be parallel [See Fig 12.1 (a)] or intersecting
(See Fig. 12.1 (b) and (¢)].

< »
< Ll

(a) () (c)
Fig. 12.1
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e Threelines in a plane may
(i) be paralled to each other, i.e., intersect in no point [See Fig. 12.2 (a)] or
(i) intersect each other in exactly one point [Fig. 12.2(b)], or
Notes

(iii) intersect each other in two points [Fig. 12.2(¢c)], or

(iv) intersect each other at the most in three points [Fig. 12.2(d)]

/

/

/

(a) (b) () (d)
Fig. 12.2

12.1 CONCURRENT LINES

Three lines in a plane which intersect each other in exactly one point or which pass through
the same point are called concurrent lines and the common point is called the point of
concurrency (See Fig. 12.3).

(a) (b) (©)

Fig. 12.3

A A

\ A /

A A A
YVY

12.1.1 Angle Bisectors of a Triangle

In triangle ABC, the line AD bisects ZA of the triangle. (See Fig. 12.4)
C

Fig. 12.4
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A line which bisects an angle of a triangle is called an angle bisector of the triangle.

How many angle bisectors can a triangle have? Since a triangle has three angles, we can
draw three angle bisectors in it. AD is one of the three angle bisectors of AABC. Let us
draw second angle bisector BE of ZB (See Fig. 12.5)

C

Fig. 12.5 Fig. 12.6

The two angle bisectors of the AABC intersect each other at I. Let us draw the third angle
bisector CF of ZC (See Fig. 12.6). We observe that this angle bisector of the triangle also
passes through I. In other words they are concurrent and the point of concurrency is 1.

We may take any type of triangle—acute, right or obtuse triangle, and draw its angle
bisectors, we will always find that the three angle bisectors of a triangle are concurrent
(See Fig. 12.7)

AF

Fig. 12.7
Thus we conclude the following:

Angle bisectors of a triangle pass through the same point, that is they are
concurrent

The point of concurrency I is called the ‘Incentre’ of the triangle.
Can you reason out, why the name incentre for this point?

Recall that the locus of a point equidistant from two intersecting lines is the pair of angle
bisectors of the angles formed by the lines. Since I is a point on the bisector of ZBAC, it
must be equidistant from AB and AC. Also [ is a point on angle bisector of ZABC, (See
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Fig. 12.8), it must also be equidistant from AB and BC. Thus point of concurrency 1 is at
the same distance from all the three sides of the triangle.

Notes

Fig. 12.8

Thus, we have IL =IM = 1IN (Fig. 12.8). Taking I as the centre and IL as the radius, we
can draw a circle touching all the three sides of the triangle called ‘Incircle’ of the triangle.
I being the centre of the incircle is called the Incentre and IL, the radius of the incircle is
called the inradius of the triangle.

Note: The incentre always lies in the interior of the triangle.
12.1.2: Perpendicular Bisectors of the Sides of a Triangle

ABC s atriangle, line DP bisects side BC at right angle. A line which bisects a side of a
triangle atright angle is called the perpendicular bisector of the side. Since a triangle has
three sides, so we can draw three perpendicular bisectors in a triangle. DP is one of the
three perpendicular bisectors of AABC (Fig. 12.9). We draw the second perpendicular
bisector EQ, intersecting DP at O (Fig. 12.10). Now if we also draw the third perpendicular
bisector FR, then we observe that it also passes through the point O (Fig. 12.11). In other
words, we can say that the three perpendicular bisectors of the sides are concurrent at O.

A
P
O
B C
Fig. 12.9 Fig. 12.10
P
F E
B C
AT
Fig. 12.11
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We may repeat this experiment with any type of triangle, but we will always find that the
three perpendicular bisectors of the sides of a triangle pass through the same point.

A

Notes 1 A
< F 0 > ©
F
: 7
B D C B D C
/ \ 4 (b) l
@ Fig. 12.12

Thus we conclude that:

The three perpendicular bisectors of the sides of a triangle pass through
the same point, that is, they are concurrent.

The point of concurrency O is called the ‘circumcentre’ of the triangle
Can you reason out: why the name circumcentre for this point?
Recall that the locus of a point equidistant from two given points is the perpendicular

bisector of the line joining the two points. Since O lies on the perpendicular bisector of
BC, so it must be equidistant from both the point B and Ci.e., BO=CO (Fig. 12.13).

A
7
B = C
D
Y
Fig. 12.13

The point O also lies on the perpendicular bisector of AC, so it must be equidistant from
both A and C, that is, AO = CO. Thus, we have AO =BO = CO.
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If we take O as the centre and AO as the radius, we can draw a circle passing through the
three vertices, A, B and C of the triangle, called ‘Circumcircle’ of the triangle. O being
the centre of this circle is called the circumcentre and AO the radius of the circumcircle is
called circumradius of the triangle.
Notes

Note that the circumcentre will be

1. inthe interior of the triangle for an acute triangle (Fig. 12.11)
2. onthe hypotenuse for aright triangle [Fig. 12.12(a)]
3. inthe exterior of the triangle for an obtuse triangle [Fig. 12.12(b)].

12.1.3 Altitudes of a Triangle

In AABC, the line AL is the perpendicular drawn from vertex A to the opposite side BC.
(Fig. 12.14).

=

Fig. 12.14

Perpendicular drawn from a vertex of a triangle to the oposite side is called its altitude.
How many altitudes can be drawn in a triangle? There are three vertices in a triangle, so
we can draw three of its altitudes. AL is one of these altitudes. Now we draw the second
altitude BM, which intersects the first altitude at a point H (see Fig. 12.15). We also draw
the third altitude CN and observe that it also passes through the point H (Fig. 12.16). This
shows that the three altitudes of the triangle pass through the same point.

A

A
M N M
H
-
-
B L C B L C
Fig. 12.15 Fig. 12.16
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We may take any type of triangle and draw its three altitudes. We always find that the three
altitudes of a triangle are concurrent.

Fig. 12.17 Fig. 12.18

Thus we conclude that:

In a triangle, the three altitudes pass through the same point, that is, they
are concurrent.

The point of concurrency is called the ‘Orthocentre’of the triangle.
Again observe that the orthocentre will be

1. inthe interior of the triangle for an acute triangle (Fig. 12.16)

2. inthe exterior of the triangle for an obtuse triangle (Fig. 12.17)

3. atthe vertex containing the right angle for aright triangle (Fig. 12.18)
12.1.4 Medians of a Triangle

In AABC, AD joins the vertex A to the mid point D of the opposite side BC (Fig. 12.19)

A A

(a) (b)
Fig. 12.19
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A line joining a vertex to the mid point of the opposite side of a triangle is called its median.
Clearly, three medians can be drawn in a triangle. AD is one of the medians. If we draw all
the three medians in any triangle, we always find that the three medians pass through the
same point [Fig. 12.20 (a), (b), (c)]

Notes
A

A
A
F E E E
F F G
G
B D C B D C

B D C

(a) (b) (c)
Fig. 12.20

Here in each of the triangles ABC given above (Fig. 12.20) the three medians AD, BE and
CF are concurrent at G.. In each triangle we measure the parts into which G divides each
median. On measurement, we observe that

AG=2GD,BG=2GE
and CG=2GF
that is, the point of concurrency G divides each of the medians in the ratio 2 : 1.
Thus we conclude that:

Medians of a triangle pass through the same point, which divides each of
the medians in the ratio 2 : 1.

The point of concurrency G is called the ‘centroid’of the triangle.
ACTIVITYFORYOU

Cut out a triangle from a piece of cardboard. Draw its three medians and mark the centroid
G of the triangle. Try to balance the triangle by placing the tip of a pointed stick or a needle
of compasses below the point G or at G. If the position of G is correctly marked then the
weight of the triangle will balance at G (Fig. 12.21).

Fig. 12.21
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Can you reason out, why the point of concurrency of the medians of a triangle is called its
centroid. Itis the point where the weight of the triangle is centered or it is the point through
which the weight of the triangle acts.

We consider some examples using these concepts.

Example 12.1: In an isosceles triangle, show that the bisector of the angle formed by the
equal sides is also a perpendicular bisector, an altitude and a median of the triangle.

Solution: In AABD and AACD,

AB=AC (Given)
/BAD=/CAD [-- AD is bisector of ZA]
and AD=AD A
AABD = AACD
BD=CD
= AD is also a median
= Also ZADB = ZADC = 90°
= AD s an altitude B D C
Since, BD =DC, Fig. 12.22

AD is perpendicular bisector of side BC.

Example 12.2: In an equilateral triangle, show that the three angle bisectors are also the
three perpendicular bisectors of sides, three altitudes and the three medians of the triangle.

Solution: Since AB=AC A

Therefore, AD, the bisector of ZA is also a
perpendicular bisector of BC, an altitude and a
median of the AABD. F E

(Refer Example 12.1 above)
Similarly, since AB =BC and BC =AC G

.. BE and CF, angle bisectors of ZB and ZC
respectively, are also perpendicular bisectors, B D C
altitudes and medians of the AABC. Fig. 12.23

Example 12.3: Find the circumradius of circumcircle and inradius of incircle of an equilateral
triangle of side a.

Solution: We draw perpendicular from the vertex A to the side BC.

AD is also the angle bisector of ZA, perpendicular bisector of side BC and a median
joining vertex to the midpoint of BC.
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Fig. 12.24

AD=ga, asBC=a

2 43 3
= AG = circumradius in this case = g X % a= T a
and GD =inradius in this case = %X% a= ?3 a.

CHECK YOUR PROGRESS 12.1

1. Inthe given figure BF =FC, ZBAE = ZCAE and ZADE = ZGFC =90°, then name
amedian, an angle bisector, an altitude and a perpendicular bisector of the triangle.

A
G
_
E F C
B D v
Fig. 12.25

2. Inanequilateral triangle show that the incentre, the circumcentre, the orthocentre and
the centroid are the same point.

3. Inanequilateral AABC (Fig. 12.26). G is the centroid of the triangle. [fAG is 4.8 cm,
find AD and BE.
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A

B D C
Fig. 12.26

If H is the orthocentre of AABC, then show that A is the orthocentre of the AHBC.

5. Choose the correct answers out of the given alternatives in the following questions:

(1) Inaplane, the point equidistant from vertices of a triangle is called its
(a) centroid (b) incentre
(c) circumcentre (d) orthocentre

(i) Inthe plane of a triangle, the point equidistant from the sides of the triangle is
calledits

(a) centroid (b) incentre

(c) circumcentre (d) orthocentre

(R L us sovor

Three or more lines in a plane which intersect each other in exactly one point are called
concurrent lines.

A line which bisects an angle of a triangle is called an angle bisector of the triangle.

A line which bisects a side of a triangle at right angle is called the perpendicular bisector
of the side of the triangle.

A line drawn perpendicular from a vertex of a triangle to its opposite side is called an
altitude of the triangle.

A line which joins a vertex of a triangle to the mid-point of the opposite side is called
amedian of the triangle.

In a triangle

(i) angle bisectors are concurrent and the point of concurrency is called incentre.
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(il) perpendicular bisectors of the sides are concurrent and the point of concurrency is
called circumcentre.
(i) altitudes are concurrent and the point of concurrency is called orthocentre.
(iv) medians are concurrent and the point of concurrency is called centroid, which Notes

divides each of the medians in the ratio 2 : 1.

TERMINAL EXERCISE

. Inthe given Fig. 12.27, D, E and F are the mid points of the sides of AABC. Show

that BE4+CF>— 3 BC

N

Fig. 12.27

2. ABCisanisoceles triangle such that AB = AC and D is the midpoint of BC. Show that
the centroid, the incentre, the circumcentre and the orthocentre, all lie on AD.

A\
D C

Fig. 12.28

3. ABCisanisoceles triangle such that AB=AC =17 cmandbase BC=16cm. If G
is the centroid of AABC, find AG.

4. ABCis an equilateral triangle of side 12 cm. If G be its centroid, find AG.

Mathematics Secondary Course 325




MODULE - 3

Geometry

326

Concurrent Lines

ACTIVITIESFORYOU

—

. Draw a triangle ABC and find its circumcentre. Also draw the circumcircle of the
triangle.

2. Draw an equilateral triangle. Find its incentre and circumcentre. Draw its incircle and
circumcircle.

3. Draw the circumcircle and the incircle for an equilateral triangle of side 5 cm.

t :
{ ANSWERS TO CHECK YOUR PROGRESS

12.1

1. Median - AF, Angle bisector AE

Altitude - AD and perpendicular bisector - GF
AD=72cm,BE=7.2cm

@ () (ii) (b)

oo

[ ]
= ANSWERS TO TERMINAL EXERCISE

3. AG=10cm

4. AG= 4,3 cm
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If you look around, you will find many objects bounded by four line-segments. Any surface
of a book, window door, some parts of window-grill, slice of bread, the floor of your
room are all examples of a closed figure bounded by four line-segments. Such a figure is
called a quadrilateral.

The word quadrilateral has its origin from the two words “quadric” meaining four and
“lateral” meaning sides. Thus, a quadrilateral is that geometrical figure which has four
sides, enclosing a part of the plane.

In this lesson, we shall study about terms and concepts related to quadrilateral with their
properties.

After studying this lesson, you will be able to

e describe various types of quadrilaterals viz. trapeziums, parallelograms,
rectangles, rhombuses and squares;

o verify properties of different types of quadrilaterals;

e verify that in a triangle the line segment joining the mid-points of any two sides
is parallel to the third side and is half of it;

e verify that the line drawn through the mid-point of a side of a triangle parallel to
another side bisects the third side;

e verify that if there are three or more parallel lines and the intercepts made by
them on a transversal are equal, the corresponding intercepts on any other
transversal are also equal;

e verify that a diagonal of a parallelogram divides it into two triangles of equal
area;

e solve problem based on starred results and direct numerical problems based on
unstarred results given in the curriculum;
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prove that parallelograms on the same or equal bases and between the same
parallels are equal in area;

verify that triangles on the same or equal bases and between the same parallels
are equal in area and its converse.

EXPECTED BACKGROUND KNOWLEDGE

e Drawing line-segments and angles of given measure.
e Drawing circles/arcs of given radius.
e Drawing parallel and perpendicular lines.

e Four fundamental operations on numbers.

13.1 QUADRILATERAL

Recall that if A, B, C and D are four points in a plane such that no three of them are
collinear and the line segments AB, BC, CD and DA do not intersect except at their end
points, then the closed figure made up of these four line segments is called a quadrilateral
with vertices A, B, C and D. A quadrilateral with vertices A, B, C and D is generally
denoted by quad. ABCD. In Fig. 13.1 (i) and (ii), both the quadrilaterals can be named as
quad. ABCD or simply ABCD.

In quadrilateral ABCD,
.C

() (i)
Fig. 13.1
(1 AB and DC ; BC and AD are two pairs of opposite sides.
(i) ZA and ZC; £ZB and ZD are two pairs of opposite angles.

@i1) AB and BC ; BC and CD are two pairs of consecutive or adjacent sides. Can you
name the other pairs of consecutive sides?

(iv) ZA and ZB ; ZB and ZC are two pairs of consecutive or adjacent angles. Can you
name the other pairs of consecutive angles?
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(v) AC and BD are the two diagonals.
In Fig. 13.2, angles denoted by 1, 2, 3 and 4 are the interior angles or the angles of the
quad. ABCD. Angles denoted by 5, 6, 7 and 8 are the exterior angles of the quad. ABCD.
Measure /1, /2, /3 and /4. Notes
3 D ﬁ C
LA
N AN |
A % o >

Fig. 13.2
What is the sum of these angles You will find that Z1 + £2 + £3 + £4 =360°.
i.e. sum of interior angles of a quadrilateral equals 360°.
Also what is the sum of exterior angles of the quadrilateral ABCD?
You will again find that Z5 + £6 + £7 + £8 =360°

i.e., sum of exterior angles of a quadrilateral is also 360°.

13.2 TYPES OF QUADRILATERALS

You are familiar with quadrilaterals and their different shapes. You also know how to name
them. However, we will now study different types of quadrilaterals in a systematic way. A
family tree of quadrilaterals is given in Fig. 13.3 below:

Quadrilateral

Y

Parallelogram Kite Trapezium

Rectakgle Rhomtus

Square

Fig.13.3
Let us describe them one by one.

1. Trapezium

A quadrilateral which has only one pair of opposite sides parallel is called a trapezium. In
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Fig. 13.4 [(i) and (i1))] ABCD and PQRS are trapeziums with AB Il DC and PQ Il SR
respectively. Q
D
R
Notes
A B ]
. P
¥ (i)
Fig. 13.4

2. Kite

A quadrilateral, which has two pairs of equal sides next to each other, is called a kite.
Fig. 13.5 [(1) and (i1)] ABCD and PQRS are kites with adjacent sides AB and AD, BC
and CD in (i) PQ and PS, QR and RS in (ii) being equal.

A P

c Fig. 13.5
3. Parallelogram
A quadrilateral which has both pairs of opposite sides parallel, is called a parallelogram. In

Fig. 13.6 [(i) and (ii)] ABCD and PQRS are parallelograms with ABIIDC, ADIIBC and
PQIISR, SPIIRQ. These are denoted by llE” ABCD (Parallelogram ABCD) and ll#" PQRS

(Parallelogram PQRS). .
S /
D c
/ Q
A o B P (in)

Fig. 13.6
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4. Rhombus D c
A rhombus is a parallelogram in which any pair of
adjacent sides is equal.
Notes

InFig. 13.7 ABCD is arhombus.

You may note that ABCD is a parallelogram with

AB =BC =CD =DA i.e., each pair of adjacent sides

being equal. A B
Fig. 13.7

5. Rectangle

A parallelogram one of whose angles is a right angle is
called arectangle.

In Fig. 13.8, ABCD is arectangle in which ABIIDC, ADIIBC
and ZA=/B=/C=/D=90°.

[ ] ] —
A B D A

Fig. 13.8
6.Square
A square is arectangle, with a pair of adjacent sides equal.

In other words, a parallelogram having all sides equal and each angle a right angle is called
asquare.

D c
| L

Fig. 13.9
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InFig. 13.9, ABCD is a square in which ABIIDC, ADIIBC, and AB =BC=CD =DA and
LA =2/B=/C=/4D=90°.
Let us take some examples to illustrate different types of quadrilaterals.
Notes

Example 13.1: In Fig 13.10, PQR is a triangle.
S and T are two points on the sides PQ and PR
respectively such that STIIQR. Name the type of
quadrilateral STRQ so formed.

P

Solution: Quadrilateral STRQ is a trapezium,

because STIQR. S Y
Example 13.2: The three angles of a quadrilateral / \
are 100°, 50° and 70°. Find the measure of the @ ) R
fourth angle. Fig. 13.10

Solution: We know that the sum of the angles of a quadrilateral is 360°.
Then 100° + 50° + 70° + x° = 360°
220° + x° = 360°
x =140

Hence, the measure of fourth angle is 140°.

CHECK YOUR PROGRESS 13.1

1. Name each of the following quadrilaterals.

@ (ii) (iii)
(iv) (v) (VD)
Fig. 13.10
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2. State which of the following statements are correct ?

(1) Sum of interior angles of a quadrilateral is 360°.

(i) Allrectangles are squares,

(iii) A rectangleis a parallelogram.

(iv) A square is arhombus.

(v) Arhombus is a parallelogram.

(vi) A square is a parallelogram.

(vii) A parallelogram is arhombus.

(viii) A trapezium is a parallelogram.

(ix) A trapezium is arectangle.

(x) A parallelogram s a trapezium.
3. Inaquadrilateral, all its angles are equal. Find the measure of each angle.
4. The angles of a quadrilateral are in the ratio 5:7:7: 11. Find the measure of each angle.

5. Ifapair of opposite angles of a quadrilateral are supplementary, what can you say
about the other pair of angles?

13.3 PROPERTIES OF DIFFERENT TYPES OF
QUADRILATERALS

1. Properties of a Parallelogram

We have learnt that a parallelogram is a quadrilateral with both pairs of opposite sides
parallel. Now let us establish some relationship between sides, angles and diagonals of a
parallelogram.

Draw a pair of parallel lines / and m as shown in Fig. 13.12. Draw another pair of parallel

lines p and q such that they intersect / and m. You observe that a parallelogram ABCD is
formed. Join AC and BD. They intersect each other at O.
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p
q

5T

A

Fig.13.12
Now measure the sides AB, BC, CD and DA. What do you find?
You will find that AB = DC and BC=AD.
Also measure ZABC, ZBCD, ZCDA and ZDAB.
What do you find?
You will find that ZDAB = ZBCD and ZABC = ZCDA
Again, Measure OA, OC, OB and OD.
What do you find?
You will find that OA =0OC and OB = 0D

Draw another parallelogram and repeat the activity. You will find that

The opposite sides of a parallelogram are equal.
The opposite angles of a parallelogram are equal.

The diagonals of a parallelogram bisect each other.

The above mentioned properties of a parallelogram can also be verified by Cardboard
model which is as follows:

Let us take a cardboard. Draw any parallelogram ABCD on it. Draw its diagonal AC as
shown in Fig 13.13 Cut the parallelogram ABCD from the cardboard. Now cut this
parallelogram along the diagonal AC. Thus, the parallelogram has been divided into two
parts and each part is a triangle.

In other words, you get two triangles, AABC and AADC. Now place AADC on
AABC in such a way that the vertex D falls on the vertex B and the side CD falls along the
side AB.
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C(A)

Notes

A(C)

Fig. 13.13
Where does the point C fall?
Where does the point A fall?

You will observe that AADC will coincide with AABC. In other words AABC = AADC.
Also AB =CD and BC = AD and ZB = ZD.

You may repeat this activity by taking some other parallelograms, you will always get the
same results as verified earlier, thus, proving the above two properties of the parallelogram.

Now you can prove the third property of the parallelogram, i.e., the diagonals of a
parallelogram bisect each other.

Again take a thin cardboard. Draw any parallelogram PQRS on it. Draw its diagonals

PR and QS which intersect each other at O as shown in Fig. 13.14. Now cut the
parallelogram PQRS.

S R
(0]
O /\
P Q

P(R) Q(s)

Fig. 13.14
Also cut APOQ and AROS.

Now place AROS and APOQ in such a way that the vertex R coincides with the vertex P
and RO coincides with the side PO.

Where does the point S fall?
Where does the side OS fall?
Is AROS = APOQ? Yes, it is.
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So, what do you observe?
We find that RO = PO and OS = OQ

You may also verify this property by taking another pair of triangles i.e. APOS and AROQ
You will again arrive at the same result.

You may also verify the following properties which are the converse of the properties of a
parallelogram verified earlier.

A quadrilateral is a parallelogram if its opposite sides are equal.
A quadrilateral is a parallelogram if its opposite angles are equal.

A quadrilateral is a parallelogram if its diagonals bisect each other.

2. Properties of a Rhombus

In the previous section we have defined a rhombus. We know that a rhombus is a
parallelogram in which a pair of adjacent sides is equal. In Fig. 13.15, ABCD is a
rhombus.

D C

Fig. 13.15

Thus, ABCD is a parallelogram with AB = BC. Since every rhombus is a parallelogram,
therefore all the properties of a parallelogram are also true for thombus, i.e.

(i) Opposite sides are equal,

1.e., AB=DC and AD =BC
(ii) Opposite angles are equal,

e, ZA=ZCand LB=42D
(i) Diagonals bisect each other

1.e., AO =0C and DO = OB

Since adjacent sides of arhombus are equal and by the property of a parallelogram opposite
sides are equal. Therefore,

AB=BC=CD=DA
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Thus, all the sides of a rhombus are equal. Measure ZAOD and ZBOC.
What is the measures of these angles?
You will find that each of them equals 90°
Also ZAOB=ZCOD (Each pair is a vertically opposite angles)
and ZBOC = ZDOA

ZAOB =ZCOD=2ZBOC=ZDOA=90°

Thus, the diagonals of a thombus bisect each other at right angles.

You may repeat this experiment by taking different rhombuses, you will find in each case,

the diagonals of a rhombus bisect each other.
Thus, we have the following properties of a rhombus.
All sides of a rhombus are equal

Opposite angles of a rhombus are equal

The diagonals of a rhombus bisect each other at right angles.

3. Properties of a Rectangle

We know that a rectangle is a parallelogram one of whose angles is a right angle. Can you
say whether a rectangle possesses all the properties of a parallelogram or not?

Yes it possesses. Let us study some more properties of a rectangle.
Draw a parallelogram ABCD in which £ B =90°.
Join AC and BD as shown in the Fig. 13.16

Fig. 13.16
Measure ZBAD, ZBCD and ZADC, what do you find?
What are the measures of these angles?

The measure of each angle is 90°. Thus, we can conclude that
LA =/B=/ZC=4D=90°
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1.e., each angle of a rectangle measures 90°. Now measure the diagonals AC and BD. Do
you find that AC = BD.

Now, measure AO, OC, BO and OD.
You will find that AO = OC and BO =OD.

Draw some more rectangles of different dimensions. Label them again by ABCD. Join AC
and BD in each case. Let them intersect each other at O. Also measure AO, OC and BO,
OD for each rectangle. In each case you will find that

The diagonals of a rectangle are equal and they bisect each other. Thus, we have the
following properties of a rectangle;

The opposite sides of a rectangle are equal
Each angle of a rectangle is a right-angle.
The diagonals of a rectangle are equal.

The diagonals of a rectangle bisect each other.

4. Properties of a Square

You know that a square is a rectangle, with a pair of adjacent sides equal. Now, can you
conclude from definition of a square that a square is a rectangle and possesses all the
properties of arectangle? Yes it is. Let us now study some more properties of a square.

Draw a square ABCD as shown in Fig. 13.17.

Fig 13.17

Since ABCD is arectangle, therefore we have
@ AB=DC,AD=BC

(i) LA=24B=2ZC=4ZD=90°

@) AC =BD and AO =0C, BO=0D
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Butin a square we have AB =AD
*. By property (i) we have
AB=AD=CD=BC. Notes

Since a square is also a rhombus. Therefore, we conclude that the diagonals AC and BD
of a square bisect each other at right angles.

Thus, we have the following properties of a square.

All the sides of a square are equal

Each of the angles measures 90°.

The diagonals of a square are equal.

The diagonals of a square bisect each other at right angles.
Let us study some examples to illtustrate the above properties:

Example 13.3: In Fig. 13.17, ABCD is a parallelogram. If ZA =80, find the measures
of the remaining angles

Solution: As ABCD is a parallelogram.
ZA=2/Cand ZB = 4D

D c
Itis given that
ZA =80°
ZC =80°
ABIIDC el
A B
ZA + ZD = 180° Fig 13.18
ZD = (180 - 80)° = 100°
ZB = /D =100°

Hence ZC =80° B = 100° and ZD 100°

Example 13.4: Two adjacent angles of arhombus are in the ratio 4 : 5. Find the measure
of all its angles.

Solution: Since opposite sides of a rhombus are parallel, the sum of two adjacent angles
of arhombus is 180°.

Let the measures of two angles be 4x° and 5x°,
Therefore, 4x +5x =180
ie. 9x =180

Mathematics Secondary Course 339




MODULE -

Geometry

x =20

D c
.. The two measures of angles are 80° and 100°.
Notes ie. ZA =80°and ZB = 100°
Since ZA=/ZC = ZC=100°
Also, /B = /D = /D =100° . Bxe
A B

Hence, the measures of angles of the
rhombus are 80°, 100°, 80° and 100°. Fig 13.19

Example 13.5: One of the diagonals of arhombus is equal to one of its sides. Find the

angles of the rhombus. D
2
AB=AD=BD / \
. AABD is an equilateral triangle. A o c
(1)

Solution: Let in rhombus, ABCD,

/DAB = /1 = /2 =60°
Similarly ZBCD = £3 = Z4 =60°
Also from (1) and (2) B
Fig 13.20
ZABC=/B=/1+ £3 =60°+ 60° = 120°
ZADC = /D = /2 + Z4 = 60° + 60° = 120°
Hence, ZA =60°, £ZB =120°, ZC =60° and £D = 120°

Example 13.6: The diagonals of arhombus ABCD intersect at O. If ZADC =120° and
OD =6 cm, find o
(a) ZOAD /\
(b) side AB A B c
(c) perimeter of the thombus ABCD o
Solution: (a) Given that
ZADC = 120°

Le. ZADO + ZODC = 120° Fig i3.21
But ZADO = Z0DC (AAOD = ACOD)
2ZADO = 120°
ie. ZADO = 60° (1)

340 Mathematics Secondary Course




MODULE -

Geometry

Also, we know that the diagonals of a rhombus bisect each that at 90°.
ZDOA =90°  ..(i)

Now, in ADOA
ZADO + ZDOA + ZOAD = 180°

Notes

From (i) and (i1), we have
60° + 90° + ZOAD = 180°
= Z0OAD = 30°
(b) Now, ZDAB =60° [since ZOAD =30°, similarly ZOAB =30°]
-~.ADAB is an equilateral triangle.
OD=6cm [given]
= OD + OB =BD
6 cm+ 6 cm=BD

= BD=12cm
SO, AB=BD=AD=12cm
AB=12cm

(¢c) NowPerimeter =4 x side
=4 x12)cm
=48 cm

Hence, the perimeter of the thombus =48 cm.

CHECK YOUR PROGRESS 13.2

1. Inaparallelogram ABCD, ZA = 62°. Fing the measures of the other angles.

2. The sum of the two opposite angles of a parallelogram is 150°. Find all the angles of
the parallelogram.

3. Inaparallelogram ABCD, ZA = (2x + 10)° and ZC = (3x — 20)°. Find the value of x.

4. ABCDisaparallelogram in which ZDAB =70° and ZCBD =55°. Find ZCDB and
ZADB.

5. ABCD is arhombus in which ZABC = 58°. Find the measure of ZACD.
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6. InFig. 13.22, the diagonals of a rectangle PQRS intersect each other at O. If ZROQ
=40°, find the measure of ZOPS.

S R

40°

Fig 13.22

7. AC s one diagonal of a square ABCD. Find the measure of ZCAB.

13.4 MID POINT THEOREM

Draw any triangle ABC. Find the mid points of side AB and AC. Mark them as D and E
respectively. Join DE, as shown in Fig. 13.23.

Measure BC and DE.

What relation do you find between the
length of BC and DE?

D E
.. 1
Of course, itis DE = 5 BC / \
B C

Again, measure ZADE and ZABC.

Fig 13.23
Are these angles equal?

Yes, they are equal. You know that these angles make a pair of corresponding angles. You
know that when a pair of corresponding angles are equal, the lines are parallel

DE I BC

You may repeat this expreiment with another two or three triangles and naming each of
them as triangle ABC and the mid point as D and E of sides AB and AC respectively.

1
You will always find that DE = 5 BCand DE I BC.

Thus, we conclude that
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In a triangle the line-segment joining the mid points of any two sides is
parallel to the third side and is half of it.

We can also verify the converse of the

above stated result. p Notes

Draw any APQR. Find the mid point of
side RQ, and mark it as L. From L, draw NS
aline LX || PQ, which intersects, PR at M
M.

Measure PM and MR. Are they equal?
Yes, they are equal.

You may repeat with different triangles - 0 a
and by naming each of them as PQR and v
taking each time L as the mid-point of Fig 13.24
RQ and drawing a line LM Il PQ, you

will find in each case that RM = MP.

Thus, we conclude that

“The line drawn through the mid point of one side of a triangle parallel to
the another side bisects the third side.”

Example 13.7: In Fig. 13.25, D is the mid-point of the side AB of AABC and DE || BC.
IfAC =8 cm, find AE.

Solution: In AABC, DE | BC and D is the mid point of AB

A
.. Eis also the mid point of AC
i.e.AE ] AC
ie. =5 o €
1
- (EXSJ cm [ AC=8cm] / \
B C
—4cm Fig 13.25

Hence, AE =4 cm
Example 13.8: In Fig. 13.26, ABCD is a

trapezium in which AD and BC are its non- parallel
sides and E is the mid-point of AD. EF || AB

Show that F is the mid-point of BC. /

Solution: Since EG Il AB and E is the mid-point
of AD (considering AABD) A B

. Gis the mid point of DB Fig 13.26
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In ADBC, GF I DC and G is the mid-point of DB,
.. Fis the mid-point of BC.

Notes | Example 13.9: ABCis atriangle, in which P, Q and R are mid-points of the sides AB, BC
and CA respectively. If AB =8 cm, BC =7 cm and CA = 6 cm, find the sides of the
triangle PQR.

Solution: P is the mid-point of AB and R the mid-point of AC.

PRIIBC and PR =

Similarly, PQ =

Fig 13.27

Hence, the sides of APQR are PQ =3 c¢cm, QR =4 ¢cm and PR = 3.5 cm.

CHECK YOUR PROGRESS 13.3

1. InFig.13.28, ABCis an equilateral triangle. D, E and F are the mid-points of the sides
AB, BC and CA respectively. Prove that DEF is also an equilateral triangle.

A

Fig. 13.28
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2. InFig.13.29, D and E are the mid-points of the sides AB and AC respectively of a
AABC. If BC =10 cm; find DE.

A
Notes
D E
8 C

Fig. 13.29

3. InFig. 13.30, AD is a median of the AABC and E is the mid-point of AD, BE is
produced to meet AC at F. DG Il EF, meets AC at G. If AC =9 cm, find AF.

[Hint: First consider AADG and next consider ACBF]

A

B D c
Fig. 13.30

4. InFig.13.31, Aand C divide the side PQ of APQR into three equal parts, ABIICDIIQR.
Prove that B and D also divide PR into three equal parts.

A
4 AN

Q R
Fig. 13.31
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5. InFig.13.32, ABCis anisosceles triangle in which AB = AC. M is the mid-point of
AB and MNIIBC. Show that AAMN is also an isosceles triangle.

A

Notes

/” "\
B (o]
Fig. 13.32

13.5 EQUAL INTERCEPT THEORM

Recall that a line which intersects two or more lines is called a transversal. The line-segment
cut off from the transversal by a pair of lines is called an intercept. Thus, in Fig. 13.33, XY
is an intercept made by line / and m on transversal n.

Fig. 13.33

The intercepts made by parallel lines on a transversal have some special properties which
we shall study here.

Let / and m be two parallel lines and XY be an intercept made on the transversal “n”. If
there are three parallel lines and they are intersected by a transversal, there will be two
intercepts AB and BC as shown in Fig. 13.34 (ii).

"\
NR

A
\<
L
3
3
~~
=
E
y
S

Fig. 13.34
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Now let us learn an important property of intercepts made on the transversals by the
parallel lines.

On a page of your note-book, draw any two transversals / and m intersecting the equidistant
parallel lines p, g, r and s as shown in Fig. 13.35. These transversals make different
intercepts. Measure the intercept AB, BC and CD. Are they equal? Yes, they are equal.

O
\\
-«

®»

Fig. 13.35
Also, measure LM, MN and NX. Do you find that they are also equal? Yes, they are.

Repeat this experiment by taking another set of two or more equidistant parallel lines and
measure their intercepts as done earlier. You will find in each case that the intercepts made
are equal.

Thus, we conclude the following:

If there are three or more parallel lines and the intercepts made by them on
a transversal are equal, the corresponding intercepts made on any other
transversal are also equal.

Letus illustrate it by some examples: This resultis
known as Equal Intercept Theorm.

Example 13.10: In Fig. 13.36, p Il q lIr. The
transversal /, m and n cutthematL, M, N; A, B,
Cand X, Y, Z respectively such that XY = YZ. /
Show that AB = BC and LM = MN.

Solution: Given that XY =YZ

AB =BC (Equal Intercept theorem)

and LM=MN {
Fig. 13.36

Thus, the other pairs of equal intercepts are
AB =BC and LM = MN.
Example 13.11: In Fig. 13.37, /llm lln and PQ = QR. If XZ =20 cm, find YZ.
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Solution: We have PQ = QR P q
.. By intercept theorem, \ y [)
Notes XY=YZ ‘ \ / o
Also  XZ=XY+YZ - Y @ .m
=YZ+YZ - / R

\z
*n
20 =2YZ = YZ=10cm \ /

Hence,YZ=10cm

CHECK YOUR PROGRESS 134

1. InFig. 13.38, [, m and n are three equidistant parallel lines. AD, PQ and GH are three
transversal, If BC =2 cm and LM = 2.5 cm and AD Il PQ, find MS and MN.

WA
| « = L /R -
] N

AN
E >
s \N
D Q &
Fig. 13.38

2. FromFig. 13.39, when can you say that AB=BC and XY =YZ?

Fig. 13.37

N «

p q

A
\

[

(wo]

<
"
/ A
3

A
o —

N

]

y

o

Fig. 13.39
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3. InFig. 13.40,LM =MZ =3 cm, find XY, XP and BZ. Given that/llm |l n and PQ =
32cm,AB=35cmand YZ=3.4cm.

p q A s

/ Notes
X L A

[

Fig. 13.40

13.6 THE DIAGONAL OF A PARALLELOGRAM AND

RELATION TO THE AREA

Draw a parallelogram ABCD. Join its diagonal AC. DP L DC and QC L DC.

Consider the two triangles ADC and ACB in which the parallelogram ABCD has been
divided by the diagonal AC. Because AB || DC, therefore PD = QC.

P A Q B

Fig. 13.41
1 .
Now, Areaof AADC = 5 DC x PD (1)
1 N
Area of AACB = 5 AB x QC ...(ii)

As AB =DC and PD = QC
Area (AADC) = Area (AACB)

Thus, we conclude the following:
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A diagonal of a parallelogram divides it into two triangles of equal area.

13.7 PARALLELOGRAMS AND TRIANGLES BETWEEN

THE SAME PARALLELS

Two parallelograms or triangles, having same or equal bases and having their other vertices
on a line parallel to their bases, are said to be on the same or equal bases and between the
same parallels.

We will prove an important theorem on parallelogram and their area.

Theorm: Parallelogrm on the same base (or equal bases) and between the
same parallels are equal in area.

Letus prove it logically.

Given: Parallelograms ABCD and PBCQ stand
on the same base BC and between the same
parallels BC and AQ.

To prove: Area (ABCD) = Area (BCQP)

Fig. 13.42
we have AB =DC (Opposite sides of a parallelogram)
and BP =CQ (Opposite sides of a parallelogram)
Ll =22
AABP = ADCQ
.. Area (AABP) = Area (ADCQ) ..(1)

Now, Area (llE" ABCD) = Area (AABP) + Area Trapezium, BCDP) ...(ii)
Area (lle™ BCQP) = Area (ADCQ) + Area Trapezium, BCDP) ...(iii)
From (1), (i1) and (iii1), we get
Area (/1" ABCD) = Area (IlE™ BCQP)
Parallelogram on the same base (or equal bases) and between the same
parallels are equal in area.
Note: |1 stands for parallelogram.
Result: Triangles, on the same base and between the same parallels, are equal in area.

Consider Fig. 13.42. Join the diagonals BQ and AC of the two parallelograms BCQP and
ABCD respectively. We know that a diagonals of a |l#™ divides it in two triangles of equal
area.
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Area (ABCQ) = Area (APBQ) [Each half of g™ BCQP]
and  Area(AABC)=Area (ACAD) [Each half of [f™ ABCD]

Area (AABC) = Area (ABCQ) [Since area of [E™ ABCD = Area of [1E" BCQP]
Thus we conclude the following:

Triangles on the same base (or equal bases) and between the same parallels
are equal in area.

13.8 TRIANGLES ON THE SAME OR EQUAL BASES
HAVING EQUAL AREAS HAVE THEIR

CORRESPONDING ALTITUDES EQUAL

1
Recall that the area of triangle = ) (Base) x Altitude

< A .D -» |
B E c Q ) R M
Fig. 13.43
Here BC=QR
and Area (AABC) = Area (ADBC) = Area (APQR) [Given] ..(»i)

Draw perpendiculars DE and PS from D and P to the line m meeting it in E and S
respectively.

1
Now Area (AABC) = 5 BC x DE

1
Area (ADBC) = ) BC x DE (i)

1
and Area (APQR) = ) QR x PS

Also, BC=QR (given) ...(ii1)

From (i), (i) and (ii1), we get
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! BC x DE ] R x PS
g BEXDE=7 QR x
Notes 1 1
or —BCxDE=—-BCxPS
2 2
DE =PS

i.e., Altitudes of AABC, ADBC and APQR are equal in length.

Thus, we conclude the following:
Triangles on the same or equal bases, having equal areas have their
corresponding altitudes equal.

Let us consider some examples:

Example 13.12: In Fig. 13.44, the area of parallelogram ABCD is 40 sq cm. If
BC =8 cm, find the altitude of parallelogram BCEF.

Solution: Area of [IE" BCEF = Area of llE™ ABCD =40 sq cm
we know that Area (/#" BCEF) = EF x Altitude
or 40=BC x Altitude of |l BCEF
or 40=BC x Altitude of |l BCEF

4

> 1

40 8 c
.. Altitude of =" BCEF = g cmor Scm. Fig. 13.44

Example 13.13: In Fig. 13.45, the area of AABC is given to be 18 cm?. If the altitude DL
equals 4.5 cm, find the base of the ABCD.

Solution: Area (ABCD) = Area (AABC) = 18 cm?

Let the base of ABCD be x cm

» [
1
Area of ABCD = E x x DL
lx><45 2
=15 - |cm
>m
9
or 18 = ZX Fig. 13.45
4
X = (18X§j cm =8 cm.
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Example 13.14: In Fig. 13.46, ABCD and ACED are two parallelograms. If area of
AABC equals 12 cm?, and the length of CE and BC are equal, find the area of the trapezium

ABED.
A D
/\/\ Notes
B : c 5 E

Fig. 13.46
Solution: Area (IE" ABCD) = Area (II#" ACED)

The diagonal AC divides the [IE" ABCD into two triangles of equal area.

1
Area (ABCD) = 3 Area (ll=™ ABCD)

Area (|[f" ABCD) = Area (Il ACED) =2 x 12 cm?
=24 cm?
.". Area of Trapezium ABED
=Area (AABC) + Area (lle” ACED)
= (12 +24) cm?

=36 cm?

CHECK YOUR PROGRESS 13.5

1. When do two parallelograms on the same base (or equal bases) have equal areas?

2. The area of the triangle ABC formed by joining the diagonal AC of a llE" ABCD is 16
cm?. Find the area of the llE™ ABCD.

3. Theareaof AACD inFig. 13.47is 8 cm?. If EF =4 cm, find the altitude of lI*" BCFE.

A E D F

B c
Fig. 13.47
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Notes A quadrilateral is a four sided closed figure, enclosing some region of the plane.
e The sum of the interior or exterior angles of a quadrilateral is equal to 360° each.
e A quadrilateral is a trapezium if its only one pair of opposite sides is parallel.

e A quadrilateral is a parallelogrm if both pairs of sides are parallel.
e Inaparallelogram:
(i) opposite sides and angles are equal.
(i) diagonals bisect each other.
e A parallelogram is arhombus if its adjacent sides are equal.
e The diagonals of arhombus bisect each other at right angle.
e A parallelogram is arectangle if its one angle is 90°.
e The diagonals of arectangle are equal.
e Arectangle is a square if its adjacent sides are equal.
e Thediagonals of a square intersect at right angles.
e The diagonal of a parallelogram divides it into two triangles of equal area.

e Parallelogram on the same base (or equal bases) and between the same parallels are
equal in area.

e The triangles on the same base (or equal bases) and between the same parallels are
equal in area.

e Triangles on same base (or equal bases) having equal areas have their corrsponding
altitudes equal.

H TERMINAL EXERCISE

1. Which of the following are trapeziums?

B
A B D C
A
‘ D
D (o] A B c
Fig. 13.48
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2. InFig. 13.49,PQIIFGIIDE I BC. Name all the trapeziums in the figure.

Notes

C

Fig. 13.49

3. InFig. 13.50, ABCD is a parallelogram with an area of 48 cm?. Find the area of (i)
shaded region (ii) unshaded region.

A 0

Fig. 13.49
4. Fillin the blanks in each of the following to make them true statements:
(i) A quadrilateral is a trapeziumiif ....
(i) A quadrilateral is a parallelogramif ....
(iii) A rectangleisasquareif...

(iv) the diagonals of a quadrilateral bisect each other at right angle. If none of the
angles of the quadrilateral is aright angle, itis a...

(v) The sum of the exterior angles of a quadrilateral is ...

5. Ifthe angles of a quadrilateral are (x — 20)°, (x + 20)°, (x — 15)°and (x + 15)°, find x
and the angles of the quadrilateral.

6. The sum of the opposite angles of a parallelograms is 180°. What type of a parallelogram
isit?
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7. The areaofa AABD inFig. 13.51 is 24 cm?. If DE =6 cm, and AB Il CD, BD | CE,
AEIIBC, find
B A D E
Notes ‘ W N
< B c T

Fig. 13.51
(1) Altitude of the parallelogram BCED.
(ii) Area of the parallelogram BCED.
8. In Fig. 13.52, the area of parallelogram ABCD is 40 cm?. If EF = 8 cm, find the

altitude of ADCE.
A D F E_,
<+ B c >
Fig. 13.52
A
{ ANSWERS TO CHECK YOUR PROGRESS
13.1
1. (i)Rectangle (i1) Trapezium  (iii) Rectangle (iv) Parallelogram
(v) Rhombus (vi) Square
2. (1) True (i) False (iii) True (iv) True
(v) True (vi) True (vii) False (viii) False
(ix) False (x) False
3. 90°

4. 60°, 84°, 84° and 132°

5. Other pair of opposite angles will also be supplementary.
13.2

1. ZB=118° ZC=62°and £ZD =118°

2. LA =105° £B =75° £ZC =105°and £D =75°
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30
ZCDB =55°and ZADB = 55°
ZACD =61°

o v W

. ZOPS=70° 7.  ZCAB=45 Notes
13.3

2. 5cm

3. 3cm

134

I. MS=2cmand MN=2.5cm

2. 1, mand n are three equidistant parallel lines

3. XY=34cm, XP=32cmandBZ=3.5cm

13.5

1. When they are lying between the same parallel lines
2. 32cm?

3. 4cm

[ ]
= ANSWERS TO TERMINAL EXERCISE

1. (i)and (iii)
2. PFGQ, FDEG, DBCE, PDEQ, FBCG and PBCQ
3. (1)24cm? (i) 24 cm?
4. (1) any one pair of opposite sides are parallel.
(@ii) both pairs of opposite sids are parallel
(iii) pair of adjacent sides are equal

(iv) rhombus

(v) 360°
5. x=90°, angles are 70°, 110°, 75° and 105° respectively.
6. Rectangle.
7. (1)8cm (ii) 48 cm?
8. 5cm
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SIMILARITY OF TRIANGLES

Looking around you will see many objects which are of the same shape but of same or
different sizes. For examples, leaves of a tree have almost the same shape but same or
different sizes. Similarly, photographs of different sizes developed from the same negative
are of same shape but different sizes, the miniature model of a building and the building
itself are of same shape but different sizes. All those objects which have the same
shape but not necessarily the same size are called similar objects.

Let us examine the similarity of plane figures (Fig. 14.1):

(1) Two line-segments of the same length are congruent as well as similar and of different
lengths are similar but not congruent.

Fig. 14.1 (i)

(@) Two circles of the same radius are congurent as well as similar and circles of different

radii are similar but not congruent. :

Fig. 14.1 (ii)

(1) Two equilateral triangles of different sides are similar but not congruent.

JANEWAN

Fig. 14.1 (iii)
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(@iv) Two squares of different sides are similar but not congruent.

Notes

Fig. 14.1 (iv)

In this lesson, we shall study about the concept of similarity, particularly similarity of triangles
and the conditions thereof. We shall also study about various results related to them.

After studying this lesson, you will be able to

e identify similar figures;
e distinguish between congurent and similar plane figures;

e prove that if a line is drawn parallel to one side of a triangle then the other two
sides are divided in the same ratio;

e state and use the criteria for similarity of triangles viz. AAA, SSS and SAS;

e verify and use unstarred results given in the curriculum based on similarity
experimentally;

e prove the Baudhayan/Pythagoras Theorem;

e apply these results in verifying experimentally (or proving logically) problems
based on similar triangles.

EXPECTED BACKGROUND KNOWLEDGE

e knowledge of plane figures like triangles, quadrilaterals, circles, rectangles, squares,
etc.

e criteria of congruency of triangles.
e finding squares and square-roots of numbers.
e ratio and proportion.

e Interior and exterior angles of a triangle.
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Similarity of Triangles

14.1 SIMILAR PLANE FIGURES

Fig. 14.2
In Fig. 14.2, the two pentagons seem to be of the same shape.
We can see that if ZA=Z/A’, /B=/B’, /C=/C", /D = /D’ and ZE = E’ and
AB BC CD DE EA

AB BC CD DE _EA" then the two pentagons are similar. Thus we say

that

Any two polygons, with corresponding angles equal and corresponding sides
proportional, are similar.

Thus, two polygons are similar, if they satisfiy the following two conditions:

(1) Corresponding angles are equal.

(i) The corresponding sides are proportional.

Even if one of the conditions does not hold, the polygons are not similar as in the case of a
rectangle and square given in Fig. 14.3. Here all the corresponding angles are equal but
the corresponding sides are not proportional.

A T B P ] Q
D (] S R
Fig. 14.3

14.2 BASIC PROPORTIONALITY THEORM

We state below the Basic Proportionality Theorm:

If a line is drawn parallel to one side of a triangle intersecting the other two
sides, the other two sides of the triangle are divided proportionally.
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Thus, in Fig. 14.4, DE Il BC, According to the above result

A
AD _AE
DB EC D ]
We can easily verify this by measuring AD, DB, AE and
EC. You will find that
B c

DB EC
We state the converse of the above result as follows:

If a line divides any two sides of a triangle in the same ratio, the line is parallel to
third side of the triangle.

AD AE
Thus, in Fig 14.4, if DE divides side AB and AC of AABC such that ﬁ = E , then
DE || BC.
We can verify this by measuring ZADE and ZABC and finding that

ZADE = ZABC
These being corresponding angles, the line DE and BC are parallel.
We can verify the above two results by taking different triangles.

Let us solve some examples based on these.

Example 14.1: In Fig. 14.5, DE I BC. [f AD =3 cm, DB =5 cm and AE = 6 cm, find
AC.

Solution: DE Il BC (Given). Let EC =x

AD _AE .
DB EC aom/ “\gom
D E
§=§ S5cm
5 x
_ B
= 3x=30 c
= x=10 Fig. 14.5
EC=10cm

AC=AE+EC=16cm

5
Example 14.2: In Fig. 14.6,AD =4 cm, DB =5 cm,AE=4.5 cm and EC = 5§ cm.

Is DE I BC? Given reasons for your answer.
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Solution: We are given that AD =4 cm and DB =5 cm
: AD _ 4
Notes B DB 5
AE 45 9 8 4
—_— e =—X—=—
Similarly, EC 45 2 45 5
8
AD _AE
DB EC

.. According to converse of Basic Proportionality Theorem

DEIIBC

CHECK YOUR PROGRESS 14.1

1. InFig. 14.7 (i) and (ii), PQ Il BC. Find the value of x in each case.

o)
(9}

(1) (ii)
Fig. 14.7

2. InFig. 14.8 [(1)], find whether DE Il BC is parallel to BC or not? Give reasons for your
answer.
A

3cm 45cm

5.75cm

(¥
Fig. 14.8
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14.3 BISECTOR OF AN ANGLE OF A TRIANGLE

We now state an important result as given below:

The bisector of an interior angle of a triangle divides the opposite side in Notes
the ratio of sides containing the angle.

According to the above result, if AD is the internal
bisector of ZA of AABC, then

BD_AB s
pCc_ ac e 149

We can easily verify this by measuring BD, DC, AB

and AC and finding the ratios. We will find that B D c

Fig. 14.9

BD_AB

DC AC
Repeating the same activity with other triangles, we may verify the result.
Let us solve some examples to illustrate this.

Example 14.3: The sides AB and AC of a triangle are of length 6 cm and 8 cm respectively.
The bisector AD of ZA intersects the opposite side BC in D such that BD =4.5 cm (Fig.
14.10). Find the length of segment CD.

Solution: According to the above result, we have

BD_AB
DC AC A
( -~ AD is internal bisector of ZA of AABC)
6cm 8cm
45_6
or < 8
= 6x=4.5x%x8 B 45cm D x c
=6 Fig. 14.10

i.e., the length of line-segment CD =6 cm.

Example 14.4: The sides of a triangle are 28 cm, 36 cm and 48 cm. Find the lengths of
the line-segments into which the smallest side is divided by the bisector of the angle opposite
toit.

Solution: The smallest side is of length 28 cm and the sides forming £A opposite to it are
36 cm and 48 cm. Let the angle bisector AD meet BC in D (Fig. 14.11).
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BD _36_3 ,
DC 48 4
Notes 3
= 4BD=3DC or BD= ZDC a6 cm pr
BC=BD +DC =28 cm
3 v
DC+ ZDC =28 B = c
R 2Bom c---eersiieen-. >
Fig. 14.11

BD=12cmand DC=16cm

CHECK YOUR PROGRESS 14.2

1. In Fig. 14.12, AD is the bisector of ZA, meeting BC in D. If AB = 4.5 cm,
BD=3cm, DC=5 cm, find x.

4.5cm X

B 3cm D 5cm C

Fig. 14.12

2. InFig. 14.13, PS is the bisector of ZP of APQR. The dimensions of some of the sides
are given in Fig. 14.13. Find x.

P

4cm 2(x-1)

Q X S X+2 R
Fig. 14.13
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3. InFig. 14.14, RS is the bisector of ZR of APQR. For the given dimensions, express
p, the length of QS in terms of X, y and z.

Notes

Fig. 14.14

14.4 SIMILARITY OF TRIANGLES

Triangles are special type of polygons and therefore the conditions of similarity of polygons
also hold for triangles. Thus,

Two triangles are similar if
(1) their corresponding angles are equal, and

(i) their corresponding sides are proportional.

B
=

Fig. 14.15

We say that AABC is similar to ADEF and denote it by writing
AABC ~ ADEF (Fig. 14.15)
The symbol ‘~’ stands for the phrase “is similar to”

If AABC ~ ADEEF, then by definition
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AB _BC CA
DE EF FD'

ZA=24D, /B=/E, ZC= ZF and

14.4.1 AAA Criterion for Similarity

We shall show that in the case of triangles if either of the above two conditions is satisfied
then the other automatically holds.

Let us perform the following experiment.

Construct two A’s ABC and PQR in which ZP= ZA, ZQ= 4B and £R = ZC as shown
in Fig. 14.16.

8 " c Q ! R
Fig. 14.16

Measure the sides AB, BC and CA of the AABC and also measure the sides PQ, QR and
RP of APQR.

AB BC CA
, and .
PQ QR RP

Now find the ratio

What do you find? You will find that all the three ratios are equal and therefore the triangles
are similar.

Try this with different triangles with equal corresponding angles. You will find the same
result.

Thus, we can say that:
If in two triangles, the corresponding angles are equal the triangles are similar

This is called AAA similarity criterion.

14.4.2 SSS Criterion for Similarity

Letus now perform the following experiment:
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Draw a triangle ABC with AB =3 cm, BC=4.5 cm and CA=3.5 cm [Fig. 14.17 (1)].
P
A 6cm 7cm Notes
W{n
B 4.5cm c Q 9cm R
(1) (ii)

Fig. 14.17

Draw another APQR as shown in Fig. 14.17(i1), with PQ = 6 cm, QR = 9 cm and
PR =7cm.

AB _BC AC
PQ QR PR

We can see that

1.e., the sides of the two triangles are proportional.
Now measure ZA, £ZB and £C of AABC and £P, ZQ and £R of APQR.
You will find that ZA=ZP, ZB=ZQ and £C = ZR.

Repeat the experiment with another two triangles having corresponding sides proportional,
you will find that the corresponding angles are equal and so the triangles are similar.

Thus, we can say that

If the corresponding sides of two triangles are proportional the triangles
are similar.

14.4.3 SAS Criterian for Similarity

Let us conduct the following experiment.

Take aline AB =3 cm and at A construct an angle of 60°. Cut off AC =4.5 cm. Join BC.
b

60°
A 6cm
gcm

aem X O 45cm

B c Q R

Fig. 14.18
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Now take PQ =6 cm. At P, draw an angle of 60° and cut off PR =9 cm (Fig. 14.18) and
join QR.
Measure /B, ZC, ZQ and ZR. We shall find that /B = ZQ and ZC = £ZR
Notes

Thus, AABC ~ APQR
Thus, we conclude that

If one angle of a triangle is equal to one angle of the other triangle and the sides
containing these angles are proportional, the triangles are similar.

Thus, we have three important criteria for the similarity of triangles. They are given below:
(i) Ifintwo triangles, the corresponding angles are equal, the triangles are similar.

(ii) If the corresponding sides of two triangles are proportional, the triangles are
similar.

(i) If one angle of a triangle is equal to one angle of the other triangle and the
sides containing these angles are proportional, the triangles are similar.

Example 14.5: In Fig. 14.19 two triangles ABC and PQR are given in which ZA = /P
and ZB = ZQ. Is AABC ~ APQR?.

A P

B C Q R
Fig. 14.19
Solution: We are given that
ZA=/Pand /B = £Q

We also know that

LA+ LB+ £ZC=4P+ £Q + LR =180°

Therefore ZC= /R
Thus, according to first criterion of similarity (AAA)

AABC ~ APQR
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Example 14.6: In Fig. 14.20, AABC ~ APQR. If AC = 4.8 cm, AB =4 cm and
PQ =9 cm, find PR.
P
Notes
qé“
Q ' R
Fig. 14.20

Solution: It is given that AABC ~ APQR

AB _AC
PQ PR

Let PR=xcm

= x=10.8
1e., PR =10.8 cm.

CHECK YOUR PROGRESS 14.3

Find values of x and y of AABC ~ APQR in the following figures:

A P

) 3cm y x 5.25 cm

Fig. 14.21
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A P
Notes
(ir)
x° 50° yo
B o Q R
Fig. 14.22
B
(i) A(P) 6 cm a
c 3cm
4cm
7cm
R
Fig. 14.23

14.5 SOME MORE IMPORTANT RESULTS

Let us study another important result on similarity in connection with a right triangle and the
perpendicular from the vertex of right angle to the opposite side. We state the result below
and try to verify the same.

If a perpendicualr is drawn from the vertex of the right angle of a right
triangle to the hypotenuse, the triangles on each side of the perpendicular
are similar to each other and to the original triangle.

Letus try to verify this by an activity.

Draw a AABC, right angled at A. Draw AD L to A
the hypoenuse BC, meeting itin D. >
Let /DBA=q,
As ZADB =90°, ZBAD =90° — o
As ZBAC =90° and ZBAD =90° - o ul 90°~
D c
Therefore ZDAC =« ?
Fig. 14.24

Similarly ZDCA =90° - o
.. AADB and ACDA are similar, as it has all the corresponding angles equal.
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Also, the angles B, A and C of ABAC are o, 90° and 90° — ot respectively.
AADB ~ ACDA ~ ACAB
Another important result is about relation between corresponding sides and areas of similar Notes

triangles.
It states that

The ratio of the areas of two similar triangles is equal to the ratio of the
squares of their corresponding sides.

Let us verify this result by the following activity. Draw two right triangles ABC and PQR
which are similar i.e., their sides are proportional (Fig. 14.25).

P
A 6cm §cm
em 4.5cm
s
D S5cm c Q S 10cm R
Fig. 14.25
Draw AD 1 BC and PS 1 QR.

Measure the lengths of AD and PS.
Find the product AD x BC and PS x QR
You will find that AD x BC =BC? and PS x QR = QR?
Now ADxBC=2.Areaof AABC
PS x QR = 2. Area of APQR

Areaof AABC ADXBC _ BC?

Areaof APQR  PSxQR  QR> (1)
BC AB AC

AS = =
QR PQ PR

Areaof AABC _ BC? _ AB? _ AC?
Areaof APQR QR* PQ’* PR’
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The activity may be repeated by taking different pairs of similar triangles.

Let us illustrate these results with the help of examples.

Notes | Example 14.7: Find the ratio of the area of two similar triangles if one pair of their
corresponding sides are 2.5 cm and 5.0 cm.

Solution: Let the two triangles be ABC and PQR
Let BC=25cmand QR=5.0cm

Area (AABC) _BC* _(2.5) 1
Area (APQR) QR*> (5.0 4

Example 14.8: In a AABC, PQ Il BC and intersects AB and AC at P and Q respectively.

AP 2
If BP = g find the ratio of areas AAPQ and AABC.

Solution: In Fig 14.26 A
PQ Il BC

AP _AQ 2

BP QC 3

AP AQ 2 Fig. 14.26

AB AC 5 AP AQ 2
— - = - = —_

AP AQ 2 AB AC 5
.. AAPQ ~ AABC
2 2 2
. Area(AAPQ) _ AP _[AP) (2] =2 (. AAPQ ~ AABC)
Area (AABC) AB’> | AB 5) 25

CHECK YOUR PROGRESS 144

1. InFig. 14.27, ABCis aright triangle with A=90° and C = 30°. Show that ADAB ~
ADCA ~ AACB.
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A

Notes

30°
B D C
Fig. 14.27

2. Find the ratio of the areas of two similar triangles if two of their corresponding sides
are of length 3cm and 5 cm.

3. InFig. 14.28, ABCis atriangle in which DE [ BC. If AB =6 cm and AD =2 cm, find
the ratio of the areas of AADC and trapezium DBCE.

A

B Fig 1428 c

4. P, QandR are respectively the mid-points of the sides AB, BC and CA of the AABC.
Show that the area of APQR is one-fourth the area of AABC.

5. Intwo similar triangles ABC and PQR, if the corresponding altitudes AD and PS are
in the ratio of 4 : 9, find the ratio of the areas of AABC and APQR.

[Hint :Use AB _AD _BC _ CA}

PQ PS QR PR
6. If the ratio of the areas of two similar triangles is 16 : 25, find the ratio of their
corresponding sides.

14.6 BAUDHYAN/PYTHAGORAS THEOREM

We now prove an important theorem, called Baudhayan/Phythagoras Theorem using the
concept of similarity.

Theorem: In a right triangle, the square on the hypotenuse is equal to sum
of the squares on the other two sides.

Given: Aright triangle ABC, in which £ZB =90°.
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To Prove: AC*>=AB? + BC?
Construction: From B, draw BD L AC (See Fig. 14.29) A
Notes | Proof: BD 1L AC
AADB ~ AABC ..(1)
and ABDC ~ AABC (i)
Erom (i we sag AB Z AD
rom (1), we get AC_ AB D
= AB?=AC.AD .(X)
brom i) we set BC = D€
rom (i1), we get AC _ BC
= BC*=AC.DC ..(Y) c B
Fig. 14.29

Adding (X) and (Y), we get
AB?+BC?*=AC (AD + DC)
=AC.AC=AC?

The theorem is known after the name of famous Greek Mathematician Pythagoras. This
was originally stated by the Indian mathematician Baudhayan about 200 years before
Pythagoras in about 800 BC.

14.6.1 Converse of Pythagoras Theorem

The conserve of the above theorem states:

In a triangle, if the square on one side is equal to sum of the squares on the
other two sides, the angle opposite to first side is a right angle.

This result can be verified by the following activity.
Draw a triangle ABC with side 3 cm, 4 cm and 5 cm.

1e., AB=3cm, BC=4cm

A

and AC =5 cm (Fig. 14.30)

You can see that AB? + BC>=(3)> + (4)*
—9+16=25 3om 2em

AC*=(52=25

- AB?+ BC?=AC?
The triangle in Fig. 14.30 satisfies the B 4cm c
condition of the above result. Fig. 14.30
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Measure ZABC, you will find that ZABC =90°. Construct triangles of sides 5 cm, 12 cm
and 13 cm, and of sides 7 cm, 24 cm, 25 cm. You will again find that the angles opposite
to side of length 13 cm and 25 cm are 90° in each case.

Example 14.9: In a right triangle, the sides containing the right angle are of length 5 cm
and 12 cm. Find the length of the hypotenuse.

Solution: Let ABC be the right triangle, right angled at B.
AB=5cm,BC=12cm
Also, AC?> =BC?>+AB?
=(12)>+ (5
=144 + 125
=169
AC =13
i.e., the length of the hypotenuse is 13 cm.

Example 14.10: Find the length of diagonal of a rectangle the lengths of whose sides are
3 cmand 4 cm.

D
Solution: In Fig. 14.31, is a rectangle ABCD. g
Join the diagonal BD. Now DCB is aright triangle.
D? = BC? + CD? x som
=47 +32
=16+9=25 B 4cm C
BD =5 Fig. 14.31

1.e., the length of diagonal of rectangle ABCD is 5 cm.

Example 14.11: In an equilateral triangle, verify that three times the square on one side is
equal to four times the square on its altitude.

Solution: The altitude AD 1L BC
and BD=CD (Fig. 14.32)
Let AB=BC=CA=2a
and BD=CD=a 2
Let AD=x
X2 = (2a)? — (a)? = 322
3.(Side)* =3. (2a)* =12 a?

B
4. (Altitude)? = 4. 3a% = 12a> e “—’D
Hence the result. Flg. 14.32
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Example 14.12: ABC s aright triangle, right angled at C. If CD, the length of perpendicular
from Con AB is p, BC =a, AC =b and AB =c (Fig. 14.33), show that:
(i) pc=ab
Notes
1 1 1

(ii)?:a_erb_z

Solution: i) CD 1 AB

c
. AABC ~ AACD
b a
Lc_a e
5o
= pc=ab A X =D c~X > B
(i) AB?*=AC?+ BC? Fig. 14.33

or ¢’=b*+2a°

2
(ﬂJ =b’+a’
p

1 a*+b* 1 1
°r'?=3%7=¥*ﬁ

CHECK YOUR PROGRESS 14.5

1. The sides of certain triangles are given below. Determine which of them are right
triangles: [AB =c,BC=a, CA=b]

1) a=4cm,b=5cm,c=3cm

@) a=1.6cm,b=3.8cm,c=4cm
@) a=9cm,b=16cm,c=18 cm
ivia=7cm,b=24cm,c=25cm

2. Two poles of height 6 m and 11 m, stand on a plane ground. If the distance between
their feet is 12 m, find the distance between their tops.

3. Find the length of the diagonal of a square of side 10 cm.
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4. InFig. 14.34, ZCis acute and AD L BC. Show that AB>=AC?*+ BC*-2BC. DC.
A
Notes
B D ¢
Fig. 14.34

5. Land M are the mid-points of the sides AB and AC of AABC, right angled at B.
Show that 4LC?=AB?+ 4 BC?

6. Pand Q are points on the sides CA and CB respectively of AABC, right angled at C
Prove that AQ’? + BP? = AB? + PQ?

PQR is an isosceles right triangle with £Q =90°. Prove that PR? =2PQ".

®

A ladder is placed against a wall such that its top reaches upto a height of 4 m of the
wall. If the foot of the ladder is 3 m away from the wall, find the length of the ladder.

@hmm

e  Objects which have the same shape but different or same sizes are called similar objects.

e Any two polygons, with corresponding angles equal and corresponding sides
proportional are similar.

e Ifalineis drawn parallel to one-side of a triangle, it divides the other two sides in the
same ratio and its converse.

e The bisector of an interior angle of a triangle divides the opposite side in the ratio of
sides containing the angle.

e Two triangles are said to be similar, if
(a) their corresponding angles are equal and
(b) their corresponding sides are proportional
e  (riteria of similarity
- AAA criterion
- SSS criterion

- SAS criterion
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Similarity of Triangles

If a perpendicular is drawn from the vertex of the right angle of a right angled triangle
to the hypotenuse, the triangles so formed are similar to each other and to the given
triangle.

The ratio of the areas of two similar triangles is equal to the ratio of squares of their

corresponding sides.

In aright triangle, the square on the hypotenuse is equal to sum of the squares on the
remaining two sides — (Baudhayan Pythagoras Theorem).

In a triangle, if the square on one side is equal to the sum of the squares on the
remaining two sides, then the angle opposite to the first side is a right angle — converse
of (Baudhayan) Pythagoras Theorem.

H TERMINAL EXERCISE

1.
2.
3.

Write the criteria for the similarity of two polygons.
Enumerate different criteria for the similarity of the two triangles.
In which of the following cases, A’s ABC and PQR are similar.
1) LA =40, £B =60° £C =80°, LP =40°, £Q = 60° and £ZR = 80°
(i) ZA =50° £ZB =70°, £C =60°, ZP =50°, ZQ = 60° and £ZR =70°
@) AB=2.5cm,BC=4.5cm,CA=3.5cm

PQ=50cm, QR=9.0cm, RP=7.0cm
@iv) AB=3cm,QR=7.5cm, RP=5.0cm

PQ=45cm,QR=7.5cm, RP=6.0 cm.
In Fig. 14.35,AD =3 cm, AE=4.5 cm, DB =4.0 cm, find CE, give that DE || BC.

A
A
D E 3.0cm
20cm 7
B 30cm E X ¢
B C
Fig. 14.35 Fig. 14.36

5. InFig. 14.36, DE [l AC. From the dimensions given in the figure, find the value of x.
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6. InFig. 14.37 is shown a AABC in whichAD =5 cm, DB =3 cm, AE =2.50 cm and
EC=1.5cm.Is DE [l BC? Give reasons for your answer.
A
Notes
2.5cm
Scm
E
D
1.5cm
3cm
o]
B
Fig. 14.37 Fig. 14.38

7. InFig. 14.38, AD is the internal bisector of ZA of AABC. From the given dimensions,
find x.

8. The perimeter of two similar triangles ABC and DEF are 12 cm and 18 cm. Find the
ratio of the area of AABC to that of ADEF.

9. The altitudes AD and PS of two similar triangles ABC and PQR are of length 2.5 cm
and 3.5 cm. Find the ratio of area of AABC to that of APQR.

10. Which of the following are right triangles? A
i AB=5cm,BC=12cm,CA=13cm :
(i) AB=8cm,BC=6cm,CA=10cm
@) AB=10cm, BC=5cm, CA=6cm
(iv) AB=25cm,BC=24cm,7=13cm 5 o
(v) AB=a’>+b* BC=2ab, CA=a>-b’ Fig. 14.39

11. Find the area of an equilateral triangle of side 2a.

12. Two poles of heights 12 m and 17 m, stand on a plane ground and the distance
between their feet is 12 m. Find the distance between their tops.

13. InFig. 13.39, show that:
AB?=AC?*+BC?*+2BC.CD
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Similarity of Triangles

14. Aladder is placed against a wall and its top reaches a point at a height of 8 m from the
ground. If the distance between the wall and foot of the ladder is 6 m, find the length of
the ladder.

15. In an equilateral triangle, show that three times the square of a side equals four times
the square of medians.

A
u‘ ANSWERS TO CHECK YOUR PROGRESS

14.1

1. ()6 (i1) 6 (iii) 10cm
2. (1) No (i1) Yes (1) Yes
14.2

1. 7.5cm 2.4 cm

yz . .
3. o (x =-11s not possible)

14.3

1. 1)x=4.5,y=35 (i) x =70,y =50 (ii)x=2cm,y=7cm
14.4

2. 9:25 3.1:8 5.16: 81 6.4:5
14.5

1. () Yes (i1) No (iii) No (iv) Yes

2. 13m 3.10,/2 cm 8.5m

[ ]
= ANSWERS TO TERMINAL EXERCISE

3. (i) and (iii 4.6 5.4.5 6Y‘£—£

. (1) and (ii1) .6cm .4.5cm . Yes: DB EC
7. 45cm 8.4:9 9.25:49 10. (1), (i), (iv) and (v)
11. /3 a 12.13m 14.10 m
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CIRCLES

You are already familiar with geometrical figures such as a line segment, an angle, a triangle,
a quadrilateral and a circle. Common examples of a circle are a wheel, a bangle, alphabet
O, etc. In this lesson we shall study in some detail about the circle and related concepts.

After studying this lesson, you will be able to

e define a circle
e give examples of various terms related to a circle
e illustrate congruent circles and concentric circles

e identify and illustrate terms connected with circles like chord, arc, sector, segment,
etc.

e verify experimentally results based on arcs and chords of a circle

e use the results in solving problems

EXPECTED BACKGROUND KNOWLEDGE

e Line segment and its length

e Angle and its measure

e Parallel and perpendicular lines

e (Closed figures such as triangles, quadrilaterals, polygons, etc.
e Perimeter of a closed figure

e Region bounded by a closed figure

e Congruence of closed figures
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15.1 CIRCLE AND RELATED TERMS

15.1.1 Circle

A circle is a collection of all points in a plane which are at
a constant distance from a fixed point in the same plane.

Radius : A line segment joining the centre of the circle to
a point on the circle is called its radius.

In Fig. 15.1, there is a circle with centre O and one of its
radius is OA. OB is another radius of the same circle.

Activity for you : Measure the length OA and OB and
observe that they are equal. Thus

All radii (plural of radius) of a circle are equal

The length of the radius of a circle is generally denoted by
the letter ‘r’. It is customry to write radius instead of the
length of the radius.

A closed geometric figure in the plane divides the plane
into three parts namely, the inner part of the figure, the
figure and the outer part. In Fig. 15.2, the shaded
portion is the inner part of the circle, the boundary is the
circle and the unshaded portion is the outer part of the
circle.

Activity for you

(a) Take a point Q in the inner part of the circle (See
Fig. 15.3). Measure OQ and find that OQ <r. The inner
part of the circle is called the interior of the circle.

(b) Now take a point P in the outer part of the circle
(Fig. 15.3). Measure OP and find that OP > r. The outer
part of the circle is called the exterior of the circle.

15.1.2 Chord

A line segment joining any two points of a circle is called
achord. In Fig. 15.4, AB, PQ and CD are three chords
of a circle with centre O and radius r. The chord PQ
passes through the centre O of the circle. Such a chord is
called a diameter of the circle. Diameter is usually de-
noted by ‘d’.

Fig. 15.1

outer part

Fig. 15.3

\B
P \Q
=
\_/

Fig. 15.4
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A chord passing though the centre of a circle is called its diameter.
Activity for you :
Measure the length d of PQ, the radius r and find that d is the same as 2r. Thus we have
d=2r
1.e. the diameter of a circle = twice the radius of the circle.

Measure the length PQ, AB and CD and find that PQ > AB and PQ > CD, we may
conclude

Diameter is the longest chord of a circle.
15.1.3 Arc

A part of a circle is called an arc. In Fig. 15.5(a) ABC is an arc and is denoted by arc
ABC

-----
.................

Fig. 15.5
15.1.4 Semicircle

A diameter of a circle divides a circle into two equal arcs, each of which is known as a
semicircle.

A . . . . /\
In Fig. 15.5(b), PQ is a diameter and PRQ is semicircle and so is PBQ.

15.1.5 Sector

The region bounded by an arc of a circle and two radii at
its end points is called a sector.

>
In Fig. 15.6, the shaded portion is a sector formed by the ?/ Q
arc PRQ and the unshaded portion is a sector formed by /
R
the arc PTQ. -

15.1.6 Segment Fig. 15.6

A chord divides the interior of a circle into two parts,
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each of which is called a segment. In Fig. 15.7, the shaded B
region PAQP and the unshaded region PBQP are both

segments of the circle. PAQPis called a minor segment

and PBQP is called a major segment.

15.1.7 Circumference

Choose a point P on a circle. If this point moves along the P
circle once and comes back to its original position then

A
the distance covered by P is called the circumference of .
. Fig. 15.7
the circle
P P
Fig. 15.8
Activity for you :

Take a wheel and mark a point P on the wheel where it touches the ground. Rotate the
wheel along a line till the point P comes back on the ground. Measure the distance be-
tween the Ist and last position of P along the line. This distance is equal to the circumfer-
ence of the circle. Thus,

The length of the boundary of a circle is the circumference of the circle.
Activity for you

Consider different circles and measures their circumference(s) and diameters. Observe
that in each case the ratio of the circumference to the diameter turns out to be the same.

The ratio of the circumference of a circle to its diameter is always a con-
stant. This constant is universally denoted by Greek letter 7.

c
Therefore, —=—= 7, where c is the circumference of the circle, d its diameter and r is

d 2r
its radius.

22
An approximate value of 7 is ER Aryabhata -1 (476 A.D.), a famous Indian Mathema-

tician gave a more accurate value of 7 which is 3.1416. In fact this number is an
irrational number.
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15.2 MEASUREMENT OF AN ARC OF A CIRCLE
Consider an arc PAQ of a circle (Fig. 15.9). To measure its length we put a thread along
PAQ and then measure the length of the thread with the help of a scale.
Notes

Similarly, you may measure the length of the arc PBQ.

Q
15.2.1 Minor arc A
An arc of circle whose length is less than that of a semi-
circle of the same circle is called a minor arc. PAQ is a p
minor arc (See Fig. 15.9) B

15.2.2 Major arc Fig. 15.9

An arc of acircle whose length is greater than that of a semicircle of the same circle is

called a major arc. In Fig. 15.9, arc PBQ is a major arc.
15.3 CONCENTRIC CIRCLES

Circles having the same centre but different radii are called

concentric circles (See Fig. 15.10).

15.4 CONGRUENT CIRCLES OR ARCS Fig. 15.10

Two cirlces (or arcs) are said to be congruent if we can superimpose (place) one over the
other such that they cover each other completely.

15.5 SOME IMPORTANT RULES
Activity for you :

(1) Draw two circles with cenre O, and O, and radius r and s respectively (See Fig. 15.11)

I)
@

Fig. 15.11

Mathematics Secondary Course 385




MODULE - 3

Geometry

386

Notes

(i1) Superimpose the circle (i) on the circle (ii) so that O,
coincides with O,.

(ii1) We observe that circle (i) will cover circle (ii) if and
onlyifr=s

Two circles are congurent if and only if they have equal

In Fig. 15.12 if arc PAQ = arc RBS then £ POQ =
Z ROS and conversely if ZPOQ = £ ROS Fig. 15.12

then arc PAQ = arc RBS.

Two arcs of a circle are congurent if and only if the angles subtended by
them at the centre are equal.

In Fig. 15.13, if arc PAQ = arc RBS A Q

then PQ =RS p ,

and conversely if PQ =RS then

arc PAQ = arc RBS. ’ S
Two arcs of a circle are congurent if and only if B

their corresponding chords are equal.

Activity for you : Flg. 15:3

(1) Draw a circle with centre O ‘

(i1) Draw equal chords PQ and RS (See Fig. 15.14) y ‘A R
(iii) Join OP, OQ, OR and OS (

(iv) Measure £ POQ and £ ROS s

We observe that £ POQ = £ ROS Fig. 15.14

Conversely if ZPOQ =2ZROS
then PQ =RS

Equal chords of a circle subtend equal angles at the centre and conversely
if the angles subtended by the chords at the centre of a circle are equal,
then the chords are equal.

Note : The above results also hold good in case of congruent circles.

We take some examples using the above properties :
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Example 15.1 : In Fig. 15.15, chord PQ = chord RS.
Show that chord PR = chord QS.

Solution : The arcs corresponding to equal chords PQ P S

and RS are equal. Notes
Add to each arc, the arc QR,

yielding arc PQR = arc QRS /' \

- chord PR = chord QS ¢ n

Example 15.2 : In Fig. 15.16, arc AB = arc BC,
Z AOB =30°and £ AOD = 70°. Find £ COD.

Fig. 15.15

Solution : Since arc AB = arc BC
Z AOB = £ BOC

(Equals arcs subtend equal angles at the centre)

£ BOC = 30°
Now £ COD =ZCOB + ZBOA + ZAQOD Fig. 15.16
=30°+ 30° + 70°
= 130°.

Activity for you :

(i) Draw a circle with centre O (See Fig. 15.17).
(i1) Draw a chord PQ.

(iii) From O draw ON | PQ

(iv) Measure PN and NQ
You will observe that Fig. 15.17
PN = NQ.

The perpendicular drawn from the centre of a circle to a chord bisects the
chord.

Activity for you :
(i) Draw a circle with centre O (See Fig. 15.18).

(i1) Draw a chord PQ.
(iii) Find the mid point M of PQ.
P__ 7@
(iv) Join O and M. .
Fig. 15.18
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(v) Measure £ OMP or £ OMQ with set square or protractor.
We observe that £ OMP = £ OMQ = 90°.

The line joining the centre of a circle to the mid point of a chord is perpen-
dicular to the chord. ,

Activity for you : M (o]
Take three non collinear points A, B and C. Join AB and n O
BC. Draw perpendicular bisectors MN and RS of AB s
and BC respectively.

A B

Since A, B, C are not collinear, MN is not parallel to RS.
They will intersect only at one point O. Join OA, OB and
OC and measure them. N

Fig. 15.20
‘We observe that OA = OB = OC

Now taking O as the centre and OA as radius draw a circle which passes through A, B
and C.

Repeat the above procedure with another three non-collinear points and observe that
there is only one circle passing through three given non-collinear points.

There is one and only one circle passing through three non-collinear points.

Note. It is important to note that a circle can not be drawn to pass through three collinear
points.

Activity for you :

(i) Draw a circle with centre O [Fig. 15.20a]

(i1) Draw two equal chords AB and PQ of the circle.
(iii) Draw OM | PQ and ON | PQ

(iv) Measure OM and ON and observe that they are equal. Fig. 15.20a
Equal chords of a circle are equidistant from the centre.

In Fig. 15.20 b, OM = ON

Measure and observe that AB = PQ. Thus,

Chords, that are equidistant from the centre of a
circle, are equal.

The above results hold good in case of congruent circles
also.

Fig. 15.20b

We now take a few examples using these properties of
circle.
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Examples 15.3 : In Fig. 15.21, O is the centre of the
circle and ON | PQ. If PQ =8 cmand ON =3 cm, find
OP.
Solution: ON | PQ (given) and since perpendicular Notes

drawn from the centre of a circle to a chord bisects the
chord.

s PN=NQ=4cm Fig. 15.21
In aright triangle OPN,
A ms
OP? = PN?+ ON?
or OP?2=4?4+132=25 o
OP=5cm.

Examples 15.4 : In Fig. 15.22, OD is perpendicular to
the chord AB of a circle whose centre is O and BC is a Fig. 15.22
diameter. Prove that CA=20D.

Solution : Since OD | AB (Given)

. Dis the mid point of AB (Perpendicular through the centre bisects the
chord)
Also O is the mid point of CB (Since CB is a diameter)

Now in AABC, O and D are mid points of the two sides BC and BA of the triangle ABC.
Since the line segment joining the mid points of any two sides of a triangle is parallel and
half of the third side.

1
OD = 5 CA

Le. CA =20D.

Example 15.5 : Aregular hexagon is inscribed in a circle. What angle does each side of

the hexagon subtend at the centre? D
Solution : A regular hexagon has six sides which are equal. E c
Therefore each side subtends the same angle at the centre.
Let us suppose that a side of the hexagon subtends an
angle x° at the centre.
F B

Then, we have

A

6x° =360° = x =60 Fig, 15.23

Hence, each side of the hexagon subtends an angle of 60° at the centre.
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Example 15.6 : In Fig. 15.24, two parallel chords PQ
and AB of a circle are of lengths 7 cm and 13 cm P a

respectively. If the distance between PQ and AB is 3 cm, A B
find the radius of the circle.

Solution : Let O be the centre of the circle. Draw
perpendicular bisector OL of PQ which also bisects AB
at M. Join OQ and OB (Fig. 15.24)

Let OM = x cm and radius of the circle be r cm Fig. 15.24

Then OB? = OM? +MB? and OQ?* = OL? + LQ?

o +(gj2 .
= ) .1
. (7Y
and r-= (X + 3) + (5) (11)

Therefore from (i) and (i1),

=109 _o_ 40
4 4
orb6x =21
7
xX=—
2

, (7)2 (13)2 49 169 218
2 2 4 4 4

V218

Hence the radius of the circle is r = cm.
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CHECK YOUR PROGRESS 15.1

In questions 1 to 5, fill in the blanks to make each of the

statements true. Notes
1. InFig. 15.25,

(i) ABisa... of the circle.
P

(i) Minor arc corresponding to AB is... . Fig. 15.25

2. A...isthelongest chord of a circle.
3. Theratio of the circumference to the diameter of a circle is always ... .
4. The value of ras3.1416 was given by great Indian Mathematician... .
5. Circles having the same centre are called ... circles.
6. Diameter of a circle is 30 cm. If the length of a chord is 20 cm, find the distance of the
chord from the centre.
7. Find the circumference of a circle whose radius is
22
(i) 7 cm (ii) 11 cm. (Take = 7)
8. IntheFig. 15.26, RS is a diameter which bisects the chords PQ and AB at the points

M and N respectively. Is PQ Il AB ? Given reasons.

R

P M Q
R\
ABUCD
)

Fig. 15.26 Fig. 15.27

A N
)

9. InFig. 15.27, aline / intersects the two concentric circles with centre O at points A,
B, Cand D. Is AB =CD ? Give reasons.

@bm

e The circumference of a circle of radiusrisequal to 2 7 1.
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e Twoarcs of a circle are congurent if and only if either the angles subtended by them at
the centre are equal or their corresponding chords are equal.
e Equal chords of a circle subtend equal angles at the centre and vice versa.
Notes

Perpendicular drawn from the centre of a circle to a chord bisects the chord.

e The line joining the centre of a circle to the mid point of a chord is perpendicular to the
chord.

e Thereis one and only one circle passng through three non-collinear points.

e Equal chords of a circle are equidistant from the centre and the converse.

H TERMINAL EXERCISE

1. Ifthe length of a chord of a circle is 16 cm and the distance of the chord from the
centre is 6 cm, find the radius of the circle.

2. Twocircles with centres O and O’ (See Fig. 15.28) are congurent. Find the length of
the arc CD.

N
A
& ="

Fig. 15.28

3. Aregular pentagon is inscribed in a circle. Find the angle which each side of the
pentagon subtends at the centre.

4. InFig. 15.29, AB =8 cm and CD = 6 cm are two parallel chords of a circle with
centre O. Find the distance between the chords.

< ‘! |6cm
C D

Fig. 15.29
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5. InFig.15.30 arc PQ = arc QR, ,POQ =15"and ,SOR = 110°. Find ,~ SOP.

Notes

S
Fig. 15.30

6. InFig.15.31, AB and CD are two equal chords of a circle with centre O. Is chord
BD = chord CA? Give reasons.

<

(o B
Fig. 15.31

7. If AB and CD are two equal chords of a circle with centre O (Fig. 15.32) and
OM | AB, ON | CD. Is OM = ON ? Give reasons.

Fig. 15.32

8. InFig. 15.33, AB = 14 cm and CD = 6 cm are two parallel chords of a circle with
centre O. Find the distance between the chords AB and CD.

A@g

Fig. 15.33
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9. InFig. 15.34, AB and CD are two chords of a circle with centre O, intersecting at a
point P inside the circle.

Notes

Fig. 15.34
OM | CD,ON | ABand ,OPM = , OPN. Now answer:
Is (i) OM = ON, (ii) AB = CD ? Give reasons.

10. C, and C, are concentric circles with centre O (See Fig. 15.35), /is aline intersecting
C, at points P and Q and C, at points A and B respectively, ON L/, is PA=BQ?
Give reasons.

A Fig. 15.35
u ANSWERS TO CHECK YOUR PROGRESS

15.1

1. (1) Chord (ii) APB 2. Diameter 3. Constant
4. Aryabhata-I 5. Concentric 6.5./5 cm.
7. (1)44cm (i) 69.14cm 8. Yes 9. Yes

A
u ANSWERS TO TERMINAL EXERCISE

10 cm 2.2acm 3.72°
1cm 5. 80°
Yes (Equal arcs have corresponding equal chrods of acircle)

Yes (equal chords are equidistant from the centre of the circle)
10/2 cm 9.() Yes (i1) Yes (AOMP = AONP)
10. Yes (N is the middle point of chords PQ and AB).

® Nk
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ANGLES IN A CIRCLE AND CYCLIC
QUADRILATERAL

You must have measured the angles between two straight lines. Let us now study the
angles made by arcs and chords in a circle and a cyclic quadrilateral.

After studying this lesson, you will be able to

e verify that the angle subtended by an arc at the centre is double the angle
subtended by it at any point on the remaining part of the circle;

e prove that angles in the same segment of a circle are equal;

e cite examples of concyclic points;

e define cyclic quadrilterals;

e prove that sum of the opposite angles of a cyclic quadrilateral is 180°;
e use properties of cyclic qudrilateral;

e solve problems based on Theorems (proved) and solve other numerical problems
based on verified properties;

e use results of other theorems in solving problems.

EXPECTED BACKGROUND KNOWLEDGE

e Anglesofatriangle
e Arc, chord and circumference of a circle

e Quadrilateral and its types
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Angles in a Circle and Cyclic Quadrilateral

16.1 ANGLES IN A CIRCLE
Central Angle. The angle made at the centre of
a circle by the radii at the end points of an arc (or
a chord) is called the central angle or angle
Q
P

subtended by an arc (or chord) at the centre.

InFig. 16.1, ZPOQ is the central angle made by .
arc PRQ. Fig. 16.1

The length of an arc is closely associated with the
central angle subtended by the arc. Let us define
the “degree measure” of an arc in terms of the
central angle.

The degree measure of a minor arc of a circle is
the measure of its corresponding central angle.

In Fig. 16.2, Degree measure of PQR =x°

The degree measure of a semicircle is 180° and
that of a major arc is 360° minus the degree
measure of the corresponding minor arc.

Relationship between length of an arc and its degree measure.

degree measure of the arc

Length of an arc = circumference x

360°
If the degree measure of an arc is 40° A
then length of th PQR = 27r 4 —zﬂr
en length of the arc =2 9
Inscribed angle : The angle subtended by an
arc (or chord) on any point on the remaining part
of the circle is called an inscribed angle. P Q
R
InFig. 16.3, , PAQis the angle inscribed by arc Fig. 16.3

PRQ at point A of the remaining part of the circle
or by the chord PQ at the point A.

16.2 SOME IMPORTANT PROPERTIES

ACTIVITYFORYOU:

Draw a circle with centre O. Let PAQ be an arc and B any point on the remaining part of
the circle.
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Measure the central angle POQ and an inscribed
angle PBQ by the arc at remaining part of the
circle. We observe that

~POQ =2 PBQ

Repeat this activity taking different circles and
different arcs. We observe that

The angle subtended at the centre of a
circle by an arc is double the angle
subtended by it on any point on the
remaining part of the circle.

Let O be the centre of a circle. Consider a
semicircle PAQ and its inscribed angle PBQ

.. 2 2PBQ= £POQ

(Since the angle subtended by an arc at the centre
is double the angle subtended by it at any point
on the remaining part of the circle)

But ~POQ = 180°
2 ,PBQ =180°
.. ,PBQ=90°

Thus, we conclude the following:

Angle in a semicircle is a right angle.

MODULE - 3

Geometry

Notes

Fig. 16.5

Theorem : Angles in the same segment of a circle are equal

Given : Acircle with centre O and the angles , PRQ and ~ PSQ in the same segment

formed by the chord PQ (or arc PAQ)
To prove : ,PRQ= /PSQ
Construction : Join OP and OQ.

Proof : Asthe angle subtended by an arc at the
centre is double the angle subtended by it at any
point on the remaining part of the circle, therefore
we have

~POQ =2 ,PRQ
and ~POQ =2 ,PSQ

From (i) and (ii), we get
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2 ,PRQ=2 ,PSQ
«PRQ= ,PSQ
We take some examples using the above results

The converse of the result is also true, which we can state as under and verify by the
activity.

“If a line segment joining two points subtends equal angles at two other
points on the same side of the line containing the segment, the four points
lie on a circle”

For verification of the above result, draw a line segment AB (of say 5 cm). Find two points
C and D on the same side of AB such that ~ ACB = / ADB.

Now draw a circle through three non-collinear points A, C, B. What do you observe?

Point D will also lie on the circle passing through A, C and B. i.e. all the four points A, B,
C and D are concyclic.

Repeat the above activity by taking another line segment. Every time, you will find that the
four points will lie on the same circle.

This verifies the given result.

Example 16.1 : In Fig. 16.7, O is the centre of the circle and , AOC = 120°. Find
< ABC.

Solution : It is obvious that / x is the central angle subtended by the arc APC and

~ ABC s the inscribed angle. 2
,x=2 ,ABC
But  x=360°-120°=240°
2 , ABC =240°
2 ABC =120°
Example 16.2 : In Fig. 16.8, O is the centre of Fig. 16.7
the circle and ~ PAQ =35°. Find ~ OPQ.
Solution : ,POQ=2 /PAQ=70° ..(i)
(Angle at the centre is double the angle on the
remaining part of the circle) 9
Since OP = 0Q (Radii of the same circle)
~,OPQ= ,O0QP .. P\_/Q
(Angles opposite to equal sides are equal) Fig. 16.8
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But . OPQ + ,OQP + ~POQ = 180°
2 »,0OPQ = 180°-70°= 110°
~ OPQ = 55°

Example 16.3 : In Fig. 16.9, O is the centre of the circle and AD bisects , BAC. Find
~ BCD.

Solution : Since BC is a diameter

~ BAC =90° B c
(Angle in the semicircle is a right angle)
As AD bisects » BAC o

~ BAD =45°
But ,BCD= /BAD B °

_ Fig. 16.9
(Angles in the same segment).

~ BCD =45°

Example 16.4 : In Fig. 16.10, O is the centre of the circle, , POQ =70° and PS_LOQ.
Find » MQS.

Solution :
2 ,PSQ = POQ =70°

(Angle subtended at the centre of a circle is twice the angle subtended by it on the
remaining part of the circle)

S
<~ PSQ =35°
Since ,MSQ + ~SMQ + ~MQS = 180° Shvemrva i
(Sum of the angles of a triangle)
P
35°+90°+ ~MQS = 180°
<MQ Fig. 16.10

< MQS = 180° — 125° = 55°

CHECK YOUR PROGRESS 16.1

1. InFig. 16.11,ADB is an arc of a circle with centre O, if , ACB =35°,find ,~ AOB.
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>
Dg
|
O

Fig. 16.11

2. InFig.16.12, AOB is a diameter of a circle with centre O. Is ZAPB = ZAQB =90°.
Give reasons.

Fig. 16.12
3. InFig. 16.13,PQRis an arc of a circle with centre O. If , PTR =35° find ~ PSR.

Fig. 16.13
4. InFig. 16.14, O is the centre of a circle and , AOB =60°. Find , ADB.

D

\Z

Fig. 16.14
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Let us now find certain conditions under which Notes

points are concyclic. ’ \
If you take a point P, you can draw not only one /

but many circles passing through itas in Fig. 16.15.

Now take two points P and Q on a sheet of a

paper. You can draw as many circles as you wish, Fig. 16.15
passing through the points. (Fig. 16.16).

16.3 CONCYLIC POINTS
Definition : Points which lie on a circle are called
concyclic points. ’\ ’

Q

Fig. 16.16

Let us now take three points P, Q and R which do not lie on the same straight line. In this
case you can draw only one circle passing through these three non-colinear points

(Fig. 16.17).
R

P
Fig. 16.17

Further let us now take four points P, Q, R, and S which do not lie on the same line. You
will see that it is not always possible to draw a circle passing through four non-collinear
points.

In Fig. 16.18 (a) and (b) points are noncyclic but concyclic in Fig. 16.18(c)
Se .S

@ (b) ()
Fig. 16.18
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Note. If the points, P, Q and R are collinear then it is not possible to draw a circle passing
through them.

Thus we conclude

Given one or two points there are infinitely many circles passing through
them.

2. Three non-collinear points are always concyclic and there is only one
circle passing through all of them.

3. Three collinear points are not concyclic (or noncyclic).

4. Four non-collinear points may or may not be concyclic.
16.3.1 Cyclic Quadrilateral

A quadrilateral is said to be a cyclic quadrilateral
if there is a circle passing through all its four R
vertices.

0

For example, Fig. 16.19 shows a cyclic Q
quadrilateral PQRS. Fig. 16.19

Theorem. Sum of the opposite angles of a cyclic quadrilateral is 180°.
Given : A cyclic quadrilateral ABCD
To prove: ,BAD+ BCD= ,ABC+ ,ADC = 180°.

Construction : Draw the diagonals AC and DB b X
Proof: . ACB= , ADB
and , BAC= /BDS B
[Angles in the same segment] A
~ACB + /BAC= /ADB+ /BDC= ,ADC Fig. 16.20

Adding ~ ABC on both the sides, we get
~ACB+ ,BAC+ /ABC= ,ADC+ , ABC

But /ACB+ /,BAC+ ,ABC=180° [Sum of the angles of a triangle]
<~ ADC + , ABC =180°
~BAD + /,BCD= /ADC+ ,ABC = 180°.

Hence proved.

Converse of this theorem is also true.
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If a pair of opposite angles of a quadrilateral is supplementary, then the quadrilateral is
cyclic.

s
Verification :
Draw a quadrilateral PQRS R
Since in quadrilateral PQRS, P
P+ ,R=180° Q
Fig. 16.21

and /S + ,Q=180°

Therefore draw a circle passing through the point P, Q and R and observe that it also
passes through the point S. So we conclude that quadrilateral PQRS is cyclic quadrilateral.

We solve some examples using the above results.

A
Example 16.5 : ABCD is a cyclic parallelogram. X
Show that it is a rectangle.
Solution : A+ ,C=180° °
(ABCD s acyclic quadrilateral) B c
Since /A= ,C Fig. 16.22

[Opposite angles of a parallelogram]
or A+ LA=180°
2 ,A=180°
A=90°
Thus ABCD is a rectangle.

Example 16.6 : A pair of opposite sides of a cyclic quadrilateral is equal. Prove that its
diagonals are also equal (See Fig. 16.23)

Solution : Let ABCD be a cyclic quadrilateral and AB = CD.

= arc AB = arc CD (Corresponding arcs)
Adding arc AD to both the sides;
arc AB + arc AD = arc CD + arc AD A D

arc BAD = arc CDA
= Chord BD = Chord CA
= BD=CA

Fig. 16.23
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Example 16.7 : In Fig. 16.24, PQRS is a cyclic quadrilateral whose diagonals intersect
atA.If ,SQR =80° and , QPR =30°, find , SRQ.
Solution : Given ~ SQR =80°
Notes

Since ~/SQR = /SPR

[Angles in the same segment]

-/ SPR =80°

-+ /SPQ= /SPR + /RPQ Fig. 16.24
= 80° + 30°.
or ,SPQ = 110°.

But 2 SPQ + ,SRQ = 180°. (Sum of the opposite angles of a cyclic
quadrilateral is 180°)

2 SRQ =180° - ,SPQ
=180°—110° = 70°
Example 16.8 : PQRS is a cyclic quadrilateral.
If ,Q=,R=65°find /Pand /S.

Solution: P+ /R =180° P S
< ,P=180°- /R =180°-65°
o yP=115° o lhes &N

Similarly, , Q+ ,S=180° \/

S S =180°— ,Q=180° - 65° Fig. 16.25
S S =1150.

C—— 0D
CHECK YOUR PROGRESS 16.2 v

1. In Fig. 16.26, AB and CD are two equal
chords of a circle with centre O. If
~ AOB =55° find ~ COD.

Fig. 16.26

2. InFig. 16.27, PQRS is a cyclic quadrilateral, and the side PS is extended to the point
A.If L PQR=80° find , ASR.
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Fig. 16.27

3. InFig. 16.28, ABCD is a cyclic quadrilateral whose diagonals intersect at O. If
</ ACB=50°and , ABC=110°, find ,~BDC.

Cc

Fig. 16.28

4. InFig. 16.29, ABCD is a quadrilateral. If , A=  BCE, is the quadrilateral a cyclic
quadrilateral? Give reasons.

Fig. 16.29

l 15r s sivvr

e The angle subtended by an arc (or chord) at the centre of a circle is called central
angle and an ngle subtended by it at any point on the remaining part of the circle is
called inscribed angle.

¢ Points lying on the same circle are called concyclic points.

e The angle subtended by an arc at the centre of a circle is double the angle subtended
by it at any point on the remaining part of the circle.
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Angle in a semicircle is aright angle.
Angles in the same segment of a circle are equal.
Sum of the opposite angles of cyclic quadrilateral is 180°.

If a pair of opposite angles of a quadrilateral is supplementary, then the quadrilateral is
cyclic.

H TERMINAL EXERCISE

1.

A square PQRS is inscribed in a circle with centre O. What angle does each side
subtend at the centre O?

In Fig. 16.30, C, and C, are two circles with centre O, and O, and intersect each
other at points Aand B. If O, O, intersect AB at M then show that

(i) AO,AO, = AOBO,
(i1) M is the mid point of AB
(iii)AB | 0,0,

C,

Fig. 16.30

[(Hint. From (i) conclude that 1= 2 and then prove that AAO M= ABO M
(by SAS rule)].

Two circles intersect in A and B. AC and AD are the diameters of the circles. Prove
that C, B and D are collinear.
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" Notes
c~_ "B ~_ _“D
Fig. 16.31

[Hint. Join CB, BD and AB, Since , ABC=90°and ~ ABD =90°]

4. 1In Fig. 16.32, AB is a chord of a circle with centre O. If , ACB = 40°, find

~ OAB. c

A
40°

A\_/B
Fig. 16.32
5. InFig. 16.33, Ois the centre of a circle and , PQR =115°. Find ~ POR.

Fig. 16.33

6. InFig. 16.34, O is the centre of a circle, , AOB = 80° and , PQB = 70°. Find
~ PBO.

Y
(>
3>

A
Fig. 16.34
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t 1
{ ANSWERS TO CHECK YOUR PROGRESS

Notes 16.1
1. 70° 2. Yes, angle in a semi-circle is aright angle
3.35° 4.30°
16.2
1. 55° 2. 80° 3.20° 4. Yes

&
= ANSWERS TO TERMINAL EXERCISE

1. 90° 4. 50° 5. 130° 6. 70°
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SECANTS, TANGENTS AND THEIR
PROPERTIES

Look at the moving cycle. You will observe that at any instant of time, the wheels of the
moving cycle touch the road at a very limited area, more correctly a point.

If you roll a coin on a smooth surface, say a table or floor, you will find that at any instant
of time, only one point of the coin comes in contact with the surface it is rolled upon.

What do you observe from the above situations?

Coin is Rolled
Wheel e RSE o
/ i ; Table top
Road £
N
) (i)
Fotball
(iii)
Fig. 17.1
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Geometry
If you consider a wheel or a coin as a circle and the touching surface (road or table) as a
line, the above illustrations show that a line touches a circle. In this lesson, we shall study
about the possible contacts that a line and a circle can have and try to study their properties.
Notes

(X Onsicnvs

After studying this lesson, you will be able to

e define a secant and a tangent to the circle;
e differentitate between a secant and a tangent;

e prove that the tangents drawn from an external point to a circle are of equal
length;

o verify the un-starred results (given in the curriculum) related to tangents and
secants to circle experimentally.

EXPECTED BACKGROUND KNOWLEDGE

e Measurement of angles and line segments

e Drawing circles of given radii

e Drawing lines perpendicular and parallel to given lines

e Knowledge of previous results about lines and angles, congruence and circles

e Knowledge of Pythagoras Theorem

17.1 SECANTS AND TANGENTS—AN INTRODUCTION

You have read about lines and circles in your earlier lessons. Recall that a circle is the locus
of a point in a plane which moves in such a way that its distance from a fixed point in the
plane always remains constant. The fixed point is called the centre of the circle and the
constant distance is called the radius of the circle. You also know that a line is a collection
of points, extending indefinitely to both sides, whereas a line segment is a portion of a line
bounded by two points.

® (1) (ii1)
Fig. 17.2
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Now consider the case when a line and a circle co-exist in the same plane. There can be
three distinct possibilities as shown in Fig. 17.2.

You can see that in Fig. 17.2(i), the XY does not intersect the circle, with centre O. In
other words, we say that the line XY and the circle have no common point. In Fig. 17.2
(i1), the line XY intersects the circle in two distinct point A and B, and in Fig. 17.2 (iii), the
line XY intersects the circle in only one point and is said to touch the circle at the point P.

Thus, we can say that in case of intersection of a line and a circle, the following three
possibilities are there:

(1) The line does not intersect the circle at all, i.e., the line lies in the exterior of the circle.

(@) The line intersects the circle at two distinct points. In that case, a part of the line lies in
the interior of the circle, the two points of intersection lie on the circle and the remaining
portion of the line lies in the exterior of the circle.

@iii) The line touches the circle in exactly one point. We therefore define the following:

Tangent:

A line which touches a circle at exactly one point is called a tangent line and
the point where it touches the circle is called the point of contact

Thus, in Fig. 17.2 (iii), XY is a tangent of the circle at P, which is called the point of contact.

Secant:

A line which interesects the circle in two distinct points is called a secant
line (usually referred to as a secant).

In Fig. 17.2 (i1), XY is a secant line to the circle and A and B are called the points of
intersection of the line XY and the circle with centre O.

17.2 TANGENT AS A LIMITING CASE

Consider the secant XY of the circle with centre
O, intersecting the circle in the points A and B.
Imagine that one point A, which lies on the circle,
of the secant XY is fixed and the secant rotates
about A, intersecting the circle at B’, B”, B””,
B””” as shown in Fig. 17.3 and ultimately attains
the position of the line XAY, when it becomes
tangent to the circle at A.

Thus, we say that:

A tangent is the limiting position of a
secant when the two points of intersection
coincide.
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17.3 TANGENT AND RADIUS THROUGH THE POINT OF

CONTACT

Let XY be a tangent to the circle, with centre O, at the point P. Join OP.

Take points Q, R, S and T on the tangent XY and join OQ, OR, OS and OT.
As Q, R, S and T are points in the exterior of the circle and P is on the circle.
.. OPis less than each of OQ, OR, OS and OT.

From our, “previous study of Geometry, we know
that of all the segments that can be drawn from a
point (not on the line) to the line, the perpendicular

segment is the shortest”:

As OP s the shortest distance from O to the line 7 _

XY X T S P Q R Y
OP L XY Fig. 17.4

Thus, we can state that

A radius, though the point of contact of tangent to a circle, is perpendicular
to the tangent at that point.

The above result can also be verified by measuring angles OPX and OPY and
finding each of them equal to 90°.

17.4 TANGENTS FROM A POINT OUTSIDE THE CIRCLE

Take any point P in the exterior of the circle with
centre O. Draw lines through P. Some of these are
shown as PT, PA, PB, PC, PD and PT” in Fig. 17.5

How many of these touch the circle? Only two.

Repeat the activity with another point and a circle.
You will again find the same result.

Thus, we can say that

From an external point, two tangents can .
be drawn to a circle. Fig.17.5

If the point P lies on the circle, can there still be two tangents to the circle from that point?
You can see that only one tangent can be drawn to the circle in that case. What about the
case when P lies in the interior of the circle? Note that any line through P in that case will
intersect the circle in two points and hence no tangent can be drawn from an interior point
to the circle.

(A) Now, measure the lengths of PT and PT”. You will find that
PT =PT’ ()
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(B) Given: A circle with centre O. PT and PT” are two tangents from a point P outside the
circle.
To Prove: PT =PT’
Construciton: Join OP, OT and OT’ (see Fig. 17.6) Notes

Proof: In A’s OPT and OPT’
Z OTP = £ OT’P (Each being right angle)
OT =0T’
OP = OP (Common)
AOPT = AOPT’ (RHS criterion) Fig. 17.6
. PT=PT’

The lengths of two tangents from an external point are equal
Also, from Fig. 17.6, £ OPT = £ OPT’ (As AOPT = AOPT)

The tangents drawn from an external point to a circle are equally inclined to
the line joining the point to the centre of the circle.

Let us now take some examples to illustrate:

Example 17.1: In Fig. 17.7, OP =5 cm and radius of the circle is 3 cm. Find the length of
the tangent PT from P to the circle, with centre O.

Solution: Z0TP =90°, Let PT =x

T
Inright triangle OTP, we have v
OP? = OT? + PT? P
or 52=32+x?
or x?=25-9=16
x=4
Fig. 17.7

i.e. the length of tangent PT =4 cm

Example 17.2: In Fig. 17.8, tangents PT and PT” are drawn from a point P at a distance
of 25 cm from the centre of the circle whose radius is 7 cm. Find the lengths of PT and
PT".

Solution: Here OP =25 cm and OT =7 cm
We also know that

ZOTP =90°
PT? = OP? - OT?
=625 -49 =576 = (24)*
PT =24 cm
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‘We also know that
PT =PT’
PT =24 cm

Example 17.3: In Fig. 17.9, A, B and C are three exterior points of the circle with centre
O. The tangents AP, BQ and CR are of lengths 3 cm, 4 cm and 3.5 cm respectively. Find
the perimeter of AABC.

Solution: We know that the lengths of two tangents from an external point to a circle are
equal

AP=AR
BP =BQ,
CQ=CR
AP=AR=3cm
BP=BQ=4cm
and CR=CQ=35cm
AB =AP +PB;
=B+4)cm=7cm
BC =BQ + QC;
=@4+35) cm=75cm
CA=AR+CR
=(B3+35cm
=6.5cm
Perimeter of AABC=(7+7.5+6.5)cm=21cm

Example 17.4: In Fig. 17.10, ZAOB = 50°. Find ZABO and ZOBT.
Solution: We know that OA L XY
= Z0AB =90°

ZABO = 180° - (£ZOAB + ZAOB)

= 180° — (90° + 50°) = 40° T
We know that ZOAB = ZOBT
= ZOBT = 40° —
X A B Y
ZABO = ZOBT = 40° Fig. 17.10
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CHECK YOUR PROGRESS 17.1
1. Fillin the blanks:
(i) Atangentis to the radius through the point of contact. Notes
(@) The lengths of tangents from an external point to a circle are
(iii) A tangentis the limiting position of a secant when the two coincide.
(@iv) From an external point tangents can be drawn to a circle.

(v) From a point in the interior of the circle,
circle.
In Fig. 17.11, ZPOY =40°, Find the ZOYP and ZOYT.

In Fig. 17.12, the incircle of APQR is drawn. If PX = 2.5 cm, RZ = 3.5 cm and
perimeter of APQR = 18 cm, find the lenght of QY.

tangent(s) can be drawn to the

W

Q P
r4
X
T
o
= R
X P Y Q Y
Fig. 17.11 Fig. 17.12
4. Write an experiment to show that the lengths of tangents from an external point to a
circle are equal.

17.5 INTERSECTING CHORDS INSIDE AND OUTSIDE A

CIRCLE

You have read various results about chords in the previous

lessons. We will now verify some results regarding chords D 5
intersecting inside a circle or outside a circle, when

produced. A

Let us perform the following activity:

Draw a circle with centre O and any radius. Draw two
chords AB and CD intersecting at Pinside the circle.

Measure the lenghts of the line-segments PD, PC, PA Fig. 17.13 I
and PB. Find the products PA x PB and PC x PD.
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You will find that they are equal.

Repeat the above activity with another circle after drawing chrods intersecting inside. You
will again find that

PA x PB = PC x PD

Let us now consider the case of chrods intersecting outside the circle. Let us perform the
following activity:

Draw a circle of any radius and centre O. Draw two chords BA and DC intersecting each
other outside the circle at P. Measure the lengths of line segments PA, PB, PC and PD.
Find the products PA x PB and PC x PD.

You will see that the product PA x PB is equal to the
product PC x PD, i.e.,

PA x PB = PC x PD

Repeat this activity with two circles with chords
intersecting outside the circle. You will again find that

PA x PB = PC x PD.

Fig. 17.14

Thus, we can say that

If two chords AB and CD of a circle intersect at a point P (inside or outside the
circle), then

PA xPB =PC x PD

17.6 INTERSECTING SECANT AND TANGENT OF A

CIRCLE

To see if there is some relation beween the intersecting
secant and tangent outside a circle, we conduct the
following activity.

Draw a circle of any radius with centre O. From an
external point P, draw a secant PAB and a tangent
PT to the circle. o

Measure the length of the line-segment PA, PB and B~____“A p
PT. Find the products PA x PB and PT x PT or .
PT2. What do you find? Fig. 17.15

You will find that
PA x PB = PT?

Repeat the above activity with two other circles. You will again find the same result.
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Thus, we can say
If PAB is a secant to a circle intersecting the circle at A and B, and PT is a
tangent to the circle at T, then
PA x PB = PT* Notes

Let us illustrate these with the help of examples:

Example 17.5: In Fig. 17.16, AB and CD are two A

chords of a circle intersecting at a point P inside the c
circle. f PA=3cm,PB=2cm and PC=1.5 cm,

then find the length of PD.

Solution: It is given that PA=3 cm, PB =2 cmand D B
PC=1.5cm.
Let PD =x Fig. 17.16

We know that PA x PB = PC x PD
= 3x2=(1.5)xx

.. Length of the line-segment PD =4 cm.

Example 17.6: In Fig. 17.17, PAB is a secant to the circle from a point P outside the
circle. PAB passes through the centre of the circle and PT is a tangent. If PT =8 cm and
OP = 10 cm, find the radius of the circle, using PA x PB = PT>

Solution: Let x be the radius of the circle.

Itisgiventhat OP =10 cm T
PA=PO-0A=(10-x)cm

and PB =OP + OB = (10 + x) cm B 6) A P
PT=8cm \J

We know that PA x PB = PT?

Fig. 17.17
(10=x) (10 + x) = 8
or 100 — x*=64
or x>=360rx=6

1.e., radius of the circle is 6 cm.

Example 17.7: In Fig. 17.18, BA and DC are two chords of a circle intersecting each
other at a point P outside the circle. If PA=4 cm, PB = 10 cm, CD =3 cm, find PC.

Mathematics Secondary Course 417




MODULE - 3 Secants, Tangents and Their Properties

Geometry
Solution: We are given that PA=4 cm,PB=10cm,CD =3 cm
Let PC =x
We know that PA x PB = PC x PD B
Notes A
or 4x10=(x+3)x P
2 —
or x2+3x-40=0 &
x+8)(x-5=0 D
— x=5 Fig. 17.18
PC=5cm

CHECK YOUR PROGRESS 17.2

1. InFig.17.19,if PA=3 cm, PB =6 cm and PD =4 cm then find the length of PC.
2. InFig.17.19,PA=4 cm,PB =x+3,PD =3 cm and PC =x + 5, find the value of x.

8

Fig. 17.19 Fig. 17.20 Fig. 17.21
If Fig. 17.20, if PA=4cm, PB =10 cm, PC =5 cm, find PD.

bt

4. InFig. 17.20,if PC=4 cm,PD =(x +5) cm, PA=5cm and PB = (x + 2) cm,
find x.

5. InFig.17.21,PT= 2ﬁ cm, OP =8 cm, find the radius of the circle, if O is the centre
of the circle.

17.7 ANGLES MADE BY A TANGENT AND A CHORD

Let there be a circle with centre O and let XY be a tangent to the circle at point P. Draw a
chord PQ of the circle through the point P as shown in the Fig. 17.22. Mark a point R on
the major arc PRQ and let S be a point on the minor arc PSQ.

The segment formed by the major arc PRQ and chord PQ is said to be the alternate
segment of ZQPY and the segment formed by the minor PSQ and chord PQ is said to be
the alternate segment to ZQPX.
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Letus see if there is some relationship between angles
in the alternate segment and the angle between tangent
and chord.

Join QR and PR.

MODULE - 3

Geometry

Measure ~/PRQ and ZQPY (See Fig. 17.22) - ,

What do you find? You will see that /PRQ = ZQPY
S ) Fig. 17.22
Repeat this activity with another circle and same or

different radius. You will again find that
ZQPY = ZPRQ

Now measure ZQPX and ZQSP. You will again find that these angles are equal.
Thus, we can state that

The angles formed in the alternate segments by a chord through the point
of contact of a tangent to a circle is equal to the angle between the chord
and the tangent.

This result is more commonly called as “Angles in the Alternate Segment”.

Let us now check the converse of the above result. i
R
Draw a circle, with centre O, and draw a chord PQ ‘ a
and let it form ZPRQ in alternate segment as shown
inFig. 17.23.

AtP, draw ZQPY = ZQRP. Extend the line segment < =
PY to both sides to form line XY. Join OP and X P Y
measure ZOPY. Fig. 17.23

What do you observe? You will find that ZOPY =
90° showing thereby that XY is a tangent to the circle.

Repeat this activity by taking different circles and you find the same result. Thus, we can
state that

If a line makes with a chord angles which are equal respectively to the
angles formed by the chord in alternate segments, then the line is a tangent
to the circle.

f §

Let us now take some examples to illustrate:

Example 17.8: In Fig. 17.24, XY 1is tangent to a
circle with centre O. If AOB is a diameter and Z/PAB A Aﬁ o 8
=40°, find ZAPX and ZBPY.

Solution: By the Alternate Segment theorem, we
know that Fig. 17.24
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ZBPY = ZBAP
ZBPY =40°
Notes Again, ZAPB =90 (Angle in a semi-circle]
And, Z/BPY + ZAPB + ZAPX = 180° (Angles on aline)

ZAPX =180°- (£LBPY + ZAPB)
= 180° — (40° + 90°) = 50°

Example 17.9: In Fig. 17.25, ABCis anisoceles  _X A Y
triangle with AB = AC and XY is a tangent to the
circumcircle of AABC. Show that XY is parallel to

v

base BC.
Solution: In AABC, AB=AC R A
Ll =22
Fig. 17.25
Again XY is tangent to the circle at A.
L3=/2 (Angles in the alternate segment)

L1=/3
But these are alternate angles

XY IIBC

CHECK YOUR PROGRESS 17.3

1. Explain with the help of a diagram, the angle formed by a chord in the alternate segment
of a circle.

2. InFig. 17.26, XY is a tangent to the circle with centre O at a point P. If ZOQP =40°,
find the value of a and b.

I x

Fig. 17.26 Fig.17.27
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3.

In Fig. 17.27, PT is a tangent to the circle from an external point P. Chord AB of the
circle, when produced meets TP in P. TA and TB are joined and TM is the angle
bisector of ZATB.

If ZPAT =40° and ZATB = 60°, show that PM = PT.

@bm

A line which intersects the circle in two points is called a secant of the circle.

A line which touches the circle at a point is called a tangent to the circle.

A tangent is the limiting position of a secant when the two points of intersection coincide.
A tangent to a circle is perpendicular to the radius through the point of contact.

From an external point, two tangents can be drawn to a circle, which are of equal

length.

If two chords AB and CD of a circle intersect at a point P (inside or outside the circle), then
PA x PB = PC x PD

If PAB isasecanttoa circle intersecting the circle at A and B, and PT is a tangent to
the circle at T, then

PA x PB = PT*?

The angles formed in the alternate segments by a chord through the point of contact of
a tangent to a circle are equal to the angles between the chord and the tangent.

If aline makes with a chord angles which are respectively equal to the angles formed
by the chord in alternate segments, then the line is a tangent to the circle.

H TERMINAL EXERCISE

1.
2.

Differentitate between a secant and a tangent to a circle with the help of a figure.

MODULE - 3

Geometry

Show that a tangent is a line perpendicular to the A
radius through the point of contact, with the help D
of an activity. & c
0]
InFig. 17.28,1f AC=BC and AB is a diameter
of circle, find £x, Ly and Zz. o
- X B Y -
Fig. 17.28
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4. InFig. 17.29,0T =7 cm and OP =25 cm, find
the length of PT. If PT” is another tangent to the
circle, find the length of PT” and ZPOT.
Notes

5. In Fig. 17.30, the perimeter of AABC equals
27 cm. If PA=4 cm, QB =5 cm, find the length
of QC.

B

6. InFig.17.30,if ZABC =70, find ZBOC.

[Hint: ZOBC + ZOCB =
ZACB)]

7. InFig. 17.31, AB and CD are two chords of a
circle intersecting at the interior point P of a circle.
IfPA=(x+3)cm,PB=(x-3)cm,PD=3cm

1
S (ZABC +

1
and PC = 55 cm, find x.

8. InFig. 17.32, chords BA and DC of the circle,
with centre O, intersect at a point P outside the
circle. If PA=4 cm and PB =9 ¢cm, PC =x and
PD =4x, find the value of x.

9. InFig. 17.33, PAB is asecant and PT is a tangent
to the circle from an external point. If PT =x cm,
PA=4cmand AB =5 cm, find x.

Fig. 17.33

422 Mathematics Secondary Course




Secants, Tangents and Their Properties

10. In Fig. 17.34, O is the centre of the circle and
ZPBQ =40, find

MODULE - 3

Geometry

(1) ZQPY
(i1) LPOQ
(iii) LOPQ X v
Fig. 17.34
a
17.1
1. (i) Perpendicular  (ii)equal (iii) points of intersection
(iv) two (v)no
2. 50°, 50°
3. 3cm
17.2
1. 43cm 2.3cm 3.8cm
4. 10 cm 4.6cm
17.3

2. La=/b=50°

[ ]
= ANSWERS TO TERMINAL EXERCISE

1. ZIx=”Ly=/Lz=45°

4. PT=24cm; PT’ =24 cm, ZPOT’ = 60°

5. QC=45 6. ZBOC = 125°
7. x=5 8.x=3

9. x=6

10. (1) 40° (i1) 80° (i) 50°
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CONSTRUCTIONS

One of the aims of studying Geometry is to acquire the skill of drawing figures accurately.
You have learnt how to construct geometrical figures namely triangles, squares and circles
with the help of ruler and compasses. You have constructed angles of 30°, 60°, 90°, 120°
and 45°. You have also drawn perpendicular bisector of a line segment and bisector of an
angle.

In this lesson we will extend our learning to construct some other important geometrical
figures.

After studying this lesson, you will be able to

e divide a given line segment internally in a given ratio;
e construct a triangle from the given data;
(i) SSS
(ii) SAS
(iii) ASA
(iv) RHS
(v) perimeter and base angles
(vi) base, sum/difference of the other two sides and one base angle.
(vii) two sides and a median corresponding to one of these sides.
e construct a triangle, similar to a given triangle; and;
e Construct tangents to a circle from a point:
(i) on it using the centre of the circle.

(i) outside it.
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EXPECTED BACKGROUND KNOWLEDGE
We assume that the learner already knows how to use a pair of compasses and ruler to
construct
Notes

e angles of 30°, 45°, 60°, 90°, 105°, 120°
e theright bisector of a line segment

e bisector of a given angle.

18.1 DIVISION OF A LINE SEGMENT IN THE GIVEN

RATIO INTERNALLY

Construction 1: To divide a line segment internally in a given ratio.

Given a line segment AB. You are required to divide it internally in the ratio 2 : 3. We go
through the following steps.

Step 1: Draw aray AC making an acute angle with AB.

Step 2: Starting with A, mark off 5 points C,, C,, C,.C, and C sonAC atequal distances
from the point A.

Step 3: Join C, and B.
Step 4: Through C, (i.e. the second point), draw C D parallel to C.B meeting AB in D.

C

Fig. 18.1

Then D is the required point which divides AB internally in the ratio 2 : 3 as shown in
Fig. 18.1.

CHECK YOUR PROGRESS 18.1

1. Draw aline segment 7 cm long. Divide it internally in the ratio 3 : 4. Measure each
part. Also write the steps of construction.
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Constructions

3
2. Draw aline segment PQ = 8 cm. Find point R on it such that PR = 2 PQ.

[Hint: Divide the line segment PQ internally in the ratio 3 : 1]

18.2 CONSTRUCTION OF TRIANGLES

Construction 2: To construct a triangle when three sides are given (SSS)

Suppose you are required to construct AABC in which AB =6 cm, AC =4.8 cm and
BC=5cm.

We go through the following steps:
Step 1: Draw AB =6 cm.
Step 2: With A as centre and radius 4.8 cm,

draw an arc.

Step 3: With B as centre and radius 5 cm draw A 6cm B
ail(éther arc intersecting the arc of Step 2 Fig. 18.2
at C.

Step 4: Join AC and BC.
Then AABC is the required triangle.
[Note: You may take BC or AC as a base]

Construction 3: To construct a triangle, when two sides and the included angle is given
(SAS).

Suppose you are required to construct a triangle PQR in which PQ = 5.6 cm,
QR =4.5 cm and ZPQR = 60°.

Step 1: Draw PQ =5.6 cm
Step 2: At Q, construct an angle Z/PQX = 60°
Step 3: With Q as centre and radius 4.5 cm draw

an arc cutting QX at R.
Step 4: Join PR P S6om Q
Then APQR is the required triangle. Fig. 18.3

[Note: You may take QR =4.5 cm as the base instead of PQ]

Construction 4: To construct a triangle when two angles and the included side are given
(ASA).

Let us construct a AABC in which /B =60°, ZC =45°and BC=4.7 cm.
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To construct the triangle we go through the following steps:
Step 1: Draw BC=4.7 cm. R Q
Step 2: At B, construct ZCBQ = 60°
_ A Notes

Step 3: At C, construct ZBCR =45° meeting BQ at A.

Then AABC is the required triangle. T
Note: To construct a triangle when two angles

and any side (other than the included 60° \‘

i . . . %

side) are given, we find the third angle B 47 cm c

(using angle sum property of the triangle) )

and then use the above method for Fig. 18.4

constructing the triangle.

Construction 5: To construct a right triangle, when its hypotenuse and a side are given.

Let us construct a right triangle ABC, right angled at B, side BC =3 cm and hypotenuse
AC=5cm

To construct the triangle, we go through the following steps:
Step 1: Draw BC=3 cm
Step 2: At B, construct ZCBP =90°

Step 3: With C as centre and radius 5 cm draw
an arc cutting BPin A.

Step 4: Join AC

AABC is the required triangle.

Construction 6: To construct a triangle when its Fig. 18.5
perimeter and two base angles are given.

Suppose we have to construct a triangle whose perimeter is 9.5 cm and base angles are
60° and 45°

To construct the triangle, we go through the following steps:
Step 1: Draw XY =9.5cm

Step 2: At X, construct ZYXP = 30° [whichis 1/2 x 60°]
Step 3: AtY, construct £ZXYQ =22%2° [which is 1/2 x 45°]
Let XPand YQ intersect A.

Step 4: Draw right bisector of XA intersecting XY at B.
Step 5: Draw right bisector of YA intersecting XY at C.
Step 6: Join AB and AC.
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Fig. 18.6

AABC is the required triangle.
Construction 7: To construct a triangle when sum of two sides, third side and one of the
angles on the third side are given.
Suppose you are required to construct a triangle ABC in which
AB+AC=82cm,BC=3.6cmand £B =45°
To construct the triangle, we go through the following steps:
Step 1: Draw BC=3.6 cm
Step 2: At B, construct ZCBK =45°

A
X
/ﬁ
45°
B C
Fig. 18.7

Step 3: From BK, cut off BP =8.2 cm.
Step 4: Join CP.
Step 5: Draw right bisector of CP intersecting BP at A.
Step 6: Join AC
AABC is required triangle.
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Construction 8: To construct a triangle when difference of two sides, the third side and
one of the angles on the third side are given.
Suppose we have to construct a AABC, in which BC =4 cm, ZB = 60°, AB — AC
=12cm. A Notes

To construct the triangle we go through the following steps:
Step 1: Draw BC =4 cm.
Step 2: Construct ZCBP = 60°
Step 3: From BP cutoff BK =1.2 cm.
Step 4: Join CK.
Step 5: Draw right bisector of CK meeting BP produced at A.
Step 6: Join AC
AABC is the required triangle.

Fig. 18.8

Construction 9: To construct a triangle when its two sides and a median corresponding
to one of these sides, are given:

Suppose you have to construct a AABC in which AB = 6 cm, BC = 4 cm and
median CD =3.5 cm.

) c

We go through the following steps:
Step 1: Draw AB=6cm
Step 2: Draw right bisector of AB meeting AB in D.

Step 3: With D as centre and radius 3.5 cm draw an

arc. A D B
)<6 cm
Step 4: With B as centre and radius 4 cm draw
another arc intersecting the arc of Step 3 in Fig. 18.9
C.

Step 5: Join AC and BC.
Then AABC is required triangle.

CHECK YOUR PROGRESS 18.2

1. Construct a ADEF, given that DE =5.1 cm, EF =4 cm and DF = 5.6 cm. Write the
steps of construction.

Note: You are also required to write the steps of construction in each of the
remaining problems.
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Construct a APQR, given that PR = 6.5 cm, ZP = 120° and PQ =5.2 cm.
Construct a AABC given that BC =5.5 cm, ZB =75° and ZC =45°.
Construct aright triangle in which one side is 3 cm and hypotenuse is 7.5 cm.
Construct a right angled isoceles triangle in which one of equal sides is 4.8 cm.
Construct a AABC given that AB + BC+ AC =10 cm, £ZB = 60°, ZC =30°.
Construct a AABC in which AB =5c¢m, ZA=60°, BC+AC=9.8 cm.

Construct a ALMN, when /M =30°, MN=5cmand LM -LN = 1.5 cm.

o ©® N kLW D

Construct a triangle PQR in which PQ = 5 cm, QR = 4.2 cm and median
RS =3.8 cm.

18.3 TO CONSTRUCT A TRIANGLE SIMILAR TO A GIVEN

TRIANGLE, AS PER GIVEN SCALE FACTOR

[Here, Scale Factor means the ratio of the sides of the triangle to be constructed, to the
corresponding sides of the given triangle. ]

Construction 10: Construct a triangle similar to a given triangle ABC with its sides equal
to 3/5 of the corresponding sides of the triangle ABC.

Steps of Construction:
1. Let ABC be the given A. Draw any ray BX

making an acute angle with BC on the side
opposite to vertex A.

2. Locate 5 points B, B, B,, B, and B,on BX
so that

B
BB, =B B,=BB,=BB,=BB,

3. Join B,C and draw a line through B, parallel
to B,C to meet BC at C’.

4. Draw aline though C’ parallel to CA to meet
ABinA’.
Fig. 18.10 X
Then AA’BC” is the required Triangle.

Construction 11: Construct a triangle with sides Scm, 6 cm and 7 cm. Construct another

2
triangle similar to this triangle with scale factor 3
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Steps of Construction:
1. Draw of aline segment BC=7cm
2. Through B draw an arc of radius 6 cm. Notes

Through C draw another arc of radius 5 cm
to intersect the first arc at A.

3. Join AB and AC to get AABC. B

4. Draw aray BX making an acute angle with
BC.

5. Locate 3 points B,, B, and B, on BX such
that BB, =B B, =B B,

Fig. 18.11

6. Join B,C and through B, draw a line parallel
to B,C to meet BCin C".

7. Through C’, draw a line parallel to CA to meet AB at A”.
Then A’BC” is the required triangle.

CHECK YOUR PROGRESS 18.3

1. Construct a triangle of sides 4cm, 5 cm and 7 cm and then a triangle similar to it whose

3
sides are 2 of the corresponding sides of the first triangle.

2. Draw atriangle ABC with BC=7cm, AB =5 cm and ZABC = 60°. Then construct

a triangle whose sides are % of the corresponding sides of the triangle ABC.
3. Draw aright triangle with sides (other than hypotenuse) of lenghts 5 cm and 6 cm.
Then construct another triangle similar to this triangle with scale factor % .
4. Draw a AABC with base BC =6 cm, ZABC =60° and side AB =4.5 cm. Construct

5
atriangle A’BC’ similar to ABC with scale factor o

18.4 CONSTRUCTION OF TANGENTS TO A CIRCLE

Construction 12: To draw a tangent to a given circle at a given point on it using the centre
of the circle.
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Suppose C be the given circle with centre O and a point P on it. Yot
to draw a tangent to the circle. We go through the following steps:

Step 1: Join OP.

Step 2: At P, draw PT L OP.

Step 3: Produce TP to Q
Then TPQ is the required tangent. Fig. 18.12

Construction 13: To draw tangents to a circle from a given point outside it.

Suppose C be the given circle with centre O and a point A outside it. You have to draw
tangents to the circle from the point A. For that, we go through the following steps:

Step 1: Join OA.

Step 2: Draw the right bisector of OA. Let R be
mid point of OA.

Step 3: With R as centre and radius equal to RO,
draw acircle intersecting the given circle
at P and Q.

Step 4: Join AP and AQ.
Then AP and AQ are the two required tangents. Fig. 18.13

CHECK YOUR PROGRESS 184

1. Draw acircle of 3 cm radius. Take a point A on the circle. At A, draw a tangent to the
circle by using the centre of the circle. Also write steps of construction.

2. Draw acircle of radius 2.5 cm. From a point P outside the circle, draw two tangents
PQ and PR to the circle. Verify that lengths of PQ and PR are equal. Also write steps
of construction.

®
TERMINAL EXERCISE

1. Draw aline segment PQ =8 cm long. Divide it internally in the ratio 3 : 5. Also write
the steps of construction.

Note: You are also required to write the steps of construction in each of the
following problems.

2. Draw aline segment AB = 6 cm. Find a point C on AB such that AC: CB =3:2.
Measure AC and CB
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3. Construct a triangle with perimeter 14 cm and base angles 60° and 90°.

4. Construct a right angled triangle whose hypotenuse is 8 cm and one of its other two
sidesis 5.5 cm.

5. Construct a AABC in which BC =3.5 cm, AB + AC =8 cm and ZB = 60°. Notes
6. Construct a AABC in whichAB =4 cm, ZA=45°, and AC-BC=1cm.
7. Construct a APQR with PQ =5 cm, PR = 5.5 cm and the base QR = 6.5 cm.

5
Construct another triangle P’QR’” similar to APQR such that each of its sides are 7

times the corresponding sides of APQR.

8. Construct aright triangle with sides 5 cm, 12 cm and 13 cm. Construct another triangle
similar to it with scale factor 5/6.

9. Draw acircle of diameter 6 cm. From a point P outside the circle at a distance of 6 cm
from the centre, draw two tangents to the circle.

10. Draw a line segment AB of length 8 cm. Taking A as centre, draw a circle of radius
4 cm and taking B as centre, draw another circle of radius 3 cm. Construct tangents to
each circle from the centre of the other circle.
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CO-ORDINATE GEOMETRY

The problem of locating a village or a road on a large map can involve a good deal of
searching. But the task can be made easier by dividing it into squares of managable size.
Each square is identified by a combination of a letter and a number, or of two numbers,
one of which refers to a vertical division of the map into columns, and the other to a
horizontal division into rows.
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Fig. 19.1
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In the above Fig. 19.1 (1), we can identify the shaded square on the map by the coding,
(B,2)or (4,2) [See Fig. 191 (ii))]. The pair of numbers used for coding is called ordered
pair. If we know the coding of a particular city, roughly we can indicate it’s location inside
the shaded square on the map. But still we do not know its precise location. The method

of finding the , position of a point in a plane very precisely was introduced by the French || Notes
Mathematician and Philosopher, Rene Descartes (1596-1650).

In this, a point in the plane is represented by an ordered pair of numbers, called the
Cartesian co-ordinates of a point.

In this lesson, we will learn more about cartesian co-ordinates of a point, distance between
two points in a plane, section formula and co-ordinates of the centroid of a triangle.

After studying this lesson, you will be able to

e fix the position of different points in a plane, whose coordinates are given, using
rectangular system of coordinates and vice-versa;

e find the distance between two different points whose co-ordinates are given;

e find the co-ordinates of a point, which divides the line segment joining two
points in a given ratio internally;

e find the co-ordinates of the mid-point of the join of two points;
e find the co-ordinates of the centroid of a triangle with given vertices;

e solve problems based on the above concepts.

EXPECTED BACKGROUND KNOWLEDGE

e Ideaof number line
e Fundamental operations on numbers

e Properties of aright triangle

19.1 CO-ORDINATE SYSTEM

Recall that you have learnt to draw the graph of a linear equation in two variables in
Lesson 5.

The position of a point in a plane is fixed w.r.t. to its distances from two axes of reference,
which are usually drawn by the two graduated number lines XOX” and YOY”, at right
angles to each other at O (See Fig, 19.2)

Mathematics Secondary Course 435




MODULE - 3

Geometry

436

Notes

Co-ordinate Geometry

AY
4——
3-—.—
2
1
X'
< = { | ] 1 i 1 | 1 i l { X
1 T T T 1 1 1 1 T 1 >
% -5 -4 -3 2 o | > 3 4 5 s
1
2L
3.
-4
Ty
Fig. 19.2

The horizontal number line XOX” is called x-axis and the vertical number line YOY” is
called y-axis. The point O, where both axes intersect each other is called the origin. The
two axes together are called rectangular coordinate system.

It may be noted that, the positive direction of x-axis is taken to the right of the origin O,
OX and the negative direction is taken to the left of the origin O, i.e., the side OX".

Similarly, the portion of y-axis above the origin O, i.e., the side OY is taken as positive and
the portion below the origin O, i.e., the side OY” is taken as negative.

19.2 CO-ORDINATES OF A POINT

The position of a point is given by
two numbers, called co-ordinates
which refer to the distances of the
point from these two axes. By
convention the first number, the
x-co-ordinate (or abscissa), always
indicates the distance from the y-axis
and the second number, the
y-coordinate (or ordinate) indicates
the distance from the x-axis.

In the above Fig. 19.3, the
co-ordinates of the points A and B
are (3,2) and (-2, —4) respectively.

xl

2L
s
B (-2, ~4)b--T4 L
-5
vY
Fig. 19.3
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You can say that the distance of the point A(3, 2) from the y-axis is 3 units and from the
x-axis is 2 units. It is customary to write the co-ordinates of a point as an ordered pair i.e.,
(x co-ordinate, y co-ordinate).

It is clear from the point A(3, 2) that its X co-ordinate is 3 and the y co-ordinate is 2.
Similarly x co-ordinate and y co-ordinate of the point B(-2,—4) are —2 and —4 respectively.

In general, co-ordinates of a point P(x, y) imply that distance of P from the
y-axis is x units and its distance from the x-axis is y units.

You may note that the co-ordinates of the origin O are (0, 0). The y co-ordinate of every
point on the x-axis is 0 and the x co-ordinate of every point on the y-axis is 0.

In general, co-ordinates of any point on the x-axis to the right of the origin is (a, 0) and that
to left of the origin is (—a, 0), where ‘a’ is a non-zero positive number.

Similarly, y co-ordinates of any point on the y-axis above and below the x-axis would be
(0,b) and (0, —b) respectively where ‘b’ is a non-zero positive number.

You may also note that the position of points (x, y) and (y, X) in the rectangular, co-
ordinate system is not the same. For example position of points (3, 4) and (4, 3) are
shownin Fig 19.4.

LAY
54

[ E R b (3- 4)
Bfrereereeees Fev(4,3)
2-- i

-2
-3
-
-5.1
vY
Fig.19.4
Example 19.1: Write down x and y co-ordinates for each of the following points
@@, 1) (b) (-3,2) (¢) (-7,-5) (d) (2,-6)
Solution : (a) x co-ordinateisl (b) x co-ordinate is -3
y co-ordinate is 1 y co-ordinate is 2.
(c) x co-ordinate is —7 (d) x co-ordinate is 2
y co-ordinate is —5. y co-ordinate is —6.
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Example 19.2 : Write down distances from y and x axes respectively for each of the
following points :
(@A@GB,4)  (B)BE51)  (0) C(=3,-3) (d) D(8,-9)
Notes

Solution : (a)  The distance of the point A from the y-axis is 3 units to the right of origin
and from the x-axis is 4 units above the origin.

(b) The distance of the point B from the y-axis is 5 units to the left of the
origin and from the x-axis is | unit above the origin.

(c) The distance of the point C from the y-axis is 3 units to the left of the
origin and from the x-axis is also 3 units below the origin.

(d) The distance of the point D from the y-axis is 8 units to the right of the
origin and from the x-axis is 9 units below the origin.

19.3 QUADRANTS

The two axes XOX’ and YOY” divide the plane into four parts called quadrants.

by

II Quadrant I Quadrant

X o X

1II Quadrant IV Quadrant

vY

Fig. 19.5
The four quadrants (See Fig. 19.5) are named as follows :
XOY :1Quadrant ; YOX : Il Quadrant;
X’0Y’ : Il Quadrant ; Y’OX : IV Quadrant.

We have discussed in Section 19.4 that

() along x-axis, the positive direction is taken to the right of the origin and negative
direction to its left.

(i) along y-axis, portion above the x-axis is taken as positive and portion below the
x-axis is taken as negative (See Fig. 19.6)

438 Mathematics Secondary Course




MODULE - 3

Geometry
pY Y
1‘“ (=) (+4)
H Quadrant I Quadrant Notes
- — — . ) .
X' o X X' 0 X
=) )
- HI Quadrant IV Quadrant
vY vY
Fig. 19.6 Fig. 19.7

Therefore, co-ordinates of all points in the first quadrant are of the type (+, +) (See Fig.
19.7)

Any point in the IT quadrant has x co-ordinate negative and y co-ordinate positive (—, +),
Similarly, in III quadrant, a point has both x and y co-ordinates negative (—,—) and in IV
quadrant, a point has x co-ordinate positive and y co-ordinate negative (+,—).

For example :
(a) P(5, 6) lies in the first quadrant as both x and y co-ordinates are positive.

(b) Q(=3,4) lies in the second quadrant as its X co-ordiante is negative and y co-ordinate
is positive.

(c) R(-2,-3) lies in the third quadrant as its both x and y co-ordinates are negative.

(d) S(4,-1) lies in the fourth quadrant as its x co-ordinate is positive and y coordinate is
negative.

CHECK YOUR PROGRESS 19.1

1. Write down x and y co-ordinates for each of the following points :

(@) 3,3) () (6,5  (©(-1L,-3) (d) & -2)
2. Write down distances of each of the following points from the y and x axis respectively.
(@) A(2,4) (b)B(-2,4) () C(-2,-4) (d)D(2,-4)

3. Group each of the following points quadrantwise ;
A(_3’ 2)’ B (2’ 3), C(7’ _6)’ D(l, 1)’ E(_9’ _9),
F (-6, 1), G (4,-5),. H(11,-3), P@3, 12), Q(-13, 6),
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19.4 PLOTTING OF A POINT WHOSE CO-ORDINATES
ARE GIVEN

The point can be plotted by measuring its distances
from the axes. Thus, any point (h, k) can be plotted
as follows:

YA

Fig. 19.8).

(11) Measure MP perpendicular to OM and equal

(1) Measure OM equal to halong the x-axis (See ~ }.oooceociaanes . ]P(h' k)
k
to k. 1

Follow the rule of sign in both cases.

For example points (-3, 5) and (4, —6) would be
plotted as shown in Fig. 19.9. Fig. 19.8

19.5 DISTANCE BETWEEN TWO POINTS

The distance between any two points P(x , y,) and Q(X,, y,) in the plane is the length of the
line segment PQ.
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From P, Q draw PL and QM perpendicular on the Y4

x-axis and PR perpendicular on QM.
Qlx,, y2)

Then, OL=x,0m=x,,PL=y andQM =Yy,

P(x,, 1) PN Notes
PR=LM=0OM-OL =x,-x,

QR=QM-RM=QM-PL=y, ~vy,

0 L M X

Since PQR is aright angled triangle

PO" - PR 4 OR" Fig. 19.10

=(x,-x)*+(y,—y,)* (ByPythagoras Theorem)

PQ=\/(X2—X1)2+(y2—y1)2

Therefore,

Distance between two points = \/ (difference of abscissae)2 + (difference of ordinates)2

The result will be expressed in Units in use.

Corollary: The distance of the point (x,, y,) from the origin (0, 0) is

\/(Xl _0)2 + (Y1 _0)2 = \/X12 + Y12

Let us consider some examples to illustrate.

Example 19.3: Find the distance between each of the following points:
(a) P(6, 8) and Q(-9, —12)
(b) A(-6,—1) and B(-6, 11)

Solution: (a) Here the points are P(6, 8) and Q(-9, —12)

By using distance formula, we have
J(=9-6) +{(-12-8)
= V152 +20% =/225+400 =/625 =25

Hence, PQ =25 units.
(b) Here the points are A(-6,—1) and B(-6, 11)

PQ
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By using distance formula, we have

AB= -6 (-6)F +{11-(-1)}

=407 +12° =12

Hence, AB = 12 units
Example 19.4: The distance between two points (0, 0) and (x, 3) is 5. Find x.

Solution: By using distance formula, we have the distance between (0, 0) and (x, 3) is

Jx—0) +(3-0)

Itis given that

Jx=0) +(3-0)* =5

or Vx*+3% =5

Squaring both sides,
x*+9=25
or x*=16
or X=44

Hence x =+4 or—4 units
Example 19.5: Show that the points (1, 1), (3, 0) and (-1, 2) are collinear.
Solution: Let P(1, 1), Q(3, 0) and R(—1, 2) be the given points

PQ=1/(3-17 +(0-1) =4+1 or/5 units
QR =/(=1-3) +(2-0) =16+4 or2+/5 units
RP=\/(—1—1)2+(2—1)2 =4+1 or+/5 units

Now, PQ+RP= (ﬁ +/5 ) units = 2./5 units = QR
. P,Q and R are collinear points.

Example 19.6: Find the radius of the circle whose centre is at (0, 0) and which passes
through the point (-6, 8).

Solution: Let O(0, 0) and B(-6, 8) be the given points of the line segment OB.
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OB =1/(-6-0) +(8-0)
=/36+64 =~/100 B-6, 8)
0(0,0) Notes

=10

Hence radius of the circle is 10 units.

Fig. 19.11

CHECK YOUR PROGRESS 19.2

1. Find the distance between each of the following pair of points:

(a) (3,2)and (11, 8) (b) (-1, 0) and (0, 3)

(¢)(3,—4)and (8, 5) (d) (2,-11) and (-9, -3)

Find the radius of the circle whose centre is at (2, 0) and which passes through the
point (7,-12).

Show that the points (-5, 6), (-1, 2) and (2, 1) are collinear

N

bt

19.6 SECTION FORMULA

To find the co-ordinates of a point, which divides
the line segment joining two points, in a given ratio
internally.

LetA(x,,y,) and B(x,, y,) be the two given points
and P(x, y) be a point on AB which divides it in
the given ratio m : n. We have to find the
co-ordinates of P.

Draw the perpendiculars AL, PM, BN on OX, o M N iy

X
and, AK, PT on PM and BN respectively. Then,
from similar triangles APK and PBT, we have Fig. 19.12
AP_AK_KP
B pr 18 U

Now, AK=LM=OM-OL =x-X,
PT=MN=0ON-OM =x, - x
KP=MP-MK=MP-LA=y-y,
TB=NB-NT=NB-MP=y, —y

.. From (i), we have
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m_ X=X _Y=¥

n X=X Y,7y

From the first two relations we get,

m_ X-—X
n x,—x
or mX, —MX =NX —NX,
or X(m+n) =mx, + nx,
mx, +nx,
or =
m+n
Similarly, from the ralti KP
imilarly, from the raltion —— = ——, we get
Y PB TB "¢
m_y=% ... o
= which gives on simplification.
n o y,-y
_ my, +ny,
m+n

mx, +nx m +n
x= W T dy= 2T
m+n m+n

6

Hence co-ordiantes of a point which divides the line segment joining the points
(x,,¥,) and (X,, y,) in the ratio m : n internally are :

mx, +nx, my,-+ny,
9
m+n m+n

19.6.1 Mid- Point Formula

The co-ordinates of the mid-point of the line segment joining two points (x,, y,) and
(X,,y,) can be obtained by taking m = n in the section formula above.

Puttingm=nin (1) above, we have

_X, +0X, _ X, +X,

n+n 2

_ ny, +ny, _ Yo+,
n+n 2

and
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The co-ordinates of the mid-point joining two points (x, y,) and (x,, y,) are:
(X2+X1 Y, +Y1j
2 72
Notes

Let us take some examples to illustrate:

Example 19.7: Find the co-ordinates of a point which divides the line segment joining
each of the following points in the given ratio:

(a) (2,3)and (7, 8) in the ratio 2 : 3 internally.

(b) (-1,4) and (0, -3) in the ratio 1 : 4 internally.
Solution: (a) Let A(2, 3) and B(7, 8) be the given points.
Let P(x, y) divide AB in the ratio 2 : 3 internally.

Using section formula, we have
X_2><7+3><2_§_

4
2+3 5

q _2><8+3><3_£_5
an 243 5

.. P(4,5) divides AB in the ratio 2 : 3 internally.
(b) Let A(—1,4) and B(0, —3) be the given points.
Let P(x, y) divide AB in the ratio 1 : 4 internally.

Using section formula, we have

X:1><0+4><(—1)_ 4

1+4 5
Ix(=3)+4x4 _13
1+4 5

and y=

4 13

P(— 3 g) divides AB in the ratio 1 : 4 internally.

Example 19.8: Find the mid-point of the line segment joining two points (3,4) and (5,
12).

Solution: Let A(3,4) and B(5, 12) be the given points.
Let C(x, y) be the mid-point of AB. Using mid-point formula, we have,
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_4+12
2

8

and

.. C(4, 8) are the co-ordinates of the mid-point of the line segment joining two points (3,
4) and (5, 12).

Example 19.9: The co-ordinates of the mid-point of a segment are (2, 3). If co-ordinates
of one of the end points of the line segment are (6, 5), find the co-ordinates of the other
end point.

o & ®
Solution: Let other end point be A(x, y) Ax.Y) C(2, 3) B(6, 5)
Itis given that C(2, 3) is the mid point
.. We can write,
2=2 0 and 3= y+s
2 2

or 4=x+6 or 6=y+5
or x==2 or y=1

.. (=2, 1) are the coordinates of the other end point.

19.7 CENTROID OF A TRIANGLE

To find the co-ordinates of the centroid of a triangle whose vertices are given.

Definition: The centroid of a triangle is the point of concurrency of its medians and
divides each median in the ratioof 2 : 1.

LetA(x,,y ), B(x,,y,) and C(x,, y,) be the vertices of the triangle ABC. Let AD be the
median bisecting its base BC. Then, using mid-point formula, we have

Dz(xz"'xs Y2+Y3j

2 2

A (x4, Y1)

"B (xy ¥,) D C(x, ¥a)
Fig. 19.14
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Now, the point G on AD, which divides it internally in the ratio 2 : 1, is the centroid. If
(x, y) are the co-ordinates of G, then
X2 + X3
X_2X +Ixx, X X, X, Notes
2+1 3
YotYs
2X=E—=41X
yo 2 M yitytys
2+1 3

Hence, the co-ordiantes of the centroid are given by

(Xl X, +X; YitYatYy;s
37 3

Example 19.10: The co-ordinates of the vertices of a triangle are (3, -1), (10, 7) and

(5, 3). Find the co-ordinates of its centroid.

Solution: Let A(3,-1), B(10, 7) and C(5, 3) be the vertices of a triangle.

Let G(x, y) be its centroid.

3+10+5
Then, X=———=6
3
—-1+7+3

Hence, the coordinates of the Centroid are (6, 3).

CHECK YOUR PROGRESS 19.3

1. Find the co-ordinates of the point which divides internally the line segment joining the
points:

(a)(1,-2)and (4, 7)intheratio 1 : 2

(b) (3,-2)and (-4, 5)intheratio 1 : 1
2. Find the mid-point of the line joining:

(a) (0,0) and (8, -5)

(b) (7, 0) and (0, 10)

3. Find the centroid of the triangle whose vertices are (5, 1), (-3,-2) and (-1, 8).
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Notes| ° If (2, 3) are the co-ordinates of a point, then x co-ordiante (or abscissa) is 2 and the
y co-ordinate (or ordinate) is 3.

e Inany co-ordiante (X, y), ‘X’ indicates the distance from the y-axis and y’ indicates the
distance from the x-axis.

e The co-ordinates of the origin are (0, 0)

e They co-ordinate of every point on the x-axis is 0 and the x co-ordiante of every point
on the y-axis is 0.

e The two axes XOX’ and YOY divide the plance into four parts called quadrants.

* The distance of the line segment joining two points (x,, y ) and (x,, y,) i given by:

\/(Xz _Xl)2 +(Y2 - Y1)2

e The distance of the point (x,, y,) from the origin (0, 0) is /x,* +y,*

* The co-ordinates of a point, which divides the line segment joining two points (X, y,)
and (x,,y,) inaratiom: n internally are given by:

mX2 +1'1X1 my2 +ny1
m+n  m+n

e The co-ordinates of the mid-point of the line segment joining two points (x , y,) and
(x,,y,) are given by:

L +X Y.ty
2 72

e The co-ordiantes of the centroid of a triangle whose vertices are (x, y ), (X,, y,) and
(x,,y,) are given by

b

(X1+X2+X3 Y1+Y2+Y3)
3 3
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H TERMINAL EXERCISE

1.

wn

&

b

S

In Fig. 19.15, AB = AC. Find x.

Y1t
B(0, 5) -+
A(D, 2)F---=-omenenees o C(x,2)
o X
Fig. 19.15

The length of the line segment joining two points (2, 3) and (4, x) is /13 units. Find x.

Find the lengths of the sides of the triangle whose vertices are A(3,4), B(2,-1) and
C4, -6).

Prove that the points (2, -2), (-2, 1) and (5, 2) are the vertices of a right angled
triangle.

Find the co-ordinates of a point which divides the join of (2, 1) and (-3, 4) in the
ratio of 2 : 3 internally.

Find the centre of a circle, if the end points of a diameter are P(-5, 7) and Q(3,-11).

Find the centroid of the triangle whose vertices are P(-2, 4), Q(7,-3) and R(4, 5).

[ ]
= ANSWERS TO CHECK YOUR PROGRESS

19.1

(@33 (b)-6;5 (©-1;-3 (d) 42

(a) 2 units; 4 units

(b) 2 units to the left of the origin; 4 units above the x-axis
(c) 2 units to the left of the origin; 4 units below the origin.
(d) 2 units; 4 units below the origin.

Quadrant I: B(2, 3), D(1, 1) and P(3, 12)

Quadrant II: A(B, 2), F(-6, 1) and Q(-13, 6)
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Quadrant III: E(-9, -9) and G(-4, -5)
Quadrant I'V: C(7,-6) and H(11, -3)

19.2
1. (a) 10 units (b) /10 units (©) 1106 units (d) /185 units
2. 13 units

19.3

L (@@, 1 (®) (-1, 1)

5 7
cofed) w3

1. 3units

2. Qor6

3. AB= /26 units, BC= /29 unitsand CA = /101 units
5. (0, 1)

6. (-1,-2)

7. (3,2)
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Practice Work-Geometry

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1. Answer all the questions on a separate sheet of paper.
2. Give the following informations on your answer sheet
Name
Enrolment number
Subject
Topic of practice work
Address

3. Get your practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

1. Lines AB and CD intersect each other at O as shown in the adjacent figure. A pair of

vertically opposite angles is: 1
A)1,2
B)2,3
03,4
D)2,4
2. Which of the following statements is true for a AABC? 1
(A)AB+BC=AC
(B) AB+BC<AC
(C)AB +BC>AC

(D)AB +BC+AC=0
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3. The quadrilateral formed by joining the mid points of the pair of adjacent sides of a
rectangle is a: 1

(A) rectangle

Notes
(B) square

(C) rhombus
(D) trapezium

4. In the adjacent figure, PT is a tangent to the circle at T. If ZBTA = 45° and
ZPTB =70°, Then ZABT is: 1

(A) 110° 2\
(B) 70° .

(C) 45°

(D) 23°

5. Two points A, B have co-ordinates (2, 3) and (4, x) respectively. If AB*> = 13, the
possible value of x is: 1

(A) -6
B0
©9
(D) 12

1
6. InAABC, AB =10 cm and DE is parallel to BC such that AE = 1 AC.Find AD. 2

A
D E
B C
7. If ABCD is arhombus, then prove that 4AB? = AC? + BD? 2
D c
o
A B
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8. Find the co-ordinates of the point on x-axis which is equidistant from the points whose
co-ordinates are (3, 8) and (9, 5). 2

9. The co-ordiantes of the mid-point of a line segment are (2, 3). If co-ordinates of one

of the end points of the segment are (6, 5), then find the co-ordinates of the otherend | Notes
point. 2

10. The co-ordinates of the vertices of a triangle are (3,-1), (10, 7) and (5, 3). Find the
co-ordinates of its centroid. 2

11. In an acute angled triangle ABC, AD L BC. Prove that
AC?=AB?+ BC?-2BC.BD 4

12. Prove that parallelograms on equal (or same) bases and between the same parallels
are equal in area. 6
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Mensuration

All the mathematical ideas have emerged out of daily life experiences. The first ever
need of human being was counting objects. This gave rise to the idea of numbers.
When the man learnt to grow crops, following types of problems had to be handled:

(i) Fencing or construcing some kind of a boundary around the field, where the
crops were to be grown.

(ii) Allotting lands of different sizes for growing different crops.

(iii) Making suitable places for storing different products grown under different crops.

These problems led to the need of measurement of perimeters (lengths), areas and
volumes, which in turn gave rise to a branch of mathematics known as Mensuration.
In it, we deal with problems such as finding the cost of putting barbed wire around a
field, finding the number of tiles required to floor a room, finding the number of
bricks, required for creating a wall, finding the cost of ploughing a given field at a
given rate, finding the cost of constructing a water tank for supplying water in a
colony, finding the cost of polishing a table-top or painting a door and so on. Due to
the above type of problems, sometimes mensuration is referred to as the science of
“Furnitures and Walls”.

For solving above type of problems, we need to find the perimeters and areas of
simple closed plane figures (figure which lie in a plane) and surface areas and volumes
of solid figures (figures which do not lie wholly in a plane). You are already familiar
with the concepts of perimeters, areas, surface areas and volumes. In this module,
we shall discuss these in details, starting with the results and formulas with which
you are already familiar.
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PERIMETERS AND AREAS OF PLANE
FIGURES

You are already familair with a number of plane figures such as rectangle, square,
parallelogram, triangle, circle, etc. You also know how to find perimeters and areas of
these figures using different formulae. In this lesson, we shall consolidate this knowledge
and learn something more about these, particularly the Heron’s formula for finding the area
of a triangle and formula for finding the area of a sector of a circle.

After studying this lesson, you will be able to

e find the perimeters and areas of some triangles and quadrilaterals, using formulae
learnt earlier;

e use Heron’s formula for finding the area of a triangle;

e find the areas of some rectilinear figures (including rectangular paths) by dividing
them into known figures such as triangles, squares, trapeziums, rectangles, etc.;

e find the circumference and area of a circle;
e find the areas of circular paths;

e derive and understand the formulae for perimeter and area of a sector of a
circle;

e find the perimeter and the area of a sector, using the above formulae;

e find the areas of some combinations of figures involving circles, sectors as well
as triangles, squares and rectangles;

e solve daily life problems based on perimeters and areas of various plane
figures.
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EXPECTED BACKGROUND KNOWLEDGE
e Simple closed figures like triangles, quadrilaterals, parallelograms, trapeziums, squares,
Notes rectangles, circles and their properties.

e Different units for perimeter and area such as m and m?, cm and cm?, mm and mm?
and so on.

e Conversion of one unit into other units.
e Bigger units for areas such as acres and hectares.
e Following formulae for perimeters and areas of varioius figures:
(i) Perimeter of arectangle =2 (length + breadth)
(i) Areaof arectangle =length x breadth
(iii) Perimeter of a square =4 x side
(iv) Area of a square = (side)?

(v) Areaof aparallelogram = base x corresponding altitude

1
(vi) Areaof atriangle = 5 base x corresponding altitude

1
(vii) Area of arhombus = 5 product of its diagonals

1
(viii) Area of a trapezium = ) (sum of the two parallel sides) x distance between them

(ix) circumference of a circle = 2 ©t x radius

(x) Area of a circle = tx (radius)?

20.1 PERIMETERS AND AREAS OF SOME SPECIFIC

QUADRILATEALS AND TRIANGLES

You already know that the distance covered to walk along a plane closed figure (boundary)
is called its perimeter and the measure of the region enclosed by the figure is called its
area. You also know that perimeter or length is measured in linear units, while area is
measured in square units. For example, units for perimeter (or length) are m or cm or mm
and that for area are m? or cm? or mm? (also written as sq.m or sq.cm or sq.mm).

You are also familiar with the calculations of the perimeters and areas of some specific
quadrilaterals (such as squares, rectangles, parallelograms, etc.) and triangles, using certain
formulae. Lets us consolidate this knowledge through some examples.
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Example 20.1: Find the area of square whose perimeter is 80 m.

Solution: Let the side of the square be a m.

So, perimeter of the square =4 x a m.

Therefore, 4a =80 Notes
_80 _

420

or a

That s, side of the square =20 m
Therefore, area of the square = (20m)* =400 m?

Example 20.2: Length and breadth of a rectangular field are 23.7 m and 14.5 m respectively.
Find:

(1) barbed wire required to fence the field
(i1) area of the field.
Solution: (i) Barbed wire for fencing the field = perimeter of the field
=2 (length + breadth)
=2(23.7+145)m=76.4m
(i1) Area of the field =length x breadth
=23.7x145m?
=343.65 m*

Example 20.3: Find the area of a parallelogram of base 12 cm and corresponding altitude
8 cm.

Solution: Area of the parallelogram  =base x corresponding altitude
=12 x 8 cm?
=96 cm?

Example 20.4: The base of a triangular field is three times its corresponding altitude. If
the cost of ploughing the field at the rate of ¥ 15 per square metre is < 20250, find the base
and the corresponding altitutde of the field.

Solution: Let the corresponding altitude be x m.

Therefore, base = 3x m.

1
So, area of the field = 3 base x corresponding altitude

3 2
3x x xm? = % m (1)

1
2

Mathematics Secondary Course 459




MODULE - 4

Mensuration

Notes

Perimeters and Areas of Plane Figures

Also, cost of ploughing the field at I 15 per m*>=3 20250

) 250
Therefore, area of the field = T m?
= 1350 m? ..(2)
From (1) and (2), we have:
ﬁ = 1350
S =
or w2 =1330%2 _ 960 30)2
or x =30

Hence, corresponding altitutde is 30 m and the base is 3 x 30 mi.e., 90 m.

Example 20.5: Find the area of a rhombus whose diagonals are of lengths 16 cm and
12 cm.

1 1
Solution: Area of the rhombus = 5 product of its diagonals = 5 16 x 12 cm?

=96 cm?
Example 20.6: Length of the two parallel sides of a trapezium are 20 cm and 12 cm and

the distance between them is 5 cm. Find the area of the trapezium.

1
Solution: Area of a trapezium = ) (sum of the two parallel sides)xdistance between them

(20 + 12) x 5 cm? = 80 cm?

CHECK YOUR PROGRESS 20.1

1. Areaofasquare field is 225 m?. Find the perimeter of the field.

N | =

2. Find the diagonal of a square whose perimeter is 60 cm.
3. Length and breadth of a rectangular field are 22.5 m and 12.5 m respectively. Find:
(1) Area of the field

(i1) Length of the barbed wire required to fence the field
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4. The length and breadth of rectangle are in the ratio 3 : 2. If the area of the rectangle is
726 m?, find its perimeter.

5. Find the area of a parallelogram whose base and corresponding altitude are respectively
20cmand 12 cm.

6. Areaofatriangle is 280 cm?. If base of the triangle is 70 cm, find its corresponding
altitude.

7. Find the area of a trapezium, the distance between whose parallel sides of lengths 26
cmand 12cmis 10 cm.

8. Perimeter of arhombus is 146 cm and the length of one of its diagonals is 48 cm. Find
the length of its other diagonal.

20.2 HERON’S FORMULA

If the base and corresponding altitude of a triangle are known, you have already used the
formula:

1
Area of a triangle = ) base x corresponding altitude

However, sometimes we are not given the altitude (height) corresponding to the given
base of a triangle. Instead of that we are given the three sides of the triangle. In this case
also, we can find the height (or altitude) corresponding to a side and calculate its area. Let
us explain it through an example.

Example 20.7: Find the area of the triangle ABC, whose sides AB, BC and CA are
respectively 5 cm, 6 cm and 7 cm.

Solution: Draw AD L BC as shown in Fig. 20.1.
Let BD =xcm

So,CD = (6 -x)cm A

Now, from right triangle ABD, we have: 5 /
AB?=BD?+ AD?(Pythagoras Theorem)

ie. 25 = x* + AD? ..(1) B D 4 C

Similarly, from right triangle ACD, we have: Fig. 20.1

AC? =CD? + AD?
ie. 49 =(6-x)*+AD* ..(2)
From (1) and (2), we have:

49 -25=(6-x)*—-x*
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ie. 24 =36 - 12x + x> - x*

or 12x=12,1e.,x=1

Putting this value of xin (1), we have:
25=1+AD?

ie. AD*’=240orAD= /24 =2./6 cm

1 1
Thus, area of AABC = 5 BC xAD = 5 X 6% 2.J6 cm®>= 6,/6 cm?

You must have observed that the process involved in the solution of the above example is
lengthy. To help us in this matter, a formula for finding the area of a triangle with three given
sides was provided by a Greek mathematician Heron (75 B.C. to 10 B.C.). It is as
follows:

Areaof atriangle = \[s(s —a)(s—b)(s —c)

a+b+c
2
proved on similar lines as in Example 20.7 by taking a, b and c for 6, 7 and 5 respectively.

where, a, b and c are the three sides of the triangle and s = . This formula can be
Let us find the area of the triangle of Example 20.7 using this formula.

Here,a=6cm,b=7cmand c=5cm

6+7+5
So, s = =9cm

2

Therefore, area of AABC = \/ s(s—a)(s—b)s—c)

= J9(9-6)9-7)9-5) cm’

= J9x3x2x3 cm’

= 64/6 cm? which is the same as obtained earlier.

Let us take some more examples to illustrate the use of this formula.

Example 20.8: The sides of a triangular field are 165 m, 154 m and 143 m. Find the area
of the field.

+b+ 165+154+143
SOlution:s:a 5 C:( 5 )m=231m
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So, area of the field = \/ s(s—a)s—b)s—c)

= |/231x(231-165)(231-154)(231-143) m?

Notes

= J231x66x77x88 m’

= JIIx3XTX11x2x3x11xTx11x2x2x2 m?
=11 x11x3x7x2x2m*>=10164 m?

Example 20.9: Find the area of a trapezium whose parallel sides are of lengths 11 cm
amd 25 cm and whose non-parallel sides are of lengths 15 cm and 13 cm.

Solution: Let ABCD be the trapezium in whichAB =11 cm,CD=25cm,AD =15 cm
and BC =13 cm (See Fig. 20.2)

Through B, we draw a line parallel to AD to intersect DC at E. Draw BF L DC.
Now, clearly BE=AD=15cm
BC=13cm (given)
and EC=25-11)cm=14cm

A B

~
Seeo
-~
No

15+13+14 H
So, for ABEC, s= —————cm =21 cm ;
2 D E

Therefore area of ABEC = \/ s(s—a)(s—b)s—c)

= 21x(21-15)(21-13)(21-14) cm?
= J21x6x8x7 cm’

=7x3x4cm’=84cm> ..(1)

EC x BF

| =

Again, area of ABEC =

| —

x 14 x BF ..(2)
So, from (1) and (2), we have:

1
) x 14 x BF = 84

) 84
1.€., BF = 7 cm=12cm
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1
Therefore, area of trapezium ABCD = ) (AB +CD) x BF

1
= —(11 +25)x 12 cm?
=18 x 12 cm? =216 cm?

CHECK YOUR PROGRESS 20.2

1. Find the area of a triangle of sides 15 cm, 16 cm and 17 cm.

2. Using Heron’s formula, find the area of an equilateral triangle whose side is 12 cm.
Hence, find the altitude of the triangle.

20.3 AREAS OF RECTANGULAR PATHS AND SOME

RECTILINEAR FIGURES

You might have seen different types of rectangular paths in the parks of your locality. You
might have also seen that sometimes lands or fields are not in the shape of a single figure.
In fact, they can be considered in the form of a shape made up of a number of polygons
such as rectangles, squares, triangles, etc. We shall explain the calculation of areas of such
figures through some examples.

F
Example 20.10: Arectangular park of length 30 m E
and breadth 24 m is surrounded by a4 m wide path. Z A// 2, g/m A, /B/ /]
Find the area of the path. Z o4 m 2
Solution: Let ABCD be the park and shaded portion % //
is the path surrounding it (See Fig. 20.3). v L 2
So, length of rectangle EFGH = (30 +4 +4) m =38 m Fig. 20.3

and breadth of rectangle EFGH=(24+4 +4)m=32m

Therefore, area of the path = area of rectangle EFGH — area of rectangle ABCD
= (38 x 32 - 30 x 24) m?
= (1216 - 720) m? A
=496 m?

Example 20.11: There are two rectangular paths in g i vs 1l |E:

_U

1]

=0
oY)

the middle of a park as shown in Fig. 20.4. Find the ON
cost of paving the paths with concrete at the rate of D S_R C
% 15 per m?. It is given that AB = CD = 50 m, Fig. 20.4

AD=BC=40mand EF=PQ =2.5 m.
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Solution: Area of the paths = Area of PQRS + Area of EFGH — area of square MLNO
=(40x25+50x%x25-25x%2.5m?
=218.75 m?
So, cost of paving the concrete at the rate of ¥ 15 perm>=3218.75x 15 Notes

=3 3281.25

Example 20.12: Find the area of the figure ABCDEFG (See Fig. 20.5) in which ABCG
isarectangle, AB=3cm,BC=5cm,GF=2.5cm=DE=CF,CD=3.5cm,EF=4.5
cm, and CD || EF.

Solution: Required area = area of rectangle ABCG + area of isosceles triangle FGC
+ area of trapezium DCEF (D)

Now, area of rectangle ABCG=[/xb =5%x3cm*>=15cm? ...(2)

For area of AFGC, draw FM L CG.

As FG =FC (given), therefore

M is the mid point of GC.

3
That is, GM = 5: 1.5cm

Now, from AGMF,
GF? = FM? + GM?
or (2.5 =FM?* + (1.5)°
or FM? = (2.5)* - (1.5)*=4
So,FM =2,1i.e., length of FM =2 cm

1
So, area of AFGC = 5 GC xFM
1
=5 x3x2cm?’=3cm? ..(3)

1
Also, area of trapezium CDEF = 5 (sum of the parallel sides) x distance between them

(3.5+4.5)x2cm?

N | =

N | =

x 8 x 2 cm? =8 cm? ..(4)
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So, area of given figure
=(15+3+8)cm? [From (1), (2), (3) and (4)]

=26 cm?

Notes
CHECK YOUR PROGRESS 20.3

1. Thereis a3 m wide path on the inside running around a rectangular park of length 48
m and width 36 m. Find the area of the path.

2. There are two paths of width 2 m each in the middle

of arectangular garden of length 80 m and breadth £ [35m\ £

60 m such that one path is parallel to the length and B G

the other is parallel to the breadth. Find the area of 45m

the paths.

: 50 m D

3. Find the area of the rectangular figure ABCDE given c

in Fig. 20.6, where EF, BG and DH are perpendiculars Fig. 20.6

to AC,AF =40 m, AG =50 m, GH =40 m and CH
=50m.

4. Find the area of the figure ABCDEFG in Fig. 20.7,
where ABEG is a trapezium, BCDE is a rectangle, 2 cm

and distance between AG and BE is 2 cm. C 8cm ) D
Fig. 20.7

20.4 AREAS OF CIRCLES AND CIRCULAR PATHS

So far, we have discussed about the perimeters and areas
of figures made up of line segments only. Now we take
up a well known and very useful figure called circle, which
is not made up of line segments. (See. Fig. 20.8). You
already know that perimeter (circumference) of a
circle is 27tr and its area is tr, where r is the radius of
the circle and 1 is a constant equal to the ratio of
circumference of a circle to its diameter. You also know Fig. 20.8
that 7 is an irrational number.

w
H |
w
m o
> 3
g n

O

62832
20000 °
which is equal to 3.1416 correct to four places of decimals. However, for practical purposes,

A great Indian mathematician Aryabhata (476 - 550 AD) gave the value of 7 as

22
the value of 1t is generally taken as —or 3.14 approximately. Unless, stated otherwise,
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22
we shall take the value of &t as 7 .

Example 20.13: The radii of two circles are 18 cm and 10 cm. Find the radius of the

circle whose circumference is equal to the sum of the circumferences of these two circles.  ['Notes
Solution: Let the radius of the circle be r cm.
Its circumference=2nrcm  ....(1)
Also, sum of the circumferences of the two circles = (2t x 18 + 2w x 10) cm
=21 x 28 cm ..(2)
Therefore, from (1) and (2), 2ntr = 21 % 28
or r=28

1.e., radius of the circle is 28 cm.

Example 20.14: There is a circular path of width 2 m along the boundary and inside a
circular park of radius 16 m. Find the cost of paving the path with bricks at the rate of
% 24 per m?. (Use = 3.14)

Solution: Let OA be radius of the park and shaded portion be the path (See. Fig. 20.9)
So,OA=16m
andOB=16m-2m=14m.
Therefore, area of the path
=(mx 16> -1 x 14*) m?
=m(16 + 14) (16 — 14) m?
=3.14x30x 2 =188.4 m’
So, cost of paving the bricks at I 24 per m?
=324 x 188.4
=3 4521.60

CHECK YOUR PROGRESS 204

1. Theradii of two circles are 9 cm and 12 cm respectively. Find the radius of the circle
whose area is equal to the sum of the areas of these two circles.

2. The wheels of a car are of radius 40 cm each. If the car is travelling at a speed of 66
km per hour, find the number of revolutions made by each wheel in 20 minutes.

3. Around a circular park of radius 21 m, there is circular road of uniform width 7 m
outside it. Find the area of the road.
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20.5 PERIMETER AND AREA OF A SECTOR

You are already familar with the term sector of a

circle. Recall that a part of a circular region enclosed

between two radii of the corresponding circle is called

a sector of the circle. Thus, in Fig. 20.10, the shaded

region OAPB is a sector of the circle with centre O.

ZAOB s called the central angle or simply the angle S\

of the sector. Clearly, APB is the corresponding arc VAR
of this sector. You may note that the part OAQB =
(unshaded region) is also a sector of this circle. For A o
obvious reasons, OAPB is called the minor sector

and OAQB is called the major sector of the circle Fig. 20.10
(with major arc AQB).

Note: unless stated otherwise, by sector, we shall mean a minor sector.

B

(i) Perimeter of the sector: Clearly, perimeter of the sector OAPB is equal to OA +

OB + length of arc APB.

Let radius OA (or OB) be 1, length of the arc APB be [ and ZAOB be 6.
We can find the length / of the arc APB as follows:

We know that circumference of the circle =2 nr

Now, for total angle 360° at the centre, length = 27tr

So. for angle 6. length /= ——x
o, forangle 6, length /= 75
B nré .
or = 130° (1)

Thus, perimeter of the sector OAPB = OA + OB +/

nré nré

180° =2 Ts0°

=r+r+

(i) Area of the sector
Area of the circle = 1tr?

Now, for total angle 360°, area = mr?

2
wr

360°

X0

So, for angle 0, area =
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2
nr-0
Thus, area of the sector OAPB = 5
360
Note: By taking the angle as 360° — 6, we can find the perimeter and area of the
major sector OAQB as follows Notes
nr(360° - 9)
Perimeter = 2r + —
erimeter 180°
nr’ .
and  area= 0 ><(360 —6)

Example 20.15: Find the perimeter and area of the sector of a circle of radius 9 cm with
central angle 35°.

. o
Solution: Perimeter of the sector = 2r + 130°
22 9x35°
= | 2X9+—X
‘( 77 180° Jcm

11x1 47
18+ == | cm= 25
( 2 ]cm 2 cm

nr’ x0
360°

(22 81x35°J
=| 75X cm?

Area of the sector =

7 360°

11x9 , 9
= cm =——~Cm
4 4

Example 20.16: Find the perimeter and area of the sector of a circle of radius 6 cm and
length of the arc of the sector as 22 cm.

Solution: Perimeter of the sector =2r+ length of the arc
=2x6+22)cm=34cm

For area, let us first find the central angle 6.

nrd
=22
S0, Tg0°
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—X6X% =22
o 77771800
Notes or 6=180 X7=2100
S f the sect 0
, area of the sector =
0, ar r 360°

B 2>< 36x210°
7 360°
=66 cm?

Alternate method for area:

Circumference of the circle = 2mr

= 2)(%)(6 cm

22
and area of the circle = 7tr? = 7>< 6X6 cm?

22 22
For length 2><7><6 cm, area = 7><6><6 cm?

22 6X6XTx22

= X" om?
So, for length 22 cm, area 7 %2256 cm

=66 cm?

CHECK YOUR PROGRESS 20.5

1. Find the perimeter and area of the sector of a circle of radius 14 cm and central angle
30°.

2. Find the perimeter and area of the sector of a circle of radius 6 cm and length of the
arcas 11 cm.

470 Mathematics Secondary Course




Perimeters and Areas of Plane Figures

20.6 AREAS OF COMBINATIONS OF FIGURES
INVOLVING CIRCLES

So far, we have been discussing areas of figures separately. We shall now try to calculate
areas of combinations of some plane figures. We come across these type of figures in daily
life in the form of various designs such as table covers, flower beds, window designs, etc.

Let us explain the process of finding their areas through some examples.

A
Example 20.17: In around table cover, a design is made

leaving an equilateral triangle ABC in the middle as shown
in Fig. 20.11. If the radius of the cover is 3.5 cm, find the
cost of making the design at the rate of ¥ 0.50 per cm?

(use t=3.14 and /3 =1.7)

. B \/ C
Solution: Let the centre of the cover be O. W

Draw OP L BC and join OB, OC. (Fig. 20.12)
Fig. 20.11
Now, ZBOC =2 ZBAC =2 x 60° = 120°

1 1
Also, ZBOP = ZCOP = ) ZBOC = 5 x 120° = 60°

BP . .
Now, — =sinZBOP =sin60° = ﬁ [See Lessons 22-23]
OB 2
A

e, oo= il
352 ’/ ‘

So, BC=2><3'52\/g em=3.5/3cm /

Fig. 20.12

NG

Therefore, area of AABC = T BC?

NG

=T><3.5><3.5><3cm2

Now, area of the design = area of the circle —area of AABC

B3

=(3.14x35%x3.5- Tx 3.5%3.5%x3)cm?

1.7%3.5%3.5%3

=(3.14x35x%x35- 4 ) cm?
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_ 3.5x3.5(@j o

Notes 7.46
= 1225(7) cm? = 12.25 x 1.865 cm?

Therefore, cost of making the design at< 0.50 per cm?

=% 12.25 x 1.865 x 0.50 =% 114.23 (approx)

Example 20.18: On a square shaped handkerchief,
nine circular designs, each of radius 7 cm, are made
as shown in Fig. 20.13. Find the area of the remainig
portion of the handkerchief.

Solution: As radius of each circular design is 7 cm,
diameter of each willbe 2 x 7cm =14 cm

So, side of the square handkerchief=3 x 14=42cm ...(1)

Therefore, area of the square = 42 x 42 cm? Fig. 20.13

22
Also, area of a circle = 72 = 7><7><7 cm’ = 154 cm?

So, area of 9 circles =9 x 154 cm? ..(2)
Therefore, from (1) and (2), area of the remaining portion
=(42%x42 -9 x 154) cm?
= (1764 — 1386) cm?= 378 cm?

CHECK YOUR PROGRESS 20.6 D C

1. A square ABCD of side 6 cm has been

inscribed in a quadrant of a circle of radius A B

14 cm (See Fig. 20.14). Find the area of the Fig. 20.14
shaded region in the figure. 10 em

2. A shaded design has been formed by drawing e

semicircles on the sides of a square of side a §
length 10 cm each as shown in Fig. 20.15. T -
Find the area of the shaded region in the o

design. Fig. 20.14
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e Perimeter of arectangle =2 (length + breadth)

Notes
e Areaofarectangle =length x breadth

e Perimeter of a square =4 x side
e Areaof asquare = (side)’

e Areaof aparallelogram = base x corresponding altitude

1
e Areaofatriangle = 5 base x corresponding altitude

and also \/ s(s —a)(s —b)(s - c) , where a, b and c are the three sides of the triangle

a+b+c
2

and s =

1
e Areaofarhombus= ) product of its diagonals

1
e Areaofatrapezium= ) (sum of the two parallel sides) x distance between them

e Areaof rectangular path = area of the outer rectangle — area of inner rectangle

e Area of cross paths in the middle = Sum of the areas of the two paths — area of the
common portion

e circumference of a circle of radiusr=2 mr
e Areaof acircle of radius r = 7tr?

e Areaof acircular path = Area of the outer circle — area of the inner circle

7tr0
180°

e Length/of the arc of a sector of a circle of radius r with central angle Ois /=

mr0
180°

e Perimeter of the sector a circle with radius r and central angle 6 =2r +

7’
360°

e Area of the sector of a circle with radius r and central and 6 =
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Areas of many rectilinear figures can be found by dividing them into known figures
such as squares, rectangles, triangles and so on.

Areas of various combinations of figures and designs involving circles can also be
found by using different known formulas.

EJ TERMINAL EXERCISE

1.

The side of a square park is 37.5 m. Find its area.

2. The perimeter of a square is 480 cm. Find its area.

3. Find the time taken by a person in walking along the boundary of a square field of area
40 000 m? at a speed of 4 km/h.

4. Length of aroom is three times its breadth. If its breadth is 4.5 m, find the area of the
floor.

5. The length and breadth of a rectangle are in the ratio of 5 : 2 and its perimeter is 980
cm. Find the area of the rectangle.

6. Find the area of each of the following parallelograms:

(1) one side is 25 cm and corresponding altitude is 12 cm
(@ii) Two adjacent sides are 13 cm and 14 cm and one diagonal is 15 cm.

7. The area of a rectangular field is 27000 m?* and its length and breadth are in the ratio
6:5. Find the cost of fencing the field by four rounds of barbed wire at the rate of 7
per 10 metre.

8. Find the area of each of the following trapeziums:

S. No. Lengths of parellel sides Distance between the parallel sides
(1) 30 cm and 20 cm 15¢cm

(i1) 15.5 cmand 10.5 cm 7.5 cm

(i) 15 cm and 45 cm 14.6 cm

@v) 40 cm and 22 cm 12cm

9. Find the area of a plot which is in the shape of a quadrilateral, one of whose diagonals
1s 20 m and lengths of the perpendiculars from the opposite corners on it are of lengths
12 m and 18 m respectively.

10. Find the area of a field in the shape of a trapezium whose parallel sides are of lengths

48 m and 160 m and non-parallel sides of lengths 50 m and 78 m.
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11. Find the area and perimeter of a quadrilateral ABCCD in which AB =8.5cm, BC =
143 cm,CD=16.5cm,AD=8.5cmand BD=15.4 cm.

12. Find the areas of the following triangles whose sides are

(1)2.5cm, 6 cm and 6.5 cm Notes
(i1))6cm, 11.1 cmand 15.3 cm
13. The sides of a triangle are 51 cm, 52 cm and 53 cm. Find:
(i) Areaofthe triangle
(i) Length of the perpendicular to the side of length 52 cm from its opposite vertex.

(iii)) Areas of the two triangles into which the given triangle is divided by the
perpendicular of (ii) above.

14. Find the area of a rhombus whose side is of length 5 m and one of its diagonals is of
length 8 m.

15. The difference between two parallel sides of a trapezium of area 312 cm?is 8 cm. If
the distance between the parallel sides is 24 cm, find the length of the two parallel
sides.

16. Two perpendicular paths of width 10 m each run in the middle of a rectangular park of
dimensions 200 m x 150 m, one parallel to length and the other parallel ot the breadth.
Find the cost of constructing these paths at the rate of T 5 per m?

17. A rectangular lawn of dimensions 65 m x 40 m has a path of uniform width 8 m all
around inside it. Find the cost of paving the red stone on this path at the rate of
3 5.25 per m?.

18. A rectangular park is of length 30 m and breadth 20 m. It has two paths, each of width
2 m, around it (one inside and the other outside it). Find the total area of these paths.

19. The difference between the circumference and diameter of a circle is 30 cm. Find its
radius.

20. A path of uniform width 3 m runs outside around a circular park of radius 9 m. Find the
area of the path.

21. A circular park of radius 15 m has aroad 2 m wide all around inside it. Find the area
of the road.

22. From a circular piece of cardboard of radius 1.47 m, a sector of angle 60° has been
removed. Find the area of the remaining cardboard.

23. Find the area of a square field, in hectares, whose side is of length 360 m.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

Perimeters and Areas of Plane Figures

Area of a triangular field is 2.5 hectares. If one of its sides is 250 m, find its corresponding
altitude.

A field is in the shape of a trapezium of parallel sides 11 m and 25 m and of non-
parallel sides 15 m and 13 m. Find the cost of watering the field at the rate of 5 paise
per 500 cm?.

From a circular disc of diameter 8 cm, a square of side 1.5 cm is removed. Find the
area of the remaining poriton of the disc. (Use m=3.14)

Find the area of the adjoining figure with the

measurement, as shown. (Use t=3.14) 2.cm

6 cm
Fig. 20.16

A farmer buys a circular field at the rate of ¥ 700 per m? for ¥ 316800. Find the
perimeter of the field.

Ahorse is tied to a pole at a corner of a square field of side 12 m by a rope of length
3.5 m. Find the area of the part of the field in which the horse can graze.

Find the area of the quadrant of a circle whose circumference is 44 cm.

InFig. 20.17, OAQB is a quadrant of a circle
of radius 7 cm and APB is a semicircle. Find
the area of the shaded region.

In Fig 20.18, radii of the two concentric
circles are 7 cm and 14 cm and ZAOB =
45°, Find the area of the shaded region
ABCD.

Fig. 20.18
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33. InFig. 20.19, four congruent circles of radius
7 cm touch one another and A, B, C, and D
are their centres. Find the area of the shaded
region.
Notes

Fig. 20.19

34. Find the area of the flower bed with
semicircular ends of Fig. 20.20, if the
diameters of the ends are 14cm, 28 cm, 14
cm and 28 cm respectively.

Fig. 20.20

35.InFig 20.21, two semicircles have been drawn
inside the square ABCD of side 14 cm. Find
the area of the shaded region as well as the
unshaded region.

Fig. 20.21

In each of the questions 36 to 42, write the correct answer from the four given options:

36. The perimeter of a square of side a is

(A) a? (B)4a (C) 2a (D) ﬁ a
37. The sides of a triangle are 15 cm, 20 cm, and 25 cm. Its area is
(A)30cm? (B) 150cm?* (C) 187.5 cm? (D) 300 cm?

38. The base of an isosceles triangle is 8 cm and one of its equal sides is 5 cm. The
corresponding height of the triangle is

(A)5cm (B)4cm (C©)3cm (D)2 cm

39. If ais the side of an equilateral triangle, then its altitude is

N 5 5 N

3
A) - @ (B) pye) © - @ (D) 2
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40.

42.

43.

44.

Perimeters and Areas of Plane Figures

One side of a parallelogram is 15 cm and its corresponding altitude is 5 cm. Area of
the parallelogram is
(A)75 cm? B)37.5cm*> (C)20cm*> (D)3 cm?

. Area of arhombus is 156 cm? and one of its diagonals is 13 cm. Its other diagonal is
(A)12cm (B)24 cm (C©)36cm (D)48 cm
Area of a trapezium is 180 cm? and its two parallel sides are 28 cm and 12 cm.
Distance between these two parallel sides is
(A)9cm (B)12cm (C)15cm (D) 18 cm
Which of the following statements are true and which are false?

(i) Perimeter of a rectangle is equal to length + breadth.
(il) Area of acircle of radus r is 7r?.

(iii) Area of the circular shaded path of the adjoining
figure is 7tr > —r .

(iv) Area of a triangle of sides a, b and c is

\/ s(s—a)(s—b)(s—c) , where s is the perimeter of
the triangle.

o
(v) Area of a sector of circle of radius r and central angle 60° is ? .

(vi) Perimeter of a sector of circle of radius 5 cm and central angle 120°is 5 cm +
10z

e

Fill in the blanks:

(i) Area of arhombus = 5 product of its

1
(ii) Area of a trapezium = 5 (sum of its ) x distance between

(i) The ratio of the areas of two sectors of two circles of radii 4 cm and 8 cm and
central angles 100° and 50° respectively is

(iv) The ratio of the lengths of the arcs of two sectors of two circles of radii 10 cm and
5 cm and central angles 75° and 150° is

(v) Perimeter of a rhombus of diagonals 16 cm and 12 cm is
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= ANSWERS TO CHECK YOUR PROGRESS

20.1
I. 60m

1542 cm

(1)281.25m>  (ii)70m
110 m [Hint 3x x 2x =726 = x =11 m]
240 cm?

80 cm

190 cm?

55 cm, 1320 cm?

20.2

1. 2421 cm?

2. 36./3 cm?;6,/3 cm

20.3

1. 648 m?

276 m?

7225 m?

(27+%Jﬁj om?

204

I. 15cm

2. 8750

3. 10.78 m?
20.5

™

® N kW

el

&

_ 154
1. Perimeter = 355 cm; Area= 3 cm?

2. Perimeter =23 cm, Area =33 cm?
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20.6
1. 118 cm?

1
2. 4><575><52 —10 x 10 cm?

= (501 — 100) cm?

[ ]
i = ANSWERS TO TERMINAL EXERCISE

1. 1406.25 m? 2. 14400 cm? 3. 12 minutes
4. 60.75 m? 5. 49000 cm? 6. (1) 300 cm? (i) 168 cm?
7. %1848
8. (i)375cm? (i) 97.5 cm? (iii) 438 m* (iv) 372 cm?
9. 300m? 10. 3120 m? 11.129.36 cm?
12. (1) 7.5 cm? (ii) 27.54 cm?
13. (i) 1170 cm? (i1) 45 cm (iii) 540 cm?, 630 cm?
14. 24 m? 15.17cmand9cm  16.% 17000
17.%3 7476 18. 400 m? 19.7cm
20. 198 m? 21.176 m? 22.1.1319 m?
23.12.96 ha 24.200 m 25.% 216
26. 47.99 cm? 27.22.78 cm? 28. 75% m
29. 7 m? 30. 77 cm? 31. el cm?
8 2 2

32. % cm? 33.42 cm? 34.1162 cm?
35. 42 cm?, 154 cm? 36.(B) 37.(B)
38. (C) 39.(C) 40. (A)
41.(B) 42.(A)
43. (i) False (i1) True (ii1) False

(iv) False (v) True (vi) False
44. (i) diagonals (ii) parallel sides, them (iii) 1 : 2

Giv)l:1 (v)40 cm.
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SURFACE AREAS AND VOLUMES OF
SOLID FIGURES

In the previous lesson, you have studied about perimeters and areas of plane figures like
rectangles, squares, triangles, trapeziums, circles, sectors of circles, etc. These are called
plane figures because each of them lies wholly in a plane. However, most of the objects
that we come across in daily life do not wholly lie in a plane. Some of these objects are
bricks, balls, ice cream cones, drums, and so on. These are called solid objects or three
dimensional objects. The figures representing these solids are called three dimensional or
solid figures. Some common solid figures are cuboids, cubes, cylinders, cones and spheres.
In this lesson, we shall study about the surface areas and volumes of all these solids.

After studying this lesson, you will be able to

e explain the meanings of surface area and volume of a solid figure,

e identify situations where there is a need of finding surface area and where there
is a need of finding volume of a solid figure;

e find the surface areas of cuboids, cubes, cylinders, cones spheres and hemispheres,
using their respective formulae;

e find the volumes of cuboids, cubes, cylinders, cones, spheres and hemispheres
using their respective formulae;

e solve some problems related to daily life situations involving surface areas and
volumes of above solid figures.

EXPECTED BACKGROUND KNOWLEDGE

e Perimeters and Areas of Plane rectilinear figures.

e Circumference and area of a circle.
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e Four fundamental operations on numbers

e Solving equations in one or two variables.

21.1 MEANINGS OF SURFACE AREA AND VOLUME

Look at the following objects given in Fig. 21.1.

Fig. 21.1

Geometrically, these objects are represented by three dimensional or solid figures as fol-
lows:

Objects Solid Figure
Bricks, Almirah Cuboid

Die, Tea packet Cube

Drum, powder tin Cylinder
Jocker’s cap, Icecream cone, Cone
Football, ball Sphere
Bowl. Hemisphere

You may recall that arectangle is a figure made up of only its sides. You may also recall that
the sum of the lengths of all the sides of the rectangle is called its permeter and the measure
of the region enclosed by it is called its area. Similarly, the sum of the lengths of the three
sides of a triangle is called its permeters, while the measure of the region enclosed by the
triangle is called its area. In other words, the measure of the plane figure, i.e., the boundary
triangle or rectangle is called its perimeter, while the measure of the plane region enclosed
by the figure is called its area.
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Following the same analogy, a solid figure is made up of only its boundary (or outer
surface). For example, cuboid is a solid figure made up of only its six rectangular regions
(called its faces). Similarly, a sphere is made up only of its outer surface or boundary. Like
plane figures, solid figures can also be measured in two ways as follows:

(1) Measuring the surface (or boundary) constituting the solid. It is called the surface
area of the solid figure.

(2) Measuring the space region enclosed by the solid figure. It is called the volume of the
solid figure.

Thus, it can be said that the surface area is the measure of the solid figure itself, while
volume is the measure of the space region enclosed by the solid figure. Just as area is
measured in square units, volume is measured in cubic units. If the unit is chosen as a unit
cube of side 1 cm, then the unit for volume is cm?, if the unit is chosen as a unit cube of
side 1m, then the unit for volume is m? and so on.

In daily life, there are many situations, where we have to find the surface area and there are
many situations where we have to find the volume. For example, if we are interested in
white washing the walls and ceiling of a room, we shall have to find the surface areas of the
walls and ceiling. On the other hand, if we are interested in storing some milk or water in a
container or some food grains in a godown, we shall have to find the volume.

21.2 CUBOIDS AND CUBES

As already stated, a brick, chalk box, geometry box, H G
match box, a book, etc are all examples of a cuboid.
Fig. 21.2 represents a cuboid. It can be easily seen
from the figure that a cuboid has six rectangular regions D C
as its faces. These are ABCD, ABFE, BCGF, EFGH,
ADHE and CDHG.. Out of these, opposite faces
ABFE and CDHG; ABCD and EFGH and ADHE

and BCGH are respectively congruent and parallel to E -
each other. The two adjacent faces meet in a line

segment called an edge of the cuboid. For example, A B

faces ABCD and ABFE meet in the edge AB. There Fig. 21.2

are in all 12 edges of a cuboid. Points A,B,C,D,E.EG
and H are called the corners or vertices of the cuboid.
So, there are 8 corners or vertices of a cuboid.

It can also be seen that at each vertex, three edges meet. One of these three edges is taken
as the length, the second as the breadth and third is taken as the height (or thickness or
depth) of the cuboid. These are usually denoted by 1, b and h respectively. Thus, we may
say that AB (= EF =CD = GH) is the length, AE (=BF = CG = DH) is the breadth and
AD (= EH = BC = FQG) is the height of the cuboid.
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Note that three faces ABFE, AEHD and EFGH meet at the vertex E and their opposite
faces DCGH, BFGC and ABCD meet at the point C. Therefore, E and C are called the
opposite corners or vertices of the cuboid. The line segment joing E and C. i.e., EC is
called a diagonal of the cuboid. Similarly, the diagonals of the cuboid are AG, BH and
FD. In all there are four diagonals of cuboid.

Surface Area
/
h h H G
D H
T D ¢
b H b
h
h A B | T E F
H
h A ; 5 b
|
® (ii)
Fig. 21.3

Look at Fig. 21.3 (i). If it is folded along the dotted lines, it will take the shape as shown in
Fig. 21.3 (i1), which is a cuboid. Clearly, the length, breadth and height of the cuboid
obtained in Fig. 21.3 (i1) are 1, b and h respectively. What can you say about its surface
area. Obviously, surface area of the cuboid is equal to the sum of the areas of all the six
rectangles shown in Fig. 21.3 (1).

Thus, surface area of the cuboid
=Ixb 4+ bxh + hxl +Ixb +bxh +hxl
=2(Ib + bh + hl)
In Fig. 21.3 (i1), let us join BE and EC (See Fig. 21.4)
We have :
BE? = AB? +AE? (As ZEAB =90°)
or BE’=P+b* -(1)
Also, EC?=BC?+ BE? (As ZCBE =90°) )
or  EC2=h+ P+ b [From (i)] A

So,  EC= P 4+p*+h.

Hence, diagonal of a cuboid = /;2 4 5% + ;2.

We know that cube is a special type of cuboid in which length = breadth = height, i.e.,
I=b=h.
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Hence,
surface area of a cube of side or edge a
=2 (axa + axa + axa)

= 6a’

and its diagonal = /42 4 4% + 42 =a /3.

Note: Fig. 21.3 (i) is usually referred to as a net of the cuboid given in Fig. 21.3 (ii).
Volume:

Take some unit cubes of side 1 cm each and join them to form a cuboid as shown in
Fig. 21.5 given below:

/////
[ S LS

/////

AN

3cm
/
V 4 cm

5cm g
Fig. 21.5

By actually counting the unit cubes, you can see that this cuboid is made up of 60 unit
cubes.

So, its volume = 60 cubic cm or 60cm? (Because volume of 1 unit cube, in this case, is
1 cm?)

Also, you can observe that length x breadth x height = 5x4x3 cm?
=60 cm’

You can form some more cuboids by joining different number of unit cubes and find their
volumes by counting the unit cubes and then by the product of length, breadth and height.
Everytime, you wll find that

Volume of a cuboid = length x breadth x height
or volume of a cuboid = [bh
Further, as cube is a special case of cuboid in which / = b = h, we have;

volume of a cube of side a = axaxax =a’.
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We now take some examples to explain the use of these formulae.

Example 21.1: Length, breadth and height of cuboid are 4 cm, 3 cm and 12 cm respec-
tively. Find

(1) surface area (ii) volume and (ii1) diagonal of the cuboid.

Solution: (i) Surface area of the cuboid

=2 (Ib+bh+hl)

=2 (4x3+3x12+12x4)cm?

=2 (12 + 36 +48)cm? = 192 cm?
(i1) Volume of cuboid = lbh

=4 x3x12cm’ =144 cm?
(iti) Diagonal of thecuboid = /;2 4+ p% + 12,

= V4> +37+12% cm.

= J16+9+144 cm.

=./169 cm=13cm

Example 21.2: Find the volume of a cuboidal stone slab of length 3m, breadth 2m and
thickness 25cm.

Solution : Here, [=3m, b =2m and

he25eme 2> =Lm
T 100 4
(Note that here we have thickness as the third dimension in place of height)

So, required volume = [bh

= 3x2x% m’=1.5m’
Example 21.3 : Volume of a cube is 2197 cm’. Find its surface area and the diagonal.
Solution: Let the edge of the cube be a cm.
So, its volume = ¢* cm?

Therefore, from the question, we have :

a’=2197
or a® = 13x13x13
So, a=13

i.e., edge of the cube = 13 cm
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Now, surface area of the cube = 64>
=6 x13x13 cm?
=1014 cm?
Notes

Its diagonal = a3 cm=13+/3 cm

Thus, surface area of the cube is 1014 cm? and its diagonal is 13 ﬁ cm -

Example 21.4 : The length and breadth of a cuboidal tank are Sm and 4m respectively. If
itis full of water and contains 60 m* of water, find the depth of the water in the tank.

Solution: let the depth be d metres
So, volume of water in the tank
=Ixbxh
= 5x4xd m’
Thus, according to the question,

5x4 xd = 60

or = ﬂm:3m

So, depth of the water in the tank is 3m.

Note: Volume of a container is usually called its capacity. Thus, here it can be said that
capacity of the tank is 60m?. Capacity is also expressed in terms of litres, where 1 litre =

Lm3,i.e.,lm3 = 1000 litres.
1000

So, it can be said that capacity of the tank is 60 x 1000 litre = 60 kilolitres.

Example 21.5 : A wooden box 1.5m long, 1.25 m broad, 65 cm deep and open at the
top is to be made. Assuming the thickness of the wood negligible, find the cost of the wood
required for making the box at the rate of ¥ 200 per m?.

Solution : Surface area of the wood required

=1b +2bh + 2hl (Because the box is open at the top)

= (1.5x1.25 + 2x1.25 ﬁ 2 ﬁ 1.5)m?
=(1.5%1.25 + 2x1. x100+ xloox.)m
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1625 195
100 100

=(1.875+ ) m?

=(1.875+ 1.625 + 1.95)m* = 5.450 m*
So, cost of the wood at the rate of ¥ 200 per m?

=% 200 x 5.450

=3 1090

Example 21.6 : Ariver 10m deep and 100m wide is flowing at the rate of 4.5 km per
hour. Find the volume of the water running into the sea per second from this river.

Solution : Rate of flow of water =4.5 km/h

4.5x1000

= T e0x60 metres per second

4500

3600 metres per second

5

= Z metres per second

Threfore, volume of the water running into the sea per second = volume of the cuboid
=[Xbxh

5
=7 x 100 x 10 m?

= 1250 m*

Example 21.7: Atank 30m long, 20m wide and 12 m deep is dug in a rectangular field of
length 588 m and breadth 50m. The earth so dug out is spread evenly on the remaining
part of the field. Find the height of the field raised by it.

Solution: Volume of the earth dug out = volume of a cuboid of
dimensions 30 m x 20 m x 12 m

=30 %20 x 12 m* = 7200 m?
Area of the remaining part of the field
= Area of the field - Area of the top surface of the tank
=588 x 50 m* - 30 x 20 m?
= 29400 m?* — 600 m?
= 28800 m?
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Therefore, height of the field raised
B Volumeof earthdugout
Areaof theremainingpartof the field
7200 1 Notes

= m=—m=25cm
28800 4

Example 21.8: Length, breadth and height of a room are 7m, 4m and 3m respectively. It

1 1
has a door and a window of dimensions 2 m x1 5 m and 1 5 mx 1 mrespectively. Find

the cost of white washing the walls and ceiling of the room at the rate of ¥4 per m?.
Solution: Shape of the room is that of a cuboid.
Area to be white washed = Area of four walls
+ Area of the ceiling
— Area of the door — Area of the window.
Area of the four walls = Ixh+bxh+Ixh+bxh
=2(l+b)xh
=2(7+4)x3 m? = 66m?>
Area of the ceiling = Ixb

=7x4 m? = 28m?

1
So, area to be white washed = 66 m?>+ 28 m>— 2 x 15 m?— 15 x 1m?

2

3
=94m2—3m2—5 m

_(188-6-3) >
2

1
2
Therefore, cost of white-washing at the rate of I 4 per m?

179
=34 x T =3 358

Note: You can directly use the relation area of four walls =2 (/ + b) x h as a formula]
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CHECK YOUR PROGRESS 21.1

1. Find the surface area and volume of a cuboid of length 6m, breadth 3m and height

2.5m.

. Find the surface area and volume of a cube of edge 3.6 cm
. Find the edge of a cube whose volume is 3375 cm®. Also, find its surface area.

. The external dimensions of a closed wooden box are 42 cm x 32 cm X 27 cm. Find

the internal volume of the box, if the thickness of the wood is 1cm.

. The length, breadth and height of a godown are 12m, 8m and 6 metres respectively.

How many boxes it can hold if each box occupies 1.5 m? space?

. Find the length and surface area of a wooden plank of width 3m, thickness 75 cm and

volume 33.75m’.

. Three cubes of edge 8 cm each are joined end to end to form a cuboid. Find the

surface area and volume of the cuboid so formed.

. Aroom is 6m long, 5Sm wide and 4m high. The doors and windows in the room

occupy 4 square metres of space. Find the cost of papering the remaining portion of
the walls with paper 75cm wide at the rate of ¥ 2.40 per metre.

. Find the length of the longest rod that can be put in a room of dimensions

6m x 4m x3m.

21.3 RIGHT CIRCULAR CYLINDER

Let us rotate a rectangle ABCD about one of its edges say AB. C
The solid generated as a result of this rotation is called a right
circular cylinder (See Fig. 21.6). In daily life, we come across
many solids of this shape such as water pipes, tin cans, drumes,
powder boxes, etc.

It can be seen that the two ends (or bases) of a right circular p

cylinder are congruent circles. In Fig. 21.6, A and B are the
centres of these two circles of radii AD (= BC). Further, AB is
perpendicular to each of these circles.

Here, AD (or BC) is called the base radius and AB is called the height of the cylinder.

It can also be seen that the surface formed by two circular ends are flat and the remaining

surface is curved.
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Surface Area

Let us take a hollow cylinder of radius r and height / and cut it along any line on its curved
surface parallel to the line segment joining the centres of the two circular ends (see Fig.
21.7(1)].We obtain a rectangle of length 2 7 r and breadth 4 as shown in Fig. 21.7 (i1).
Clearly, area of this rectangle is equal to the area of the curved surface of the cylinder.

TR o

N |
h h "
| N

N~
® (i1)
Fig. 21.7

So, curved surface area of the cylinder
= area of the rectangle
=2xrxh=2rrh.
In case, the cylinder is closed at both the ends, then the total surface area of the cylinder
=2xrh+2xr
=2x r(r+h)
Volume
In the case of a cuboid, we have seen that its volume =1xb xh
=area of the base x height

Extending this rule for a right circular cylinder (assuming it to be the sum of the infininte
number of small cuboids), we get : Volume of a right circular cylinder

Area of the base x height
=xrxh
= xrh

We now take some examples to illustrate the use of these formulae; (In all the problems in
this lesson, we shall take the value of 7z =22/7, unless stated otherwise)

Example 21.9: The radius and height of a right circular cylinder are 7cm and 10cm
respectively. Find its

(1) curved surface area
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(i1) total surface area, and the

(iil) volume

Notes| Solution: (i) curved surface area=2 7z th
= 2><%X7 x10cm® =440 cm?

(ii) total surfacearea =2xrh+27r?

= (2><%><7><10+2><%><7><7)cm2

=440 cm? + 308 cm? = 748 cm?

(iii) volume = zr’h
= %><7><7><100m3

= 1540 cm?

Example 21.10: A hollow cylindrical metallic pipe is open at both the ends and its exter-
nal diameter is 12 cm. If the length of the pipe is 70 cm and the thickness of the metal used
is 1 cm, find the volume of the metal used for making the pipe.

Solution: Here, external radius of the pipe

L m=s
= 20m— cm

Therefore, internal radius = (6—1) =5 cm (As thickness of metal = 1 cm)

Note that here virtually two cylinders have been formed and the volume of the metal used
in making the pipe.

= Volume of the external cylinder — Volume of the internal cylinder

= zr’h — zr,’h (wherer andr, are the external and internal radii and h is the
length of each cylinder .

- (%x6x6x70 —%><5><5><7Ojcm3

=22x10%(36-25)cm’
=2420 cm?
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Example 21.11: Radius of aroad roller is 35 cm and it is 1 metre long. If it takes 200

revolutions to level a playground, find the cost of levelling the ground at the rate of X 3 per

m>.

Solution: Area of the playground levelled by the road roller in one revolution

= curved surface area of the roller

22
=2nth=2x — x35x100cm? (r=35cm,h=1m=100 cm)

7

= 22000 cm?
22000

= 100x100 ™

(since 100cm=1m,s0 100cm x 100 cm=1m x 1 m)
=22 m?
Therefore, area of the playground levelled in 200 revolutions = 2.2 x 200 m?* = 440 m?
Hence, cost of levelling at the rate of ¥ 3 per m? =3 3 x 440 =3 1320.

Example 21.12: A metallic solid of volume 1 m? is melted and drawn into the form of a
wire of diameter 3.5 mm. Find the length of the wire so drawn.

Solution: Let the length of the wire be x mm
You can observe that wire is of the shape of a right circular cylinder.

Its diameter = 3.5 mm

So, its radi 2mrn—ﬁ—zmm
0, its radius = > 04

Also, length of wire will be treated as the height of the cylinder.

So, volume of the cylinder = mr*h

= X —X—XX mm?’
7 T4y

But the wire has been drawn from the metal of volume 1 m?

Therefore, ==X X -5 ———*__ _ 1 (since 1 m= 1000
erefore, 7% 2% 11000000000 (since 1 m= mm)
B 1x7 x4 x4x1000000000
or x = 9 X T X7 mm.
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16000000000
a 154

16000000000

Thus, length of the wire = T sq mm

16000000000
~ 154000

16000000
154

CHECK YOUR PROGRESS 21.2

1. Find the curved surface area, total surface area and volume of a right circular cylinder
of radius 5 m and height 1.4 m.

m = 103896 m (approx)

2. Volume of aright circular cylinder is 3080 cm? and radius of its base is 7 cm. Find the
curved surface area of the cylinder.

3. A cylindrical water tank is of base diameter 7 m and height 2.1 m. Find the capacity of
the tank in litres.

4. Length and breadth of a paper is 33 cm and 16 cm respectively. It is folded about its
breadth to form a cylinder. Find the volume of the cylinder.

5. Acylindrical bucket of base diameter 28 cm and height 12 cm is full of water. This
water is poured in to a rectangular tub of length 66 cm and breadth 28 cm. Find the
height to which water will rise in the tub.

6. A hollow metallic cylinder is open at both the ends and is of length 8 cm. If the thick-
ness of the metal is 2 cm and external diameter of the cylinder is 10 cm, find the whole
curved surface area of the cylinder (use w=3.14).

[Hint: whole curved surface = Internal curved surface + External curved surface]

21.4 RIGHT CIRCULAR CONE

Let us rotate a right triangle ABC right angled at B about one

of its side AB containing the right angle. The solid generated as

a result of this rotation is called a right circular cone (see

Fig.21.8). In daily life, we come across many objects of this D

shape, such as Joker’s cap, tent, ice cream cones, etc. ~_ B “
Fig. 21.8

A
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It can be seen that end (or base) of a right circular cone is a circle. In Fig. 21.8, BC is the
radius of the base with centre B and AB is the height of the cone and it is perpendicular
to the base. Further, A is called the vertex of the cone and AC is called its slant height.
from the Pythagoras Theorem, we have

slant height = \/radius> + height

or I=\/+? + h? > wherer, hand [ are respectively the base radius, height and slant
height of the cone.

You can also observe that surface formed by the base of the cone is flat and the remaining
surface of the cone is curved.

A

Surface Area
Let us take a hollow right circular cone of radius r and height h / /
and cut it along its slant height. Now spread it on a piece of
paper. You obtain a sector of a circle of radius / and its arc
length is equal to 27tr (Fig. 21.9). B C
Area of this sector = onr

Fig. 21.9

Arclength of the sector X Area of circle with radius/

Circumference of the circle with radius /

= Ex xl* = nrl
2l

Clearly, curved surface of the cone = Area of the sector
=7l
If the area of the base is added to the above, then it becomes the total surface area.
So, total surface area of the cone = 7tr/ + 7tr?
=nr(l +r)
Volume

Take a right circular cylinder and a right circular cone of the same base radius and same
height. Now, fill the cone with sand (or water) and pour it in to the cylinder. Repeat the
process three times. You will observe that the cylinder is completely filled with the sand (or
water). It shows that volume of a cone with radius r and height h is one third the volume of
the cylinder with radius r and height h.

1
So, volume of a cone = 3 volume of the cylinder
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—311:['

Now, let us consider some examples to illustrate the use of these formulae.

Example 21.13: The base radius and height of a right circular cone is 7 cm and 24 cm.
Find its curved surface area, total surface area and volume.

Solution: Here, r=7 cm and h =24 cm.

So, slantheight /= /2 4 1,2
= \JTXT+24%x24 cm
= 149+576 cm =25 cm

Thus, curved surface area = 7rl

x 7 % 25 cm? = 550 cm?

7
Total surface area = 7rl + 7t

22
= (550 +7 x 49) cm?

= (550 + 154) cm* = 704 cm?

1 2
Volume = gnrzh = EX 7 x 49 x 24 cm?

=1232 cm?

Example 21.14: A conical tent is 6 m high and its base radius is 8 m. Find the cost of the
canvas required to make the tent at the rate of I 120 per m* (Use w=3.14)

Solution: Let the slant height of the tent be x metres.

So, from /= ,/;2 4,2 wehave,

I = 36+64 =+/100
or/=10

Thus, slant height of the tent is 10 m.
So, its curved surface area = 7r/

=3.14 x 8 x 10 cm? =251.2 cm?
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Thus, canvas required for making the tent=251.2 m?
Therefore, cost of the canvas at ¥ 120 per m?
=3 120 x 251.2
Notes
=3 30144

CHECK YOUR PROGRESS 21.3

1. Find the curved surface area, total surface area and volume of a right circular cone
whose base radius and height are respectively 5 cm and 12 cm.

2. Find the volume of a right circular cone of base area 616 cm? and height 9 cm.

3. Volume of a right circular cone of height 10.5 cmis 176 cm?®. Find the radius of the
cone.

4. Find the length of the 3 m wide canvas required to make a conical tent of base radius
9 m and height 12 m (use ©t=3.14).

5. Find the curved surface area of a right circular cone of volume 12936 cm?® and base
diameter 42 cm.

21.5 SPHERE

Let us rotate a semicircle about its diameter. The solid so P

generated with this rotation is called a sphere. It can also be

defined as follows:

The locus of a point which moves in space in such a way that

its distance from a fixed point remains the same is called a

sphere. The fixed point is called the centre of the sphere and

the same distance is called the radius of the sphere (Fig. Fig. 21.10
21.10). A football, cricket ball, a marble etc. are examples

of spheres that we come across in daily life.

Hemisphere

If a sphere is cut into two equal parts by a plane passing
through its centre, then each part is called a hemisphere

Fig. 21.11).
(Fig.21.11) Fig. 21.11

Surface Areas of sphere and hemisphere

Let us take a spherical rubber (or wooden) ball and cut it into equal parts (hemisphere)
[See Fig. 21.12(i), Let the radius of the ball be . Now, put a pin (or a nail) at the top of
the ball. starting from this point, wrap a string in a spiral form till the upper hemisphere is
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completely covered with string as shown in Fig. 21.12(ii). Measure the length of the string
used in covering the hemisphere.

Notes \

\ !
ST .+‘;
\\Jb ‘
@ (ir)

Fig. 21.12

Now draw a circle of radius r (i.e. the same radius as that of the ball and cover it with a
similar string starting from the centre of the circle [See Fig. 21.12 (iii)]. Measure the length
of the string used to cover the circle. What do you observe? You will observe that length
of the string used to cover the hemisphere is twice the length of the string used to
cover the circle.

Since the width of the two strings is the same, therefore
surface area of the hemisphere = 2 x area of the circle
=2 mr? (Area of the circle is 7tr?)
So, surface area of the sphere = 2 x 27r? = 47r?
Thus, we have:
Surface area of a sphere = 471>
Curved surface area of a solid hemisphere = 2rr* + nr® = 37r?
Where r is the radius of the sphere (hemisphere)
Volumes of Sphere and Hemisphere

Take a hollow hemisphere and a hollow right circular cone of the same base radius and
same height (say r). Now fill the cone with sand (or water) and pour it into the hemisphere.
Repeat the process two times. You will observe that hemisphere is completely filled with
the sand (or water). It shows that volume of a hemisphere of radius r is twice the volume
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of the cone with same base radius and same height.
. 1
So, volume of the hemisphere =2 x 3 nr*h
Notes
2
=3 Tl Xr (Because h=r)
2
= 3Xm

Therefore, volume of the sphere of radius r
2 2 3 i 3
=2 X 3 i’ = 3 r

Thus, we have:

4
Volume of a sphere = 3 i’

2
and volume of a hemisphere = E s,
where r is the radius of the sphere (or hemisphere)
Let us illustrate the use of these formulae through some examples:

Example 21.15: Find the surface area and volume of a sphere of diameter 21 cm.

21
Solution: Radius of the sphere = - cm
So, its surface area = 4mr?
4 2)( 2 X g 2
Xy em
= 1386 cm?
Its volume = g T’

- —_— N —\y — 3 3
><7 ><2><2><2cm—4851cm

4 22 21 21 21
3
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Example 21.16: The volume of a hemispherical bowl is 2425.5 cm®. Find its radius and
surface area.

Solution: Let the radius be r cm.

2
So, —mr? =2425.5

3

% 2 3 =2425.5

or 3 X 7 r’= .
3x2425.5%x7 21x21x21
orr’ = =
2%x22 8
1. .
So, r= 7, 1.e. radius = 10.5 cm.
22 21 21
Now surface area of bowl = curved surface area = 2mr> = 2 X 7 X ? X ? cm?

=693 cm?

Note: As the bowl (hemisphere) is open at the top, therefore area of the top, i.e., tr* will
not be included in its surface area.

CHECK YOUR PROGRESS 214

1.
2.

Find the surface area and volume of a sphere of radius 14 cm.

Volume of a sphere is 38808 cm?. Find its radius and hence its surface area.
Diameter of a hemispherical toy is 56 cm. Find its

(1) curved surface area

(i1) total surface area

(111) volume

A metallic solid ball of radius 28 cm is melted and converted into small solid balls of
radius 7 cm each. Find the number of small balls so formed.

6

The objects or figures that do not wholly lie in a plane are called solid (or three
dimensional) objects or figures.
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e  The measure of the boundary constituting the solid figure itself is called its surface.
e  The measure of the space region enclosed by a solid figure is called its volume.
e some solid figures have only flat surfaces, some have only curved surfaces and some N
otes

have both flat as well as curved surfaces.
e  Surface area of a cuboid = 2(/b + bh + hl) and volume of cuboid = [bh, where [, b
and £ are respectively length, breadth and height of the cuboid.

e  Diagonal of the above cuboidis /72 +p2 + ;2

e  (Cubeis a special cuboid whose each edge is of same length.

e  Surface area of a cube of edge a is 6a” and its volume is a*.
e Diagonal of the above cubeisa /3 .

e  Area of the four walls of aroom of dimensions /, band h=2(/ + b) h

e  Curved surface area of a right circular cylinder = 2xrh; its total surface area =
2nrh+27mr? and its volume = mr’h, where r and h are respectively the base radius and
height of the cylinder.

e  Curved surface area of a right circular cone is 7trl, its total surface area = mtrl + 772

1
and its volume = 3 nr*h, where 1, h and [ are respectively the base radius, height and

slant height of the cone.

e  Surface area of sphere = 47/ and its volume = 3 nr* , where r is the radius of the
sphere.

e  Curved surface area of a hemisphere of radius =277 ; its total surface area = 31r?

2
and its volume = 5 1

H TERMINAL EXERCISE

1. Fillin the blanks:

(1) Surface area of a cuboid of length /, breadth b and height 4 =
(i1) Diagonal of the cuboid of length /, breadth b and height /2 =

(ii1) Volume of the cube of side a =
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10.

I1.

12.

ace Areas and Volumes of Solid Figures

(iv) Surface area of cylinder open at one end = , where r and h are the radius
and height of the cylinder.

(v) Volume of the cylinder of radius r and heighth =

(vi) Curved surface area of cone =
the and of the cone.

, where r and | are respectively

(vii) Surface area of a sphere of radius r =
(viii) Volume of a hemisphere of radius r =
Choose the correct answer from the given four options:

(1) The edge of a cube whose volume is equal to the volume of a cuboid of dimensions
63 cm x 56 cm x 21 cm is

(A)21cm (B)28cm (C)36 cm (D)42 cm

(i1) If radius of a sphere is doubled, then its volume will become how many times of
the original volume?

(A) 2 times (B) 3 times (C) 4 times (D) 8 times

(iii) Volume of a cylinder of the same base radius and the same height as that of a cone
is

(A) the same as that of the cone (B) 2 times the volume of the cone

1
© E times the volume of the cone (D) 3 times the volume of the cone.

If the surface area of a cube is 96 cm?, then find its volume.

Find the surface area and volume of a cuboid of length 3m, breadth 2.5 m and height
1.5m.

Find the surface area and volume of a cube of edge 1.6 cm.
Find the length of the diagonal of a cuboid of dimensions 6 cm x 8 cm x 10 cm.
Find the length of the diagonal of a cube of edge 8 cm.

Areas of the three adjecent faces of cuboid are A, B and C square units respectively
and its volume is V cubic units. Prove that V>= ABC.

Find the total surface area of a hollow cylindrical pipe open at the ends if its height is
10 cm, external diameter 10 cm and thickness 12 cm (use = 3.14).

Find the slant height of a cone whose volume is 12936 cm’ and radius of the base is
21 cm. Also, find its total surface area.

A well of radius 5.6 m and depth 20 m is dug in a rectangular field of dimensions
150 m x 70 m and the earth dug out from it is evenly spread on the remaining part of
the field. Find the height by which the field is raised.

Find the radius and surface area of a sphere whose volume is 606.375 m®.
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13.

14.

15.

16.

17.

18.

19.

20.

In a room of length 12 m, breadth 4 m and height 3 m, there are two windows of
dimensions 2m x 1 m and a door of dimensions 2.5 m x 2 m. Find the cost of
papering the walls at the rate of ¥ 30 per m?.

A cubic centimetre gold is drawn into a wire of diameter 0.2 mm. Find the length of
the wire. (use ©=3.14).

If the radius of a sphere is tripled, find the ratio of the
(1) Volume of the original sphere to that of the new sphere.
(i1) surface area of the original sphere to that of the new sphere.

A cone, a cylinder and a hemisphere are of the same base and same height. Find the
ratio of their volumes.

Slant height and radius of the base of a right circular cone are 25 cm and 7 cm
respectively. Find its

(1) curved surface area
(i1) total surface area, and
(iil) volume

Four cubes each of side 5 cm are joined end to end in a row. Find the surface and the
volume of the resulting cuboid.

The radii of two cylinders are in the ratio 3 : 2 and their heights are in the ratio 7 : 4.
Find the ratio of their

(1) volumes.

(i1) curved surface areas.

State which of the following statements are true and which are false:
(1) Surface area of a cube of side a is 6a>.

(i1) Total surface area of a cone is 7trl, where r and 1 are resepctively the base radius
and slant height of the cone.

(iii) If the base radius and height of cone and hemisphere are the same, then volume of
the hemisphere is thrice the volume of the cone.

(iv) Length of the longest rod that can be put in a room of length 1, breadth b and
heighthis ,/;2 + p2 + 12

(v) Surface area of a hemisphere of radius r is 272
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t 1
{ ANSWERS TO CHECK YOUR PROGRESS

21.1
1. 81 m* 45 m? 2.77.76 cm?; 46.656 cm?
3.15 cm, 1350 cm? 4.30000 cm?
5. 384 6.15m, 117 m?
7. 896 cm?, 1536 cm? 8.3 460.80
9. J61 m
21.2
1

1.44 m?% 2017 m? 110 m* 2. 880 cm?
3.80850 litres 4. 1386 cm?®
5.4cm 6.401.92 cm?
21.3
| 1430 _ 1980 ) 2200 X

- cm?; 7 cm?; 7 cm
2.1848 cm? 3.2cm 4.141.3m
5.2310 cm?
214

2
1. 2464 cm?; 11498§ cm? 2.21 cm, 5544 cm?

1
3. (i) 9928 cm? (ii) 14892 cm? (1i1) 92661 3 cm’

4. 64

[ ]
= ANSWERS TO TERMINAL EXERCISE

1. (1) 2 (Ib + bh + hl) () A2 +p2+ 12 (iii) @®
(iv) 2ntrh + mr? (V) mr*h
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(vi) trl, radius, slant height (vii) 4772 (vii) % e
2. @)D (ii) D (iii) D
3.64 cm? 4.31.5m* 11.25m’° 5.11.76 cm?; 3.136 cm? Notes
6.10,/2 cm 7.83cm 8. [Hint: A=Ixh;B=bxh;andC=h x []
9.621.72 cm? 10. 35 cm, 3696 cm? 11. 1895 cm
12.21 m, 5544 m? 13.3 2610 14.31.84 m
15.1)1:27 (Gi)1:9
16.1:3:2
17. (i) 550 cm? (ii) 704 cm? (iii) 1232 cm?
18.350 cm?; 375 cm?
19.(1)63: 16 (i) 21:8
20. (1) True (i1) False (ii1) False
(iv) True (v) False
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Practice Work-Mensuration

Maximum Marks: 25 Time : 45 Minutes

Instructions:

1. Answer all the questions on a separate sheet of paper.
2. Give the following informations on your answer sheet
Name
Enrolment number
Subject
Topic of practice work
Address

3. Getyour practice work checked by the subject teacher at your study centre so that
you get positive feedback about your performance.

1. The measure of each side of an equilateral triangle whose area is V3 e’ 1
(A)8cm
(B)4cm
(©)2cm
(D) 16 cm

2. The sides of a triangle are in the ratio 3 : 5 : 7. If the perimeter of the triangle is 60 cm,
then the area of the triangle is 1

(A)60./3 cm?

(B) 30,/3 cm®
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(C)15,/3 cm?

(D) 120/3 cm?

Not
3. The area of arhombus is 96 sq cm. If one of its diagonals is 16 cm, then length of its ores

side is 1
(A)5cm

(B) 6¢cm

(C)8cm

(D) 10cm

4. A cuboid having surface areas of three adjacent faces as a, b, c has the volume 1
(A) Y abe
B) Vabc

(C) abc
(D) a’b’c?
5. The surface area of a hemispherical bowl of radius 3.5 m is 1
(A) 38.5 m?
B) 77 m?
(C)115.5m?
(D) 154 m?

6. The parallel sides of a trapezium are 20 metres and 16 metres and the distance between
themis 11m. Find its area. 2

7. A path 3 metres wide runs around a circular park whose radius is 9 metres. Find the
area of the path. 2

8. Theradii of two right circular cylinders are in the ratio 4 : 5 and their heights are in the
ratio 5 : 3. Find the ratio of their volumes. 2

9. The circumference of the base of a 9 metre high wooden solid cone is 44 m. Find the
volume of the cone. 2
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10. Find the surface area and volume of a sphere of diameter 41 cm. 2
11. The radius and height of a right circular cone are in the ratio 5 : 12. If its volume is
Notes 314 m’, find its slant height. (Use m=3.14) 4

12. Afieldis 200 m long and 75 m broad. A tank 40 m long, 20 m broad and 10 m deep
is dug in the field and the earth taken out of it, is spread evenly over the field. How
much is the level of field raised? 6
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Imagine a man standing near the base of a hill, looking at the temple on the top of
the hill. Before deciding to start climbing the hill, he wants to have an approximation
of the distance between him and the temple. We know that problems of this and
related problems can be solved only with the help of a science called trigonometry.

The first introduction to this topic was done by Hipparcus in 140 B.C., when he
hinted at the possibility of finding distances and heights of inaccessible objects. In
150 A.D. Tolemy again raised the same possibility and suggested the use of a right
triangle for the same. But it was Aryabhatta (476 A.D.) whose introduction to the
name “Jaya” lead to the name “sine” of an acute angle of a right triangle. The
subject was completed by Bhaskaracharya (1114 A.D.) while writing his work on
Goladhayay. In that, he used the words Jaya, Kotijya and “sparshjya” which are
presently used for sine, cosine and tangent (of an angle). But it goes to the credit of
Neelkanth Somstuvan (1500 A.D.) who developed the science and used terms like
elevation, depression and gave examples of some problems on heights and distance.

In this chapter, we shall define an angle-positive or negative, in terms of rotation of
a ray from its initial position to its final position, define trigonometric ratios of an
acute angle of a right triangle, in terms of its sides develop some trigonometric
identities, trigonometric ratios of complementary angles and solve simple problems
on height and distances, using at the most two right triangles, using angles of 30°,
45° and 60°.




INTRODUCTION TO TRIGONOMETRY

Study of triangles occupies important place in Mathematics. Triangle being the bounded
figure with minimum number of sides serve the purpose of building blocks for study of any
figure bounded by straight lines. Right angled triangles get easy link with study of circles as
well.

In Geometry, we have studied triangles where most of the results about triangles are given
in the form of statements. Here in trigonometry, the approach is quite different, easy and
crisp. Most of the results, here, are the form of formulas. In Trigonometry, the main focus
is study of right angled triangle. Let us consider some situations, where we can observe the
formation of right triangles.

Have you seen a tall coconut tree? On seeing the tree, a question about its height comes to
the mind. Can you find out the height of the coconut tree without actually measuring it? If
you look up at the top of the tree, a right triangle can be imagined between your eye, the
top of the tree, a horizontal line passing through the point of your eye and a vertical line
from the top of the tree to the horizontal line.

Let us take another example.

Suppose you are flying a kite. When the kite is in the sky, can you find its height? Again a
right triangle can be imagined to form between the kite, your eye, a horizontal line passing
through the point of your eye, and a vertical line from the point on the kite to the horizontal

line.
(aeroplane) A (aeroplane) B

Let us consider another situation where a person
is standing on the bank of a river and observing a
temple on the other bank of the river. Can you
find the width of the river if the height of the temple
is given? In this case also you can imagine a right
triangle.

Finally suppose you are standing on the roof of
your house and suddenly you find an aeroplane in
the sky. When you look at it, again a right triangle
can be imagined. You find the aeroplane moving Fig. 22.1

P Q

O (observer)
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away from you and after a few seconds, if you
look at it again, a right triangle can be imagined
between your eye, the aeroplane and a horizontal
Notes line passing through the point (eye) and a vertical

line from the plane to the horizontal line as shown
in the figure.

Can you find the distance AB, the aeroplane has moved during this period?

In all the four situations discussed above and in many more such situations, heights or
distance can be found (without actually measuring them) by using some mathematical
techniques which come under branch of Mathematics called, ‘“Trigonometry”.

Trigonometry is a word derived from three Greek words- ‘“Tri’ meaning ‘Three’ ‘Gon’
meaning ‘Sides’ and ‘Metron’ meaning ‘to measure’. Thus Trigonometry literally means
measurement of sides and angles of a triangle. Originally it was considered as that branch
of mathematics which dealt with the sides and the angles of a triangle. It has its application
in astronomy, geography, surveying, engineering, navigation etc. In the past astronomers
used it to find out the distance of stars and planets from the earth. Now a day, the advanced
technology used in Engineering is based on trigonometrical concepts.

In this lesson, we shall define trigonometric ratios of angles in terms of ratios of sides of a
right triangle and establish relationship between different trigonometric ratios. We shall
also establish some standard trigonometric identities.

(L osicernes

After studying this lesson, you will be able to

e write the trigonometric ratios of an acute angle of right triangle;

e find the sides and angles of a right triangle when some of its sides and
trigonometric ratios are known;

e write the relationships amongst trigonometric ratios;
e establish the trigonometric identities;
e solve problems based on trigonometric ratios and identities;

e find trigonometric ratios of complementary angles and solve problems based on
these.

EXPECTED BACKGROUND KNOWLEDGE

e Conceptof an angle
e Construction of right triangles

e Drawing parallel and perpendiculars lines
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e Types of angles- acute, obtuse and right
e Types of triangles- acute, obtuse and right
e Types of triangles- isosceles and equilateral
e Complementary angles. Notes

22.1 TRIGONOMETRIC RATIOS OF AN ACUTE ANGLE
OF A RIGHT ANGLED TRIANGLE

Let there be a right triangle ABC, right angled at B. Here ZA (i.e. ZCAB) is an acute
angle, AC is hypotenuse, side BC is opposite to ZA and side AB is adjacent to ZA.

C
<
N
i)
o 2
0\6“\) 3
e g
(0]
i)
[1®
A Side adjacent to ZA B
Fig. 22.2

Again, if we consider acute ZC, then side AB is side opposite to ZC and side BC is
adjacent to ZC.

C
<9
e}
== c
5o e
WP o
©
(0]
S
IHR?)
A Side opposite to /C B
Fig. 22.3

We now define certain ratios involving the sides of aright triangle, called trigonometric
ratios.

The trigonometric ratios of ZA inright angled AABC are defined as:

side opposite to ZA  BC

() sineA=
Hypotenuse AC

side adjacent to ZA  AB
Hypotenuse AC

(i) cosineA =
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- taneent A = side opposite to ZA  BC
w ¢ side adjacentto ZA AB
Notes Hypotenuse AC

(iv) cosecant A = — - =
side opposite to ZA  BC

Hypotenuse _AC
side adjacent to ZA AB

(v) secant A =

side adjacent to ZA  AB
side opposite to ZA BC

(vi) cotangent A =

The above trigonometric ratios are abbreviated as sin A, cos A, tan A, cosec A, sec Aand
cot Arespectively. Trigonometric ratios are abbreviated as t-ratios.

If we write ZA =0, then the above results are

0 BC 5 AB 5 BC
Sin 9 = _A ok cos 0= _A C tan 0 = _AB
0 AC 0=— d 0="—-7
cosec O = BC’ sec 0= AB and coto= BC

Note: Observe here that sin 0 and cosec 0 are reciprocals of each other. Similarly cot 6
and sec 0 are respectively reciprocals of tan 0 and cos 6.

Remarks
Thus in right AABC,
AB =4cm, BC=3cm and c
AC =5cm, then ;
o BC_3 A 5
MU= ACT 5
o AB_4
COSP=AC T 5
ME=AB ™ 4
o AC_S
cosec 0 = BC =3
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o AC é
SCY=AB T 4
AB 4
= _ T Notes
and cot O = BC = 3

In the above figure, if we take angle C = o, then

side opposite to Loz~ AB _ 4

sin o = = ==
Hypotenuse AC 5
side adjacentto Za  BC 3
cos o = = ==
Hypotenuse AC 5
side oppositeto Loz AB 4
tan o = — : = =—
side adjacentto Z& BC 3
Hypotenuse AC 5
cosec o = — : = ==
side oppositeto Lox AB 4
Hypotenuse AC 5
sec o = = ==
side adjacentto Zor BC 3
side adjacentto Za BC 3
and cot & = — - = =—
side oppositeto LZ&x AB 4
Remarks :

1. SinAorsin 0 is one symbol and sin cannot be separated from A or 6. It is not equal to
sin x 6. The same applies to other trigonometric ratios.

2. Every t-ratio is areal number.

3. For convenience, we use notations sin’0, cos?0, tan’0 for (sin0)?, (cos0)?, and (tan0)?
respectively. We apply the similar notation for higher powers of trigonometric ratios.

4. We have restricted ourselves to t-ratios when A or 0 is an acute angle.

Now the question arises: “Does the value of a t-ratio remains the same for the same
angle of different right triangles?.” To get the answer, let us consider a right triangle ABC,
right angled at B. Let P be any point on the hypotenuse AC.

Let PQ L AB
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Now in right AABC,

. BC .
sinA= AC ----(1)

Notes
and in right AAQP,

) PQ ..
SinA= AP ----(i1) R

Now in AAQP and AABC, c /
ZQ=/B ----(Each = 90°)

and <LA=ZA ----(Common) P
AAQP ~ AABC

. AP _QP _AQ '
""AC BC AB A Q

BC_PQ

AC AP (i)

or

From (i), (ii), and (iii), we find that sin A has the same value in both the triangles.

AB AQ BC _PQ

o _—=——andtanA=—=
Similarly, we have cos A= AC AP AB AQ

Let R be any point on AC produced. Draw RS L. AB produced meeing it at S. You can
verify that value of t-ratios remains the same in AASR also.

Thus, we conclude that the value of trigonometric ratios of an angle does not depend on
the size of right triangle. They only depend on the angle.

Example 22.1: In Fig. 22.6, AABC isright angled at B. IFAB =5 cm, BC=12 cm and

AC =13 cm, find the value of tan C, cosec C and sec C. c
Solution: We know that
tan C = s%de opP0s1te to £C _ AB _ 5
side adjacent to ZC BC 12 (}\\
\(5 IS
(&)
[qV]
cosec C = — Hypotc?nuse _ AC =E N
side opposite to ZC AB 5
A [ B
and secC=— HyPotenuse _ AC _ 13 = om
side adjacent to ZC BC 12 .
Fig. 22.6
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Example 22.2 : Find the value of sin 0, cot 6 and Sec 0 from Fig. 22.7.
A
0
Notes
é)
g &00)
N
1 c
B 20 cm
Fig. 22.7
Solution:
Gin 0 = side opposite to £0 _ BC _ 20
Hypotenuse AC 29
cot 0= side adjacent to £6 _ AB _ 21
side opposite to £6 “BC 20
i 56 6 = Hypotenuse _AC_29

side adjacent to £0 ~AB 21

Example 22.3 : In Fig. 22.8, AABC is right-angled at B. If AB =9cm, BC =40cm

and AC =41cm, find the values cos C, cot C, tan A, and cosec A. c
Solution:
IS £

side adjacent to ZC _ BC _ 40 ~ ©

Now cosC= = 2
Hypotenuse TAC 41

side adjacent to ZC _ BC _ 40 A 9 L
and  cotC= ZC AB 9 o

side opposite to Fig. 22.8

With reference to ZA, side adjacent to A is AB and side opposite to Ais BC.

side opposite to ZA _ BC _ 40
side adjacent to LA " AB 9

tan A =
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Hypotenuse ~ AC _ 41
side opposite to ZA  BC 40

and  Cosec A =

Example 22.4 : InFig. 22.9, AABC is right angled at B, /A= ZC,AC= .,/ cmand
AB =1 cm. Find the values of sin C, cos C and tan C.

Solution: In AABC, ZA = /C A
- BC=AB=1cm (Given)

S

. . o

6inC = side opposite to ZC _ AB _ B -
Hypotenuse AC 2

c Ug

cosC = sideadjacentto Z/C _ BC _ 1 Fig. 22.9
Hypotenuse AC 2
nd  tanC= s%de opposite to LC _ AB _ 1 _
side adjacentto ZC BC 1

Remark: In the above example, we have ZA = ZC and ZB =90°
. LA =/ZC=45°,

1

~. We have sin 45° = cos 45° = ﬁ
and tan 45°=1

Example 22.5 : In Fig. 22.10. AABC is right-angled at C. If AB = ¢, AC = b and
BC =a, which of the following is true?

b B
(i) tan A -

C

C V]
(ii) tan A = ©

b O
(ipcotA = - A b C

Fig. 22.10

V)cotA = =
@iv) co =75

side opposite to ZA  BC
side adjacent to ZA  AC

a
Solution: Here tan A = 5
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_ sideadjacentto ZA _ b
side opposite to ZA  a

and  COtA

b
Hence the result (iii) i.e. cot A= o is true. Notes

CHECK YOUR PROGRESS 22.1

1. Ineach of the following figures, AABC is aright triangle, right angled at B. Find all

the trigonometric ratios of @.
B 4cm

C
A [T o
£ €
Lg ; %5 O((\
@ (ii)
B 12 cm C A
A
A
<% b 10cm
... § N, .
(i N @) 6 cm
5 C
cm
g O o\ ¢ B
7 cm
Fig. 22.11

2. InAABC, £B=90°,BC=5cm, AB =4cm,and AC = /4] cm, find the value of

sin A, cos A, and tan A.
3. In AABCright angled at B, if AB =40 cm, BC =9 cm and AC =41 cm, find the
values of sin C, cot C, cos, A and cot A.

4. InAABC, ,B=90°.If AB=BC=2cmand AC = zﬁ cm, find the value of

sec C, cosec C, and cot C.

5. InFig.22.12, AABCisright angled at A. Which
((\
d

. N
of the following is true? RS £
el 12 ©
(1) cotC= D (i1) cotC = 3 . .
12cm
5 12 .
(ii1) cotC = E (iv)cotC= ? Fig. 22.12
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6. InFig.22.13, AC=bh,BC=aand AB=c.

Which of the following is true?
. a .o c
(1) cosec A= — (i) cosec A= —
b a
c b
(ii1) cosec A= Z (iv) cosec A= ; .

a
Fig. 22.13

22.2 GIVEN TWO SIDES OF A RIGHT-TRIANGLE, TO

FIND TRIGONOMETRIC RATIO

When two sides of a right-triangle are given, its third side can be found out by using the
Pythagoras theorem. Then we can find the trigonometric ratios of the given angle as learnt

in the last section.
We take some examples to illustrate.

Example 22.6: In Fig. 22.14, APQR is a right
triangle, right angled at Q. If PQ=5 cm and QR =
12 cm, find the values of sin R, cos R and tan R.

Solution: We shall find the third side by using
Pythagoras Theorem.

-» APQR is aright angled triangle at Q.

~. PR = /PQ>+QR’
=52 +12% cm
= J25+144 cm

= 4169 or 13cm

We now use definition to evaluate trigonometric ratios:

side opposite to ZR _ PQ _ 5

sin R = _ _5
Hypotenuse PR 13
cosR = side adjacent to ZR _ QR _ 2
Hypotenuse PR 13
and  tanR = side opposite to /R _ 5

side adjacent to ZR 12

P

5cm

R 12 cm Q
Fig. 22.14

(Pythagoras Theorem)
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From the above example, we have the following:
Steps to find Trigonometric ratios when two sides of a right triangle are given.
Step1: Use Pythagoras Theorem to find the unknown (third) side of the triangle. o
otes

Step 2: Use definition of t-ratios and substitute the values of the sides.

Example 22.7 : In Fig. 22.15, APQR is right-angled at Q, PR =25cm, PQ = 7cm and
~ PRQ = 6. Find the value of tan 6, cosec 0 and sec 6.

Solution :

-» APQR is right-angled at Q P
-~ QR = [/PR*-PQ*

- 77 em

= /625-49 cm 5 .

= V576 cm Fig. 22.15
=24 cm

B

7cm

and secO0=—=—

Example 22.8 : In AABC, /B =90°. If AB =4 cm and BC =3 cm, find the values of
sin C, cos C, cot C, tan A, sec A and cosec A. Comment on the values of tan A and cot C.
Also find the value of tan A—cot C.

Solution: By Pythagoras Theorem, in AABC,

AC = AB’+BC?
= /4% +3% cm

= 425 cm

A

4 cm

.
=5cm C 3cm B

AB 4 Fig. 22.16

Now sinC= E—g
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c_BC_3
- TAC s
o Bc 3
T AB 4
MAZAB 4
L_AC_S
CATAB 4
| een AC_S
an cosec A= =7
The value of tan A and cot C are equal
tan A—cot C=0.

Example 22.9: In Fig. 22.17, PQR is right triangle at R.
If PQ =13cm and QR = 5cm, which of the following is

true?

o 7 . 7
(1) sinQ+cosQ= 3 (1) sinQ—cos Q = 13
T 17 '

(1) sin Q +sec Q = 3 (iv)tanQ +cot Q = I

N
)
RE)

.
Q 5cm R

Fig. 22.17

Solution: Here PR = \/PQz -QR’ = \/132 —52 =4/144 =12 cm

PR 12 QR_5

sinQ:ﬁ:E andcosQ:E—13

. 2.5 1
sinQ+cos Q= 3113
R 17
Hence statement (i) i.e. sinQ + cos Q = 3 is true.

CHECK YOUR PROGRESS 22.2

1. Inright AABC, right angled at B, AC = 10 cm, and AB = 6 cm. Find the values of

sin C, cos C, and tan C.
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2. In AABC, ,C =90° BC =24 cm and AC = 7 cm. Find the values of sin A,
cosec A and cot A.
3. InAPQR, ,Q=90° PR = 10ﬁ cm and QR = 10cm. Find the values of sec P,
Notes

cot P and cosec P.

4. In APQR, ,Q =90° PQ = ,/3 cm and QR = 1 cm. Find the values of tan R,

cosec R, sin P and sec P.

5. InAABC, ,B=90°, AC=25cm,AB=7cmand ~ ACB =0. Find the values of
cot 0, sin 0, sec 6 and tan 6.

6. Inright APQR, right-angled at Q, PQ =5 cm and PR =7 cm. Find the values of sin P,
cos P, sin R and cos R. Find the value of sin P—cos R.

7. ADEFis aright triangle at E in Fig. 22.18. If DE =5 cm and EF = 12 cm, which of the

following is true? D
(#) sinF >
i) sin = =
12 c
Te}
L2
@) sin =5 .
s F 12m E
@) sinF =77 Fig. 22.18
L 12
@v)sinF = I

22.3 GIVEN ONE TRIGONOMETRIC RATIO, TO FIND

THE OTHERS

Sometimes we know one trigonometric ratio and we have to find the vaues of other
t-ratios. This can be easily done by using the definition of t-ratios and the Pythagoras

12
Theorem. Let us take sin 0 = E . We now find the other t-ratios. A

We draw aright-triangle ABC

12
Now sin 0 = 3 implies that sides AB and AC are in
the ratio 12: 13. c /)
Fig. 22.19

B
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Thus we suppose AB =12k and AC=13k.
By Pythagoras Theorem,

BC = | AC?-AB’
= /(13k)* - (12k)®
= V169K —144k>

=25k* =5k

Now we can find all othe t-ratios.

BC 5k 5
CosezA—C—B—k—E
AB 12k 12
tan 6 = BC sk 5
AC 13k 13
cosec@:E—ﬁ—E
AC 13k 13
secﬂ=ﬁ—§—?
BC 5k 5
and cotO= B 1k 12

The method discussed above gives the following steps for the solution.

Steps to be followed for finding the t-ratios when one t-ratio is given.

1. Draw aright triangle AABC.

2. Write the given t-ratio in terms of the sides and let the constant of ratio be k.
3. Find the two sides in terms of k.

4. Use Pythagoras Theorem and find the third side.

5

. Now find the remaining t-ratios by using the definition.

Let us consider some examples.

7
Example 22.10.: Ifcos 6 = E , find the values of sin © and tan 6.

Solution : Draw aright-angled AABC in which B =90°and ,C=86.
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We know that
cos 0 = adjacent side _ BC _ T A
hypotenuse  AC 25
Notes
LetBC=7kand AC=25k
Then by Pythagoras Theorem, o
<t
[aV]
AB = | AC*-BC?
I
= J(25k) - (7K}’ c 7K B
Fig. 22.20
= V625k” - 49k>
= \/576K> or24 k
~. In AABC,
o AB_24k 24
SYSAC T 25k 25
AB 24k 24

and tan6=ﬁ—ﬁ— 7

40 cos 0.sin 0
Example 22.11.: If cot 0= ? , find the value of W

Solution. Let ABC be a right triangle, in which B =90°and ,/ C=86.
We know that

Let BC =40k and AB =9k
Then from right AABC,

AC= {/BC* + AB®
B
= J(40k)’ + (9K )? 0K

Fig. 22.21
= J1600k> +81k>
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= ./1681k% or4l k
Now sing AB_SK 9
Notes| NOW SME="Ac" 41k~ 41
o BC_40k_40
COSU="AC 41k 41
| wepl AC_41k_at
and SeCY=BC T 40k 40
9 40
7><7
cos0.sin0 41 41
——— = 4]
sec 0 —
40
9 .40 40
T 41 41 41
14400
~ 68921

1
Example 22.12.: In PQR, ,Q=90°andtanR = ﬁ . Then show that

sinPcosR+cosPsinR=1

1
Solution: Let there be a right-triangle PQR, in which , Q=90° andtanR = ﬁ .

‘We know that
PQ 1L A

tanR = QR = \/5

Let PQ =k and QR = 3k 2K 1k
R Llq
Then, PR = \/PQ* +QR" J3 k
Fig. 22.22
= Jk* +(V3kf b
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= VJk* +3k*
= J4k? or2k
Notes

side opposite to /P QR 3k _ ﬁ
Hypotenuse PR 2k 2

sinP=

side adjacentto ZP 1k 1
cosP = =" ==
Hypotenuse 2 2

GinR = sideopposite to ZR _ PQ _ 1k _ 1
Hypotenuse PR 2k 2

_ sideadjacentto ZR QR 3k _ ﬁ

and cos R

Hypotenuse PR 2k 2
sinPcosR+cosPsinR = ££+ll
2 2 22
3 1 4
= —+—=—
4 4 4

—_—

Example 22.13.: In AABC, / Bisright-angle. If AB = ¢, BC =a and AC = b, which of
the following is true?

. . 2b
(i)cosC+sinA=—

’ A
.. _ b a
(ii) cos C+sinA= —+—

a b o

o

iii)cos C +sinA= —

b c 1,

a

a C .

(iv) cos C + sinA= —+— Fig. 22.23

b b
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Solution: Here cos C = —== &
olution: Here cos C=—"~ =+
Notes q A BC _a
an SinA=""-=7

Q

Cosina= L4222
cCosC +SInA= b b b

2a
.. Statement (iii), i.e., cos C + sin A= B is true.

CHECK YOUR PROGRESS 22.3

2
1. IfsinO= 2—9 , find the values of cos 0 and tan 6.

24
2. Iftan6= TR find the values of sin 0 and cos 6.

7
3. IfcosA= 2—5 , find the values of sin A and tan A.

4. IfcosO= % , find the values of cot 0 and cosec 0.

s It 5 i i cos0.cotO
. cos 0= 5 , evaluate —l—sec26

2
6. IfcosecO= ﬁ , find the value of sin” 6 cos 0 + tan? 6.

5
7. IfcotB= 1 then show that cosec?> B =1 + cot? B.

3
8. AABC s aright triangle with ZC=90°. If tan A = 5 find the values of sin B and

tan B.
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1
9. Iftan A= 77 andtan B = /3, then show that cos A cos B —sin Asin B =0.
\3

12 ) ] Notes
10. If cotA= 5 show that tan?A — sin?A = sin*A sec’A.

[Hint: Find the vlaues of tan A, sin A and sec A and substitute]

11. In Fig. 22.24, AABC is right-angled at vertex B. If AB = ¢, BC =a and CA = b,
which of the following is true?

A
L b+c

(1) sinA+cosA=

a+c ° ©
(i1) sinA+cosA= b

c Up

a+b a

(i11) sin A+ cos A=
Fig. 22.24

a+b+c

(iv) sinA+cosA= b

22.4 RELATIONSHIPS BETWEEN TRIGONOMETRIC
RATIOS

In aright triangle ABC, right angled at B, we have
A

o AB
Sln_AC

o BC
COS —AC

AB

and tan 0 = E e>

AB _AB BC Fig. 22.25
BC AC AC

Rewriting, tan 6 =

AB
AC  sino

—— cos0
AC
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sin 6
Thus, we see that tan 6 =
cos O

Notes

AC= \JAB’+BC? =+/3°+5* or5cm

3
. sin®=—-,cos0=— andtan 0 =

El
5 5 4

Thus, the result is verified.

Acqin sin 6 AB
gainsin 6=~ gives us
1 1 _AC
sin0 AB AB

AC

=cosec 0

Thus cosec O = —— orcosec0.sin9 =1

in o

We say cosec 0 is the reciprocal of sin 6.

Acain. cos 6= 25 o
gain, Cos U = AC gives us

1 1 AC_ sec 0
cosd6 BC BC
AC

1
Thus sec 6 = orsecO.cos0=1
cos 0

We say that sec 0 is reciprocal of cos 6.

Finally, tan 6 = BC givesus

We can verify this result by taking AB = 3 cm, BC = 4 cm and therefore
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I 1 _BC_ cot 6
tan0 AB AB
BC
Notes
1
Thus, cot 6 = ortan9.cotO=1
tan 0
1 _cos0
AlsocotO= sin6 s
% 050 sin 0

We say that cot 0 is reciprocal of tan 6.
Thus, we have cosec 0, sec 0 and cot 0 are reciprocal of sin 0, cos 6 and tan 0 respectively.

We have, therefore, established the following results:

) sin 0
(i)tan 6= 03 0

(i1) cosec 6 = Sino

(iii) sec 0 = o050

1 cos 0

(iv) cot 8= tan® _ sin 0

Now we can make use of the above results in finding the values of different trigonometric
ratios.

1 3
Example 22.14: If cos 6 = — and sin 6 = 7, find the values of cosec 0, sec 6 and

2
tan ©.
Solution: We know that
1 _2
cosec O = in 0 = ﬁ \/g
2
sec 0 = ! = l =2
cos® I
2
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3
=X
2

sin@

_3

and tan O =

— | N

cos 0

N\*—“N‘&

Example 22.15: For aright angled triangle ABC, right angled at C, tan A = 1. Find the
value of cos B.

Solution: Let us construct a right angled AABC in which ZC =90°.
We have tan A=1 (Given)
We know that A
tan A= Be =1
AC
. BC and AC are equal.
LetBC=AC=k

Then AB = /BC? + AC?
= lk2 +k2
= ﬁk

Fig. 22.26

k

B 2k

s

Now cosB =

>

1
"2

1
Hence cos B = ﬁ

CHECK YOUR PROGRESS 224

1 3
1. Ifsin®= E and cos 0 = 7 , find the values of cot © and sec O .

2. Ifsin®= g and tan 0 = ﬁ , find the value of cos? 0 + sin 6 cot ©.
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3. In a right angled AABC, right angled at C, cos A = g Find the value of
sin A sin B + cos A cos B.

4. Ifcosec A=2,find the value of sin A and tan A.

5. Inarightangled AABC, right angled at B, tan A= /3, find the value of

tan® B sec® A — (tan®> A + cot? B)

22.5 IDENTITY

We have studied about equations in algebra in our earlier classes. Recall that when two
expressions are connected by ‘=" (equal to) sign, we get an equation. In this section, we
now introduce the concept of an identity. We get an identity when two expressions are
connected by the equality sign. When we say that two expressions when connected by ‘=’
give rise to an equation as well as identity, then what is the difference between the two.

The major difference between the two is that an equation involving a variable is true for
some values only whereas the equation involving a variable is true for all values of the
variable, is called an identity.

Thus x* — 2x + 1 =0 is an equation as it is true for x = 1.
x> —5x+ 6 =0is an equation as it is true for x =2 and x = 3.

If we consider x> — 5x + 6 = (x—2) (x—3), it becomes an identity as it is true for x =2,
x=3and say x=0,x= 10 etc. i.e. it is true for all values of x. In the next section, we shall
consider some identities in trigonometry.

22.6 TRIGONOMETRIC IDENTITIES

We know that an angle is defined with
the help of the rotation of a ray from initial
to final position. You have learnt to define A
all trigonometric ratios of an angle. Let us
recall them here.

Let XOX’and YOY’ be the rectangular )
axes. Let A be any point on OX. Let the )z' o) M A X
ray OA start rotating in the plane in an
anti-clockwise direction about the point
Otill it reaches the final position OA” after
some interval of time. Let ZA’OA =6.
Take any point P on the ray OA’. Draw
PM L OX. vyY
Fig. 22.27

b
\ 4

Mathematics Secondary Course

MODULE - 5

Trigonometry

Notes

533



MODULE - 5 Introduction to Trigonometry

Trigonometry
Inright angled APMO,
P PM
sin@=——
Notes OP
q g M
an cos 0= "5

Squaring and adding, we get

04 cosoo | EMY) L[OMY)
S + COS = OP OP

PM’+0OM* OP’

- OP? (o)
=1
Hence, sin?0+cos?0=1 ..(1)
Also we know that
o OP
sec O = oM
d tan® M
and Y= oMm

Squaring and subtracting, we get

- tze_(QET_(ﬂﬂf
sec —tan = OM OM
OP’ —-PM?

OM*

2

[By Pythagoras Theorm, OP? — PM? = OM?]

- om?
=1
Hence, sec’0—tan’0 =1 ..(2)
Aga g OF
gain, cosec 6=
q g M
an cotO= M
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Squaring and subtracting, we get
vo_eop oo [OP) _[OMY
cosec® @ —cot* 0= | oo PM
Notes

OP’-OM® PM’
PM? PM?

[By Pythagoras Theorm, OP? — OM? = PM?]
=1
Hence, cosec’ 6 —cot> 6 =1 ...(3)

Note: By using algebraic operations, we can write identities (1), (2) and (3) as

sin? 0 = 1-cos? 0 or cos’0=1-sin’6

sec’0=1+tan’ 0 or tan’ O = sec’ 0 — 1
and cosec’0=1+cot?0 or cot? 0 = cosec* 6 — 1
respectively.

We shall solve a few examples, using the above identities.

Example 22.16: Prove that

tanO+cotO0= ———
sin 0 cos 0

Solution: L.H.S.=tan 6 + cot 0

sin® cos0
+

cosO sin0

sin’0 + cos’0 1 (- sin @+ cos?0=1)
= = .- sin cos? 0=
sin 0 cos 0 sin 0 cos 0 )

=R.H.S.

Hence, tan O +cot0= ————
sin 0 cos 0

Exampe 22.17: Prove that

sin A 1+cos A
1+cos A sin A

=2cosec A

sin A 1+cos A
" l4cos A sin A

Solution: L.H.S
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sin®A +(1+cos A)’
sin A (1+cos A)

sinA+1+cos’A+2cos A
sin A (1+cos A)

(sin2A + coszA)+ 1+2cos A

sin A (1+cos A)

1+1+2cos A
~ sin A (I+cos A)

2+2cos A
~ sin A (I+cos A)

2(1+cos A)
~ sinA (1+cos A)

2
sin A

=2 cosec A

=R.H.S.

sin A

1+cos A

1+cos A
sin A

Hence, =2 cosec A

Example 22.18: Prove that:

1-sin A

- = (sec A —tan A)2
I+sin A

Solution: RHS. = (sec A—tan A)’

( 1 _sinAjz
“lcosA cosA
(l—sinAj2

~ cos A

(1-sin A)?
cos’ A
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. 2
= % (- cos?A =1-sin’A)
—sin
(1-sin AY Notes

~ (1-sin A)1+sin A)

1—sin A
" l+sin A
=L.H.S.
1-sin A )
————=(sec A—tan A
Hence, T Gn A ( )
Alternative method

We can prove the identity by starting from L.H.S. in the following way:

LES 1-sin A
T T 1+4sin A

1-sinA 1-sin A
a 1+sinA>< 1—sin A

(1-sin AY
l-sin® A

(1-sin A)’
cos’A

1-sinAY’
“ cosA

( 1 _sinAjz
“(cosA cosA

= (sec A —tan A)2

=R.H.S.

Remark: From the above examples, we get the following method for solving questions
on Trigonometric identities.
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Trigonometry
Method to solve questions on Trigonometric identities
Step 1: Choose L.H.S. or R.H.S., whichever looks to be easy to simplify.
Notes Step 2: Use different identities to simplify the L.H.S. (or R.H.S.) and arrive at the result on

the other hand side.

Step 3: If you don’t get the result on R.H.S. (or L.H.S.) arrive at an appropriate result and
then simplify the other side to get the result already obtained.

Step 4: As both sides of the identity have been proved to be equal the identity is established.
We shall now, solve some more questions on Trigonometric identities.

Example 22.19: Prove that:
fl —sin® _ cosH
1+sin® 1+sin6

1—sin6
1+sin0

Solution: L.H.S. =

«/l—sinG \/1+sin0
= X
J1+sin®  +/1+sin0

Hence \/m _ cosf
" V1+sin® 1+sin0
Example 22.20: Prove that
cos* A —sin*A=cos’ A—sin? A=1-2sin’A
Solution: L.H.S. =cos* A—sin*A
= (cos’>A)>—(sin’ A)?

=(cos’ A+ sin’A)(cos> A—sin?A)
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=cos’ A—sin A (- cos?A+sin’A=1)
=R.H.S.

Again cos’ A—sin’A =(1-sin?A)—sinA (.- cos’A=1-sin*A)
=1-2sin’A
=R.H.S.

Hence cos*A—sin*A=cos’ A—sin* A=1-2sin’A

Example 22.21: Prove that
secA(l—-sinA)(secA+tanA)=1

Solution: L.H.S.=secA(l1 -sinA) (sec A+tanA)

1 . 1 sin A
= (1-sin A +
cos A cosA cosA

(1—sinA )(1+sinA)
cos’A

B 1—-sin’A
~ cos’A

cos’A
cos’A

=1 =R.H.S.
Hence, sec A(1 —sinA) (secA+tanA)=1
Example 22.22: Prove that

tan0 +secO—1 1+sin0

tan0 —secO+1  cosd
cosf

1—sin6

B tan0 +secO —1
"~ tan0O —secO +1

Solution: L.H.S.

(tan0 + secd)— (sec0 — tanze)

= (- 1=sec®0 —tan’0)

tan0 —secO +1
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Trigonometry
B (tan® +sec®)— (secO + tan® )(sec — tanh)
B tan® —sec + 1
Notes (tan® + sec® )[1 — (sec® — tan® )]

tan0 —sec +1

(tan® + sec )(1 — secH + tan®)
tan0 —secO +1

=tan O + sec O

1+sin0
~ cosH

=R.H.S.

1+sin® (1+sin0)(1—sin6)
cos®  cosO(1—sin0)

1-sin’0
- cosB(1—sinf)

cos >0
- cosO(1—sin0)

cos0

1—sin0

=R.H.S.

tan0 +secO—1 1+sin0

tanf—secO+1  cosd
cosf

1—sin0

Hence,

Example 22.23: If cos 6 —sin 0 = /7 sin 6, then show that cos 8 + sin 6 = /2 cos 6.
Solution: We are given cos 0 —sin 6= /7 sin O
or cos 0= ,/p sinO+sin 0O

or cosO=(./2+1)sin0
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or

or

or

or

cos0

V2 +1

=sin6

cosO (\/5—1)

sin0 = X
V2+1" (V2 -1)
) \/Ecos 0 —cos0
sin0 =

2-1

sin O + cos 8 = /2 cos O

Hence, cos 0 + sin 6 = /7 cos 6.

Example 22.24: If tan* 6 + tan” 6 = 1, then show that

cos*0+cos’B=1

Solution: We have

or

or

or

or

or

or

or

tan*0 +tan’9 =1

tan’ 0 (tan’0+1)=1

1+ tan’0 =

sec? 0 =cot’9

=cot’0

tan 0

_ cos’0

cos’0  sin’0

sin? @ =cos*0

1 —cos?*0 =cos*0

cos*0+cos’H=1

CHECK YOUR PROGRESS 22.5

Prove each of the following identities:

1. (cosec?’0—1)sin?0 = cos>0
. sin*A + sin’A cos’A =sin’A

2
3. cos?0 (1 +tan’0) =1
4

. (1 +tan®0) sin’0 =tan’0
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sinA N sinA
1+cosA 1-cosA

Notes 6 [1+cosA _ 1+cosA
" V1=cosA sinA
f secA—tanA _ CcosA
secA +tanA 1+sinA

(sinA—cosA)Y+2sinAcosA=1

= 2cosecA

*®

cos*0 + sin* 0 — 2 sin?0 cos?0 = (2 cos?6 — 1)*

o

sinA —sinB N COSA —cosB 0
" cosA +cosB  sinA +sinB

11. (cosec 6 —sin 0) (sec 6 —cos 0) (tan © + cos 0) = 1
12. sin A(1 +tan A) + cos A (1 + cot A) = sec A + cosec A

1—cosA

. = (cosecA — cotA)2
1+ cosA

tanA N COtA
"1—cotA 1-—tanA

=1+secAcosecA

cotA +cosecA—1 1+cosA
cotA —cosecA+1  sinA
_ sinA
" 1-cosA

15.

16. If sin’0 + sin 0 = 1, then show that
cos?0 + cos*0 =1
Select the correct alternative from the four given in each of the following questions (17 - 20):
17. (sin A+ cos A)*—2 sin A cos A is equal to
10 (i) 2 (i) 1 (iv) sin’A — cos’A
18. sin*A —cos*A is equal to:
@1 (i) sin®A —cos’A (i) 0 (iv) tan’A
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19. sin’A —sec?A + cos?A + tan’A is equal to
()0 (ii) 1 (iif) sin’A (iv) cos*A

20. (sec A—tan A) (sec A+tan A) — (cosec A—cot A) (cosec A+ cot A) is equal to

1
®n2 ()1 ()0 @) )

22.7 TRIGONOMETRIC RATIOS FOR COMPLEMENTARY

ANGLES

In geometry, we have studied about
complementary and supplementary 1y

angles. Recall that two angles are A
complementary if their sum is 90°. If the
sum of two angles A and B is 90°, then P 90°—
ZA and £B are complementary angles 0
and each of them is complement of the
other. Thus, angles of 20° and 70° are < 0
complementary and 20° is complement ¥’ O M
of 70° and vice versa.

Let XOX” and YOY’ be a rectangular
system of coordinates. Let A be any point
on OX. Letray OA be rotated in an anti

v

>4
X

clockwise direction and trace an angle 6 vy
from its initial position. Let £ POM = 6. Fig. 22.28
Draw PM L OX. Then APMO is aright

angled triangle.

Also, ZPOM + ZOPM + ZPMO = 180°
or ZPOM + ZOPM + 90° = 180°
or ZPOM + ZOPM = 90°
Z0PM =90° - ZPOM =90° -6
Thus ZOPM and ZPOM are complementary angles. Now in right angled triangle PMO,

OP

For reference angle (90°—0), we have in right Zd AOPM,
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Trigonometry

sin(90° - 9)= %—1\; =cos 6

Notes
cos(90° —9)= m =sin 0
OoP

tan(90° —9)2 M _ cot 0
PM
cot(90° - 9)= ——=tan®
cosec(90° - 6)= OP _ sec O
OM

OP
secl90° —0 )= ——=cosec 0
and ( ) PM

The above six results are known as trigonometric ratios of complementary angles. For

example,
sin (90° — 20°) = cos 20° i.e. sin 70° = cos 20°
tan (90° — 40°) = cot 40° i.e. tan 50° = cot 40° and so on.
Let us take some examples to illustrate the use of above results.
Example 22.25: Prove that tan 13°=cot 77°
Solution: R.H.S. =cot 77°
=cot (90° — 13°)
=tan 13° o] s cot (90° - 0) = tan 0]
=L.H.S.
Thus, tan 13°=cot 77°
Example 22.26: Evaluate sin® 40° — cos? 50°
Solution: cos 50° = cos (90° — 40°)
=sin 40° vl €08 (90° — 0) = tan O]
sin® 40° — cos? 50° = sin”? 40° — sin* 40° = 0
cos 41° L _sec 37°
sin 49°  cosec 53°

Example 22.27: Evaluate :
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Solution: sin 49° = sin (90° - 41°) = cos 41° w..[ e sin (90° — 6) = cos 0]
and  cosec 53° = cosec (90° - 37°) =sec 37° ...[-- cosec (90°— 0) = sec O]

cos41° sec 37° cos 41° sec 37°

+ = +
sin 49°  cosec 53° cos 41°  sec 37°

=1+1=2
Example 22.28: Show that
3 sin 17° sec 73° + 2 tan 20° tan 70° =5
Solution: 3 sin 17° sec 73° + 2 tan 20° tan 70°
=3 sin 17° sec (90° — 17°) + 2 tan 20° tan (90° — 20°)
=3 sin 17° cosec 17° + 2 tan 20° cot 20°
..[-+ sec (90° - 0) = cosec 6 and tan (90° — 0) = cot 0]

= 3sin17°. + 2 tan 20°.

sin17° tan 20°
=3+2=5
Example 22.29: Show that tan 7° tan 23° tan 67° tan 83° =1
Solution: tan 67° = tan (90° — 23°) = cot 23°
and  tan 83° =tan (90° - 7°) = cot 7°
Now. L.H.S. = tan 7° tan 23° tan 67° tan 83°
= tan 7° tan 23° cot 23° cot 7°
= (tan 7° cot 7°) (tan 23° cot 23°)
=1.1=1
=R.H.S.
Hence, tan 7° tan 23° tan 67° tan 83° =1
Example 22.30: If tan A = cot B, prove that A + B =90°.
Solution: We are given
tan A=cotB
or tan A=tan (90°—B) ...[-: cot O =tan (90° - 0)]
A=90°-B
or A+B=90°
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C A
=C0S| — |, where A, B and C are

. ([ B+
Example 22.31: For a AABC, show that sm( >

interior angles of AABC.

Solution: We know that sum of angles of triangle is 180°.
A+B+C=180°

or B+C=180°-A

B+C=900_é
2 2

sin(B * Cj = sin(90° —é]
2 2
sin B+ Cj = cos(éj
or > 5

cos0 N sind
sin(90° —6) cos(900 —9) -

or

Example 22.32: Prove that 2,

cosf N sin6
sin(90° —O) cos(90O —6)

Solution: L.H.S. =

cos® sinb

X v [+ sin (90° - 0) = cos 6 and cos (90° — 6) = sin O]
sin®

- cos 0
=14+1=2
=R.H.S.

cos0 N sind
Hence, sin(90° —6) cos(90° —9) -

2

sin(900 —0) cos(90° —0)
_9)

+ =1
osec(90° —9) sec(90°

Example 22.33: Show that .

(
sin(90° —6) N cos(90O —6)

Solution: L.H.S. = cosec(90° —9) sec(90° —6)

cosf sin 6O ) )
= + ...[- sin (90° — 0) = cos 6, cos (90° - 0) =sin O,
secO cosecH

cosec (90° —0) = sec 0 and sec (90° — 0) = cosec 0]
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Trigonometry
cos® sinf )
= +——=c0s’0 +sin’0 =1
cos® sinf
=R.H.S.
Notes

sin(90° —6) N cos(90° —6)

cosec(90° - 6) sec(90° —9) =1

Hence,

Example 22.34: Simplify:

cos(90° - 9)sec(90° - G)tanO N tan(90° - 6)
cosec(90° - G)Sin (90° - 6)cot(90° - 6) cotf

Solution: The given expression

cos(90° —0)sec(90° —O)tane | fan (90° —6)
cosec (900 - G)Sin (90° - 0)cot (90O — O) cot6

sin0in0.co 0.tan® cot0

= + e §i _ _
sec0ech cotand . cotd ..[-sin®.cosO=1andsec6.cosO=1]

=1+1
=2
Example 22.35: Express tan 68° + sec 68° in terms of angles between 0° and 45°.
Solution: We know that
tan (90°—-0) =cot O
and  sec (90°—0) =cosec 0
tan 68° = tan (90° — 22°) = cot 22°
and  sec 68°=sec (90° —22°) = cosec 22°
Hence tan 68° + sec 68° = cot 22° + cosec 22°.

Remark: While using notion of complementary angles, usually we change that angle which
is >45° to its complement.

Example 22.36: If tan 2A = cot (A — 18°) where 2A is an acute angle, find the value of A.
Solution: We are given tan 2A = cot (A—18°)

or cot (90°—2A) =cot (A —18°) ...[-+ cot(90°—2A =tan 2A]
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90°-2A=A-18°
or 3A=90°+ 18°
Notes or 3A =108°

or A =36°

CHECK YOUR PROGRESS 22.6

1. Show that:
(i) cos 55°=sin 35°
(i) sin®? 11°—cos?79°=0
(i) cos? 51° —sin?39°=0

2. Evaluate each of the following:

3sin19°  tan65° .. cos89°
5 ) ———% (i) =
cos71 2cot25 3sinl

3sin 5’ N 2tan33°
cos85°  cot57°

(iv) cos 48° — sin 42° V)

_cot54° tan20°
(vi) —+ =2
tan36° cot70

(vii) sec 41° sin 49° + cos 49° cosec 41°

cos75° sinl2° _cos 18°
sinl5°  cos78° sin72°

(vii)

3. Evaluate each of the following:
2 2
sin47° cos43°
@) o | Tl gm0
cos43 sin 47

_ ¢0s”20° +cos” 70°
®) 3(sin2 59° +sin”3 1”)

4. Prove that:
@) sin 6 cos (90°—0) + cos Bsin (90°-0) =1
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(i) cos 6 cos (90°—0) —sin O sin (90°-0) =0
cos(90° - 6) 1+ sin(90° - 6) _
) 1 in(00" —0) " cos0" —0) ~ cO%
Notes
tan (90" - 9)

@(iv) Sin(%o - e)cos(90° B 6)= 1+ tan®(90° —0)

(v) tan 45°tan 13°tan 77° tan 85° =1

(vi) 2 tan 15° tan 25° tan 65° tan 75° =2

(vii) sin 20° sin 70° — cos 20° cos 70° =0
5. Show that sin (50° + 0) —cos (40°-0) =0
6. Ifsin A=cos B where A and B are acute angles, prove that A + B =90°.
7. InaAABC, prove that

Jeuft
eufs

8. Express tan 59° + cosec 85° in terms of trigonometric ratios of angles between 0° and
45°.

( B+
(1) tan

(ii) cos( At

9. Express sec 46° — cos 87° in terms of trigonometric ratios of angles between 0° and
45°.

10. Express sec? 62° + sec” 69° in terms of trigonometric ratios of angles between 0° and
45°.
Select the correct alternative for each of the following questions (11-12):
sin40°  2sec4l1’

11. The val f -
¢ valueo 2¢c0s50° 3cosec49’ s

. 1 1 .
-1 (i i)~ @1
12. If sin (0 + 36°) = cos 0, where 0 + 36° is an acute angle, then 0 is

()54° (i) 18° (iii) 21° (iv) 27°
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Notes

In aright angled triangle, we define trignometric ratios as under:

side opposite to angle®  AB

sin 0 =
Hypotenuse AC A

080 = side adjacent to angle 0 _ BC

Hypotenuse AC

tan 0 = side opposite to angle®  AB

side adjacent to angle 6 ~ BC

coth = side adjacent to angle 6  BC

side opposite to angle 6 ~ AB F 0 []
B
sec 0 =— Hypotenuse _ AC
side adjacent to angle® BC
cosec 0 = Hypotenuse AC

side opposite to angle 6 ~ AB

The following relationships exist between different trigonometric ratios:

) o0 sin 0 . e_cosG
(1) tan O = cos0 (i1) cotO = —sin 0
g . o

(ii1) sec 0 = cos0 (iv) cosec O = <ind
(V) cot 8= tan 0

The trigonometric identities are:
(@) sin’0+cos’0=1

(ii) sec’0 —tan’0 =1

(iii) cosec’0 —cot’0 =1

Two angles, whose sum is 90°, are called complementary angles.
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sin (90° —A) =cos A, cos (90°— A) = sin A and tan (90° — A) = cot A.

cosec (90°—A) =sec A, sec (90°—A) = cosec A and cot (90° - A) =tan A

Supportive website:

http://www.wikipedia.org

http://mathworld:wolfram.com

H TERMINAL EXERCISE

—

N

b

&

b

7.

4
IfsinA= g , find the values of cos A and tan A.

20
IftanA= E , find the values of cosec A and sec A.

3
IfcotO= Z , find the value of sin 0 + cos 0.

m
Ifsec6= ; , find the values of sin 6 and tan 6.

3
If cos © = —, find the value of

5
sin O tan 6 —1
2tan” 0
5 . tan 0
If sec © = —, find the value of
4 1+tan 6

IftanA=1andtanB = ﬁ , find the value of cos A cos B —sin A sin B.

Prove each of the following identities (8 —20):

8.

(sec O +tan ©) (1 —sin 0) = cos 6.

cot®  cosecH

1-tan© secO

1—cos0

) = (cosec —cot 6’
1+cos6

Mathematics Secondary Course

MODULE - 5
Trigonometry

Notes

551




MODULE - 5

Trigonometry

552

Notes

I1.

Introduction to Trigonometry

tanO+sin® secO+1
tanO—sin® secO-—1

tan A +cotB

) =tanAcotB
cotA+tanB
1+
CosA =cosecA+cotA
1—cosA

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.
26.

/cosecA+1 _ COsA
cosecA—1 1-sinA
sin*A —cos’A=(sinA—cosA) (1 +sinAcosA)

cosA sin A
l1-tanA 1-cotA

\/secA—l +\/secA+1 = 2cosecd

=cosA+sin A

secA+1 secA—1

1

(cosecA—sin A)(sec A—cosA)= —————
tan A +cot A

(1 +cotB®—cosecB)(l+tanO +sec)=2
2(sin®®+ cos®0) — 3(sin*0+cos*0)+ 1 =0

*-1

If sec © + tan © = p, show that sin 6 = pz
p +1

cos(90°~A) _ 1+sin(90°—A)
1+ sin(90° - A) cos(90° - A)

Prove that = 2sec(90° - A)

5in(90° — A Jcos(90° - A)
tanA

Prove that =sin’ (900 - A)

3
Iftan 0 = Z and 0 + o= 90°, find the value of cot o

If cos (20 + 54°) = sin O and (26 + 54°) is an acute angle, find the value of 6.

If sec Q = cosec P and P and Q are acute angles, show that P + Q = 90°.
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t 1
{ ANSWERS TO CHECK YOUR PROGRESS

22.1

1.4 in 0 i 0 2 0 i
.(1) sinO= 13,cos = 13,tan =1
13 13 12

cosecG:g,secG:Eandcot9=?

o 3 3
(i) sin©= 5,0059— 5,tane— 4

4

cosecO=§,sece=Z andc0t6=§

T ATV AP
(i) sin _25,cos = 25,tan =7

25

7
cosecezﬂ,secez7 and cot O = a

iv) sin O i 0= — 0 i
(1v) sin —5,cos = 5,tan =3

AW

cosecG:Z,sec9=§ and cot 0 =

5 4
2. sinA= ﬁ,cosA: ﬁ andtan A=

9 40 40

3. sinC= H,cotC= E,COSA= H and cot A = ?

NNV

4. secC= .2, cosec C=,/p andcot C =1

5. ()

6. (1)

22.2

1. sinC 3 C=—_andtanC 3
- sinC=7,cosC= 7 andtanC=
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24

2. smA=£,cosecA=aandcotA=ﬁ
3. secP=/2,cotP=1,andcosec P=,/p
2 1 2
4. tanR=\/§,c0secR=\/§,s1nP=2andseCP= \/5
5 t 0 ﬁ in © l 0 2—5 dtan © l
. cotO= 7 , sin —25,sec —24,an an =4
) ) 5 246 .
6. sinP=——,cosP=—,sinR=—- andcosR=——,sinP—-cosR=0
7 7 7 7
7. (i)
22.3
1. cosO= 2—9 and tan O = E
2. sinO= —— and 0 X
. sin®= 25 and cos =5
3. sinA % dtan A ﬁ
. sin —25an tan A= 7
. m _n
4. cot9=mandcosecﬁ=m
, 256
’ 135
. 2
S
. 2 2
7. smB—\/EandtanB—3
11. (i)
224

2
1. cot®= .3 andsecG:ﬁ
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AW

3
3 N2 Notes
2

1

. 1 A
4. sinA= > and tan A = \/5

14
3

22.5
17. (i)
18. (i)
19. ()
20. (iii)
22.6

1 1
1. )3 (i1) 5 (iid) 3 @iv)0
v)5 (vi)0 (vii) 2 (viii) 1
. L1
3. ()2 (i1) 5

8. cot31° + sec 5°

9. cosec 44° —sin 3°

10. cosec? 28° + cosec? 21°
11. (i)

12. (iv)

[ ]
= ANSWERS TO TERMINAL EXERCISE

3
1. cosA= g and tan A=

(SSHIEN
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2 A—§ dsec A 29
. cosec =70 and sec =37
Notes 7
3 5
22 22
4. sin0=&andtan6= m —n
m n
5 S
" 160
6. 2
7

25.12°
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TRIGONOMETRIC RATIOS OF SOME
SPECIAL ANGLES

In the last lesson, we have defined trigonometric ratios for acute angles in a right triangle
and also developed some relationship between them. In this lesson we shall find the values
of trigonometric ratios of angles of 30°, 45° and 60° by using our knowledge of geometry.
We shall also write the values of trigonometric ratios of 0° and 90° and we shall observe
that some trigonometric ratios of 0° and 90° are not defined. We shall also use the knowledge
of trigonometry to solve simple problems on heights and distances from day to day life.

After studying this lesson, you will be able to

e find the values of trigonometric ratios of angles of 30°, 45° and 60°;
e write the values of trigonometric ratios of 0° and 90°;
e tell, which trigonometric ratios of 0° and 90°are not defined;

e solve daily life problems of heights and distances;

EXPECTED BACKGROUND KNOWLEDGE

e Pythagoras Theoremi.e. in aright angled triangle ABC, right angled at B,
AC? = AB* + BC>.
e Inarighttriangle ABC, right angled at B,

6in C = side opposite to LC cosec C =— Hypote'nuse
Hypotenuse  ° side opposite to ZC

cos C = side adjacent to ZC ecC=— HyPotenuse
Hypotenuse side adjacent to ZC
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tan C = s%de OPPOSIte to ZC ind cot C= s?de adJac§nt to ZC
side adjacent to ZC side opposite to ZC
Notes
cosec € = sinC’ > €= cosC and cot € = tan C

e sin (90°—0)=cos 6, cos (90°—0) =sin O
tan (90° — 0) = cot O, cot (90° — 6) =tan O

e sec (90°—0)=-cosec O and cosec (90°—0) =sec 6

23.1 TRIGONOMETRIC RATIOS FOR AN ANGLE OF 45°

Letaray OA start from OX and rotate in the anticlock wise direction and make an angle
of 45° with the x-axis as shown in Fig. 23.1.

Take any point P on OA. Draw PM L OX. A
Now in right APMO, P/

ZPOM + ZOPM + ZPMO = 180°
or 45° + ZOPM + 90° = 180°

AY

45° ]

or  ZOPM=180°-90°-45° =45 3 0 M X
~.In APMO, ZOPM = ZPOM = 45°
OM =PM
Let OM = q units, then PM = g units.
In right triangle PMO, vY
OP? = OM? + PM? (Pythagoras Theorem) Fig. 23.1
=a*+ a?
=2a’

. OP = /2 aunits

PM a 1

Now s1n45°=§—\/§a _ﬁ

OM_ a _ 1
cos 45° = OP \/Ea \/5
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tan 45° = M _a_
OM a
cosec 45° = . ! = ! =2 Notes
sin45° 1/ ﬁ
sec 45" = cosl45” - 1/1/5 =2
and  cot45°= L 1
tan45’ 1
23.2 TRIGONOMETRIC RATIOS FOR AN ANGLE OF 30°
Let aray OA start from OX and rotate in the anti clockwise direction and make an angle
of 30° with x-axis as shown in Fig. 23.2. Ay
Take any point P on OA. A
Draw PM L OX and produce P /
PM to P’ such that PM = P’M. Join OP’
Now in APMO and AP’MO, 300'_ M
OM=0M ..(Common) X o X
ZPMO = ZP’MO ...(Each = 90°)
and PM=P'M . .(Construction)
APMO = AP'MO P’\
ZOPM = ZOP'M = 60° vy
OPP’ is an equilateral triangle Fig, 23.2
OP = OP’
Let PM = a units
PP’ =PM+MP’
=(a+ a) units ...(.- MP" =MP)
=2a units
OP = OP’ = PP’ = 2q units
Now in right triangle PMO,
OP? = PM? + OM? ...(Pythagoras Theorem)
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or (2a)* = a*> + OM?
OM? = 3a?
Notes or OM = ./3 a units
M _a 1
sin OP 24 2
OM +3a «/5
cos30°= —=——=—
OP 2a 2
PM_a _1
tan 30° = OM 3a 3
3002 — = =2
COSEC = in30° 172
1 1

Sec:300=cos30” V372 :T

Lo L.
and COtBO:tan?)O”_l/«/g

23.3 TRIGONOMETRIC RATIOS FOR AN ANGLE OF 60°

Let aray OA start from OX and rotate in anticlock wise direction and make an angle of
60° with x-axis.

AY A
Take any point P on OA. /
Draw PM L OX. P
Produce OM to M’ such that

OM = MM’. Join PM’.
60°

Let OM = g units < ] >
In APMO and APMM,, X o M wmX
PM = PM ...(Common)
ZPMO = /PMM’ ...(Each =90°)
OM = MM’ ...(Construction) Ly
APMO = APMM’ Fig. 23.3
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ZPOM = /PM'M = 60°
APOM'’ is an equilateral triangle.
OP =PM’ = OM’ = 24 units
Notes
In right APMO,
OP? = PM? + OM? ...(Pythagorus Theorem)

(2a)*> =PM? + a*
or PM? = 3a?

PM = ./3 a units

PM _+3a _+3

sin 60° = ——= —
OP 2a 2
600 —_ i — l
COSOV="0P " 24 2
PM
tan 60° = —=&=\/§
OM a
60° 1 _ 1t _2
O T Sin60” VB 4B
2
1 1
o _ - =2
sec 60 cos60? 1/2
IR
and cot 60° = tan 60° ﬁ

23.4 TRIGONOMETRIC RATIOS FOR ANGLES OF
0° AND 90°

In Section 23.1, 23.2 and 23.3, we have defined trigonometric ratios for angles of 45°,
30° and 60°. For angles of 0° and 90°, we shall assume the following results and we shall
not be discussing the logical proofs of these.

(1) sin 0°=0 and therefore cosec 0° is not defined

(i) cos 0°=1 and therefore sec 0°=1
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(i) tan 0°= O therefore cot 0°is not defined.

(iv) sin 90°= 1 and therefore cosec 90°=1

(v) cos 90°=0 and therefore sec 90° is not defined.

(vi) cot 90°= 0 and therefore tan 90°is not defined.

The values of trignometric ratios for 0°, 30°, 45°, 60° and 90° can be put in a tabular form
which makes their use simple. The following table also works as an aid to memory.

pnometric Ratios of Some Special Angles

y 0 30° 45° 60° 90°
Trig. ratio
in (L, \ﬁ_l \E:L 393 | 4,
" 4 4 2 4 2| V4 2 4
6 F T O TN S P U I S S B
- 4 4 2 4 2 |Va 2 4
fO 1 1 / 2 3
=0 — = | = =1] —==3
tan O 10 11 ﬁ 12 13 w/_ Not defined
3 2 1 1 fO
— =y3 — =1 —_——s— =
cot0 Not defined 13 \/_ ) e «/5 o
4 4 4 2 4
—=2 —=4/2 —=— —=1
cosec 0 Not defined 1 \/; \/_ 5 @ 1
4 4 2 4 4
~ =1 == e
sec O 4 3 \/5 \/; 1 Not defined

Let us, now take some examples to illustrate the use of these trigonometric ratios.

Example 23.1: Find the value of tan?60° — sin>30°.

Solution: We know that tan 60° = /3 and sin 30° =

1
2
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Example 23.2: Find the value of
cot?30° sec?45° + cosec?45° cos 60°

Solution: We know that

1
cot 30° = /3, sec 45° = /7, cosec 45° = [ and cos 60° = 5

cot?30° sec?45° + cosec?45° cos 60°

- (B2 + (2] S

1
:3x2+2><2
=6+1
=7

Example 23.3: Evaluate : 2(cos? 45° + tan’60°) — 6(sin*45° — tan*30°)
Solution: 2(cos? 45° + tan?60°) — 6(sin’45° — tan*30°)

SRR CRE)
SRS

=1+6-3+2
=6

Example 23.4: Verify that

tan 45° | see 60°  5sin90° _
cosec30° cot45® 2cos0°

tan 45° N sec 60°  5sin 90°

Solution: L.H.S. = -
olution cosec30° cot45° 2cos0°

I 2 5x1
= -

2 1 2x1
l+2—§ 0=R.H.S
2 2
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tan 45° | see 60°  5sin90° _
cosec30° cot45® 2cos0°

Hence,

Example 23.5: Show that

%cotZSO" +3sin’60° — 2 cosec’60° —% tan’30° = ?

Solution: L.H.S. = % cot?30° +3sin*60° — 2 cosec’60° —% tan’30°

-2 A5 )

[
+
I
|
I
|
I

48+27-32-3
12

40._10
12 3
=R.H.S.

Hence, % cot*30° +3sin*60° — 2 cosec>60° —% tan’30° = m

Example 23.6 : Verify that

4cot’60° +sec’30° —2sin’45° 4

c0s?30° +cos?45° 3

4 cot’60° +sec?30° —2sin’45°
c0s?30° +cos?45°

EOERER)

)L

Solution: L.H.S. =
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axted oot
3 2
= 3 1
i+i
4 2 Notes
8, 3
3 _3
=3 3
4 4
5. 4 4
= —X—=—
35 3
=R.H.S.

H 4 cot’60° +sec’30° —2sin’45° 4
ence, =—
c0s?30° +cos?45° 3

Example 23.7: If 6 = 30°, verfity that

tan 20 =

Solution: For 6 = 30°
L.H.S. =tan 20
=tan (2 x 30°)
= tan 60°

=3

2tan 0

and R.H.S. = m

2 tan 30
1—tan*30°

6
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2 2
_ A3 _3
Notes 1—l %
3 3
2 3
:—X—:\/g
V3
~.LHS.=R.H.S.
2tan 0

H tan20=——
ence, 1—tan’ 0

Example 23.8: Let A =30°. Verify that
sin3A=3sinA-4sin’*A
Solution: For A = 30°,
L.H.S. =sin3A
=sin (3 x 30°)
=sin 90°
=1
and R.H.S.=3sinA-4sin’A
=3 sin 30° -4 sin’ 30°

3
= 3><l—4><(lj
2 2

| W
|
oo |~

| W
|
N | —

=1
L.H.S.=R.H.S.
Hence, sin3A=3sinA—4sin’ A

Example 23.9: Using the formula sin (A—B) =sin A cos B —cos A sin B, find the value
of sin 15°.
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Solution: sin (A—B)=sin Acos B—-cos Asin B (1)
Let A=45°and B = 30°
.. From (i),
2 Notes
sin (45° — 30°) = sin 45° cos 30° — cos 45° sin 30°
1 3 1 1
i 0 ——=X— ———=X—
or sin 15 2 2 D)

v

7oy

3-1
Hence, sin 15° = .
ence, sin 2

Remark: In the above examples we can also take A = 60° and B = 45°.

Example 23.10: If sin (A+B)=1andcos (A-B)=1,0°<A+B <90°,A>B, find A
and B.

Solution: - sin(A+B)=1=sin90°

A+B=90° (1)

Again cos (A—B)=1=cos(°
A-B=0 ..(i1)

Adding (1) and (i1), we get
2A =90° or A =45°

From (ii), we get
B=A=45°

Hence, A =45° and B = 45°

Example 23.11: If cos (20° + x) = sin 30°, find x.

1
| .. o1
Solution: cos (20" + ) =sin 30°= = cos 60" [  c0s60 2)

s 200+ x = 60°
or x =60°—-20° =40°

Hence, x = 40°
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Example 23.12: In AABC, right angled at B, if BC =5 cm, ZBAC =30, find the length
of the sides AB and AC.

Solution: We are given ZBAC =30°1i.e., ZA=30°

and BC=5cm
A
Now sSin A= i—g
30°
1 300 — i
or sin 30°= ~"~
1_5
27 AC [
C 5cm B
S AC=2x50r10cm Fig. 23.4
By Pythagoras Theorem,
AB = \JAC®-BC’
= /(10)’ =5> cm
=,/75 cm
=53 cm

Hence AC =10 cm and AB = 5,/3 cm.

Example 23.13: In AABC, right angled at C, AC =4 cm and AB = 8 cm. Find ZA and
ZB.

Solution: We are given, AC =4 cm and AB =8 cm A
) AC
Now sinB= AB 8 cm 4 cm
4 1 B C
=g Fig. 23.5
. sin 307 = l
.. B=30 | >
Now ZA =90°— /B ol zA+ 2B =907
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=90° - 30°
= 60°
Hence, ZA = 60° and ZB =30°
Example 23.14: AABC isrightangled at B. If £ A= ZC, find the value of
(1) sin A cos C + cos A sin C
(i1) sin Asin B + cos Acos B
Solution: We are given thatin AABC,
ZB =90°
ZA + ZC =180°-90° (LA + ZB + ZLC=180°)
=90°
Alsoitis given that ZA=ZC
LA =ZC=45°
(1) sin A cos C + cos Asin C

= sin 45° cos 45° + cos 45° sin 45°

1

x_

2

+

-
-
-

=1

+

1
2

| =

(i) sin A sin B + cos Acos B

= sin 45° sin 90° + cos 45° cos 90°

Example 23.15: Find the value of x if tan 2x— /3 =0.
Solution: We are given

tan 2x — /3 =0

or tan 2x = /3 = tan 60°
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s 2x =60°

or x = 30°

Notes Hence value of x is 30°.

CHECK YOUR PROGRESS 23.1

1. Evaluate each of the following:
@) sin?60° + cos?45°
(i) 2 sin?*30° -2 cos? 45° + tan® 60°
(i) 4 sin? 60° + 3 tan® 30° — 8 sin? 45° cos 45°
(iv) 4(sin* 30° + cos* 60°) — 3(cos? 45° — 2 sin® 45°)

tan 45° N sec 60° B 5sin 90°
cosec30° cot45° 2cos0°

_ 5c0s8°60° +4sec’30° —tan*45°
v sin?30° +cos*30°

2. Verify each of the following:

(i) cosec® 30° x cos 60° x tan® 45° x sin? 90° x sec? 45° x cot 30° = 8,/3
.. 2 o 1 2 o 1 2 o 2 o 7
(i) tan” 30" +—sin”45° +—cos” 30” +cot” 60° =—
2 3 6
(iii) cos?60° — sin?60° = — cos 60°
(iv) 4(sin*30° + cos*60°) — 3(cos?45° — sin%90°) = 2

tan 60° — tan 30° 0
) = tan 30
1+ tan 60° tan 30’

3. If LA =30, verify each of the following:

S sin2A 2tan A
(i) sin 24 = 1+ tan’A
(i) oA I—tan® A
11)cos2A= ———
1+tan® A

(iii) cos 3A =4 cos’A-3 cos A
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4. If A=60°and B =30°, verify each of the following:
(i) sin (A+B)=sinAcos B+cosAsinB

tan A—tan B

iHtan(A-B)=—————
(it ( ) 1+tan A tan B

5. Taking 2A = 60°, find sin 30° and cos 30°, using cos 2A =2 cos’A— 1.

6. Using the formula cos (A + B) =cos A cos B —sin A sin B, evaluate cos 75°.

1 1
7. Ifsin(A-B)= E,cos (A+B)= 5,0°<A+B <90°, A> B, find A and B.

3
8. Ifsin(A+2B)= % and cos (A+4 B) =0, find A and B.

9. In APQR right angled at Q, PQ =5 cm and £R = 30°, find QR and PR.

10. In AABC, ZB =90°, AB =6 cm and AC = 12 cm. Find ZA and ZC.

11. In AABC, ZB =90°. If A = 30°, find the value of sin A cos B + cos A sin B.
12. If cos (40° + 2x) = sin 30°, find x.

Choose the correct alternative for each of the following (13-15):

13. The value of sec 30°is

(A)2 (B) % ©) % D) 2
14. If sin2A=2sin A, then Ais
(A) 30° (B) 0° (C) 60° (D) 90°
2tan 60° .
1T an? 60° isequal to
(A) sin 60° (B) sin 30° (C) cos 60° (D) tan 60°

23.5 APPLICATION OF TRIGONOMETRY

We have so far learnt to define trigonometric ratios of an angle. Also, we have learnt to
determine the values of trigonometric ratios for the angles of 30°, 45° and 60°. We also
know those trigonometric ratios for angles of 0° and 90° which are well defined. In this
section, we will learn how trigonometry can be used to determine the distance between the
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objects or the distance between the objects or the heights of objects by taking examples
from day to day life. We shall first define some terms which will be required in the study of
heights and distances.
Notes

23.5.1 Angle of Elevation

When the observer is looking at an object (P) which is at a greater height than the observer
(A), he has to lift his eyes to see the object and an angle of elevation is formed between the
line of sight joining the observer’s eye to the object and the borizontal line. In Fig. 23.6, A
is the observer, Pis the object, AP is the line of sight and AB is the horizontal line, then £0
is the angle of elevation.

P Object
3
//
00
0
A 0 B

Observer Horizontal line

Fig. 23.6

23.5.2 Angle of Depression Horizontal line

4
When the observer (A) (at a greater Observer
height), is looking at an object (at a lesser
height), the angle formed between the line & %\g
of sight and the horizontal line is called an \,\(‘e
angle of depression. In Fig. 23.7, AP is
the line of sight and AK is the horizontal B

line. Here ot is the angle of depression. Object Fig. 23.7

Example 23.16: A ladder leaning against a window of a house makes an angle of 60° with
the ground. If the length of the ladder is 6 m, find the distance of the foot of the ladder from
the wall.

Solution: Let AC be a ladder leaning against the wall, AB making an angle of 60° with the
level ground BC.

A
Here AC=6m ...(Given)
Now in right angled AABC,
i—g =cos 60°
c 60° g

Fig. 23.8
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BC_
6

1
or B

1
or BC=5x6or3m

Hence, the foot of the ladder is 3 m away from the wall.

1
Example 23.17: The shadow of a vertical pole is E of its height. Show that the sun’s

elevation is 60°.

Solution: Let AB be vertical pole of height h units and BC be its shadow.

1 _ A
Then BC=hx NG units A
Let 0 be the sun’s elevation. .

Then inright AABC, h Iunits

tan 0 = AB = _h =3 i
BC h/43 v

c L8 g

or tan O = tan 60° h
“7Z units
0= 60° V3

Hence, the sun’s elevation is 60°. Fig. 23.9

Example 23.18: A tower stands vertically on the ground. The angle of elevation from a
point on the ground, which is 30 m away from the foot of the tower is 30°. Find the height

of the tower. (Take /3 =1.73)

Solution: Let AB be the tower h metres high.

Let C be a point on the ground, 30 m away A
from B, the foot of the tower A
BC=30m hm
Then by question, ZACB =30 % v
Now inright AABC, C s R »B
B - Fig. 23.10
BC tan
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h_1
or 30 3
30

h="—
ﬁm

30 V3
R

=10y3 m
=10x1.73 m
= 173 m
Hence, height of the toweris 17.3 m.

Example 23.19: A balloon is connected to a meterological ground station by a cable of
length 100 m inclined at 60° to the horizontal. Find the height of the balloon from the
ground assuming that there is no slack in the cable.

Solution: Let A be the position of the balloon, attached to the cable AC of length 100 m.
AC makes an angle of 60° with the level ground BC.

Let AB, the height of the balloon be h metres

Now inright AABC,
AC " sin 60
h 3
or —=—
100 2
or h=50.,/3
=50 x 1.732 Fig. 23.11
= 86.6

Hence, the balloon is at a height of 86.6 metres.

Example 23.20: The upper part of a tree is broken by the strong wind. The top of the tree
makes an angle of 30° with the horizontal ground. The distance between the base of the
tree and the point where it touches the ground is 10 m. Find the height of the tree.

Solution: Let AB be the tree, which was broken at C, by the wind and the top A of the
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tree touches the ground at D, making an angle of 30° with BD and BD= 10 m.
Let BC = x metres oA
Now inright ACBD, Notes

E =tan 30°
BD

C
xr_1 ?
or 10 \/g xm
_10 | (o8
or x—ﬁ m (1) D 10m
Fig. 23.12
Again in right ACBD,
E =sin 30°
DC
x> 1
" pc 2
or DC = 2x
20 .
= E m ..[By (1]
20 }
AC=DC= ﬁ ..(i)

Now height of the tree = BC + AC
(£+£j
EAEINE]
30
— — Oor 10\/§m
V3
=17.32m

Hence height of the tree =17.32 m

Example 23.21: The shadown of a tower, when the angle of elevation of the sun is 45°is
found to be 10 metres longer than when it was 60°. Find the height of the tower.
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Solution: Let AB be the tower 4 metres high and C and D be the two points where the
angles of elevation are 45° and 60° respectively.

Then CD =10 m, ZACB =45°and ZADB = 60°

Notes
Let BD be x metres.

Then BC=BD +CD = (x + 10) m A
Now in rt. Zd AABC, '

AB '
—— =tan 45°
BC hm

h —
x+10

x=(h-10)m () 45° 60 [ ]

Againinrt Zd AABD, 10m xm
Fig. 23.13

or

ﬁ = tan 60°
BD

h
or T=43
X

or  h=.3x ...(it)

From (i) and (ii), we get

h= 3 (h-10)
o  h=3h-103
or  (J3-Dh=103

, 1073
T 3-1

103 (V3+1) 103({3+1)
T B-1t W) 2

=53( 3+ 1)=15+5x1.732 =15 + 8.66 = 23.66

Hence, height of the tower is 23.66 m.
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Example 23.22: An aeroplane when 3000 m high passes vertically above another
aeroplane at an instant when the angles of elevation of the two aeroplanes from the same
point on the ground are 60° and 45° respectively. Find the vertical distance between the
two planes.

Solution: Let O be the point of observation. P
Let P and Q be the two planes
Then AP =3000 m and ZAOQ =45°
and ZAOP = 60°
In rt. Zd AQAO,

£=tan 45° =1
AO

3000m| q

v 607 45
or  AQ=AO () A [

Againinrt. Zd APAO, Fig. 23.14

@)

PA
—— =tan 60° = \/§
AO

3000 3000
A—O:\B or AQ=—— ..(ii)

NG

From (i) and (i1), we get

Ao 2000 V3
Q="

PQ=AP-AQ=(3000-1732) m = 1268 m

=1000v/3 =1732 1

Hence, the required distance is 1268 m.

Example 23.23: The angle of elevation of the top of a building from the foot of a tower is
30° and the angle of elevation of the top of the tower from the foot of the building is 60°. If
the tower is 50 m high, find the height of the building.

Solution: Let PQ be the tower 50 m high and AB be the building x m high.
Then ZAQB = 30° and ZPBQ = 60°

X

In rt. Zd AABQ, BQ tan 30° ()

PQ
; — =tan 60°
and in rt. Zd APQB, BQ
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50 .
or BO =tan 60" ()

Dividing (i) by (ii), we get,

x _tan30° 1

% ~ tan 60°

50

3

x=—=16.67
or 3

igonometric Ratios of Some Special Angles

50m

\4
Q

Hence, height of the building is 16.67 m.

30° 60° () ¥

Fig. 23.15

Example 23.24: A person standing on the bank of a river observes that the angle of
elevation of the top of a tree standing on the opposite bank is 60°. When he moves
40 metres away from the bank, he finds the angle be 30°. Find the height of the tree and

the width of the river.

Solution: Let AB be a tree of height 4 metres.

Let BC = x metres represents the width of the

river.

Let C and D be the two points where the tree

subtends angles of 60° and 30° respectively

Inright AABC,

E = tan 60°
BC

h

o Mo
X

or  h=.3x

Againinright AABD,

& = tan 30°
BD

h 1

x+40 - \/5

or

From (i) and (ii), we get,

\/gx 1

x+40 43

hm

Fig. 23.16
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or 3x=x+40
or 2x =40
x=20

.. From (i), we get
h= ﬁ x20=20x1.732
=34.64

Hence, width of the river is 20 m and height of the tree is 34.64 metres.

Example 23.25: Standing on the top of a tower 100 m high, Swati observes two cars on
the opposite sides of the tower. If their angles of depression are 45° and 60°, find the

distance between the two cars.

Solution: Let PM be the tower 100 m high. Let A and B be the positions of the two cars.
Let the angle of depression of car at A be 60° and of the car at B be 45° as shown in

MODULE - 5

Trigonometry

Fig.23.17.
Now ZQPA =60°= Z/PAB
and  /RPB=45°= /PBA ¢ P R
60° /| 0\ 45°
In right APMB, :
% =tan 450 :IOO m
100 _, 60° M 45>
o MB A M B
or  MB=100m (D) Fig. 23.17
Also inright APMA,
M tan 60°
MA
100 _ r3
—=43
or MA
JRRLL
VA= s
1003
-3
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_ 100x1.732
3

=57.74

MA =57.74 m ..(i1)

Hence, the distance between the two cars

=MA + MB
=(57.74 + 100) m [By (i) and (ii)]
=157.74m

Example 23.26: Two pillars of equal heights are on either side of aroad, which is 100 m
wide. At a point on the road between the pillars, the angles of elevation of the top of the
pillars are 60° and 30° respectively. Find the position of the point between the pillars and
the height of each pillar.

Solution: Let AB and CD be two pillars each of height 2 metres. Let O be a point on the
road. Let BO = x metres, then

OD = (100 - x) m
By question, ZAOB = 60° and ZCOD = 30°

Inright AABO,
E = tan 60° A CA
BO A 5
h
or “=43 ‘ hm
X hm '
or h= .3 x () :
: o} 0 v
In right ACDO, 'BjGO 5 30} ____________________ —
xm (100-x) m
Q =tan 30°
Fig. 23.18
h  _ 1 .
or 100— x \/5 ..(i1)
From (i) and (ii), we get
V3x 1
100—x /3
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or 3x =100 — x
or 4x = 100
x=25
Notes

. From (i), we get h = /3 x25=1.732 x 25 or 43.3

.. The required point from one pillar is 25 metres and 75 m from the other.
Height of each pillar=43.3 m.

Example 23.27: The angle of elevation of an aeroplane from a point on the ground is 45°.
After a flight of 15 seconds, the elevation changes to 30°. If the aeroplane is flying at a
constant height of 3000 metres, find the speed of the plane.

Solution: Let A and B be two positions of the plane and let O be the point of observation.
Let OCD be the horizontal line.

Then ZAOC =45°and ZBOD = 30°
By question, AC=BD =3000m

A B
In 1t Zd AACO, R
AC_ tan 45° i
OC 3:000 m
3000
or _— = 1 450 30 |_ V
oc 0 C D
or  OC=3000m (D) Fig. 23.19
Inrt £d ABDO,
BD = tan 30°
OD
3000 1
or OC+CD /3
or 3000\/_ =3000 + CD ..[By )]
or CD :3000(\/3 -1
= 3000 x 0.732
=2196

.. Distance covered by the aeroplane in 15 seconds=AB =CD =2196 m
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. Speed of the plane = [?X

=527.04 km/h
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2196  60x60
1000

Example 23.28: The angles of elevation of the top of a tower from two points P and Q at
distanes of a and b respectively from the base and in the same straight line with it are

complementary. Prove that the height of the toweris /gb -

Solution: Let AB be the tower of height £, P and Q be the given points such taht PB =a

and QB =b.

Let ZAPB = o and ZAQB =90° -«

Now in rt £d AABQ,

AB_ tan(90° - (x)
QB

ﬁ =cota i
or b (1)
and in rt Z/d AABP,

——=tan a

PB

h 3
or —=tana .(ii)

a

Multiplying (i) and (i1), we get

h
—X—=cota.tana=1
a

or h?=ab
or h=ab

Hence, height of the toweris /gp .

A

A

h

. 90°—0, M

Qg >B

= A >
Fig. 23.20

CHECK YOUR PROGRESS 23.2

1. Aladder leaning against a vertical wall makes an angle of 60° with the ground. The
foot of the ladder is at a distance of 3 m from the wall. Find the length of the ladder.
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2. Atapoint 50 m away from the base of a tower, an observer measures the angle of
elevation of the top of the tower to be 60°. Find the height of the tower.
3. The angle of elevation of the top of the tower is 30°, from a point 150 m away from its
foot. Find the height of the tower. Notes

4. The string of akite is 100 m long. It makes an angle of 60° with the horizontal ground.
Find the height of the kite, assuming that there is no slack in the string.

5. Akiteis flying at a height of 100 m from the level ground. If the string makes an angle
of 60° with a point on the ground, find the length of the string assuming that there is no
slack in the string.

6. Find the angle of elevation of the top of a tower which is 100,/3 mhigh, from a point
at a distance of 100 m from the foot of the tower on a horizontal plane.

7. Atree 12 m high is broken by the wind in such a way that its tip touches the ground
and makes an angle of 60° with the ground. At what height from the ground, the tree is
broken by the wind?

8. A treeis broken by the storm in such way that its tip touches the ground at a horizontal
distance of 10 m from the tree and makes an angle of 45° with the ground. Find the
height of the tree.

9. The angle of elevation of a tower at a point is 45°. After going 40 m towards the foot
of the tower, the angle of elevation becomes 60°. Find the height of the tower.

10. Two men are on either side of a cliff which is 80 m high. They observe the angles of
elevation of the top of the cliff to be 30° and 60° respectively. Find the distance between
the two men.

11. From the top of a building 60 m high, the angles of depression of the top and bottom
of a tower are observed to be 45° and 60° respectively. Find the height of the tower
and its distance from the building.

12. A ladder of length 4 m makes an angle of 30° with the level ground while leaning
against a window of a room. The foot of the ladder is kept fixed on the same point of
the level ground. It is made to lean against a window of another room on its opposite
side, making an angle of 60° with the level ground. Find the distance between these
rooms.

13. Atapoint on the ground distant 15 m from its foot, the angle of elevation of the top of
the first storey is 30°. How high the second storey will be, if the angle of elevation of
the top of the second storey at the same point is 45°?7

14. An aeroplane flying horizontal 1 km above the ground is observed at an elevation of
60°. After 10 seconds its elevation is observed to be 30°. Find the speed of the
aeroplane.
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15. The angle of elevation of the top of a building from the foot of a tower is 30° and the
angle of elevation of the top of the tower from the foot of the building is 60°. If the
tower is 50 m high, find the height of the building.
Notes

@hm

e Table of values of Trigonometric Ratios

0| 0° 30° 45° 60° 90°
Trig. ratio
. 1 1 NG
sin® 0 ) \/5 T 1
G| L
cos 6 1 > 2 > 0
1
tan O 0 NGl 1 3 Not defined
1
cot 0 Notdefined | A/3 1 Nl 0

cosec 0 Not defined | 2

5
Sl

sec O 1 Not defined

&l
=

Supportive website:
e http://www.wikipedia.org

e  http://mathworld:wolfram.com

H TERMINAL EXERCISE

1. Find the value of each of the following:
(1) 4 cos? 60° + 4 sin? 45° — sin? 30°
(i) sin?45°—tan?45° + 3(sin*90° + tan* 30°)
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5sin?30° +cos’45° —4 tan30°
25in?30°cos*30° + tan 45°

(i)

cot 45°
sec 30° +cosec 30°

(iv)
2. Prove each of the following:

3 5
1 22 _ 2600 — — qin2480 2 0 — ———
1) 2 cot?30° -2 cos?60 4 sin*45° — 4 sec? 30 4

(i) 2 sin*30° + 2 tan® 60° — 5 cos*45° =4
(iif) cos 60° cos 45° + sin 60° sin 45° = sin 45° cos 30° + cos 45° sin 30°

cot 30°cot 60° —1
cot 30° +cot 60°

=cot 90°

3. If6 =300, verify that
(i) sin20=2sin0Bcos O
(i) cos20=1-2sin’0
(iii) tan 260 = ane
I-tan” 6
4. If A=60°and B =30°, verify that
(i sin(A+B)#sinA+sinB
(1) sin (A+B)=sinAcosB +cosAsinB
(i) cos (A—B)=cosAcos B +sinAsinB
@iv) cos (A+B)=cos Acos B—-sinAsinB

vJ1—cos’A

V) tan A =
) cos A

5. Using the formula cos (A—B) =cos A cos B + sin A sin B, find the value of cos 15°.

B3

6. Ifsin(A+B)=1andcos(A-B)= B 0°<A+B <90°, A>B, find A and B.
7. Anobserver standing 40 m from a building observes that the angle of elevation of the

top and bottom of a flagstaff, which is surmounted on the building are 60° and 45°
respectively. Find the height of the tower and the length of the flagstaff.
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10.

I1.

12.

13.

14.

15.

gonometric Ratios of Some Special Angles

From the top of a hill, the angles of depression of the consecutive kilometre stones due
east are found to be 60° and 30°. Find the height of the hill.

From the top of a 7 m high building, the angle of elevation of the top of a cable tower
1s 60° and the angle of depression of its foot is 45°. Find the height of the tower.

A man on the top of a tower on the sea shore finds that a boat coming towards him
takes 10 minutes for the angle of depression to change from 30° to 60°. How soon will
the boat reach the sea shore?

Two boats approach a light-house from opposite directions. The angle of elevation of
the top of the lighthouse from the boats are 30° and 45°. If the distance between these
boats be 100 m, find the height of the lighthouse.

The shadow of a tower standing on a level ground is found to be 45 /3 m longer
when the sun’s altitude is 30° than when it was 60°. Find the height of the tower.

The horizontal distance between two towers is 80 m. The angle of depression of the
top of the first tower when seen from the top of the second tower is 30°. If the height
of the second tower is 160 m, find the height of the first tower.

From a window, 10 m high above the ground, of a house in a street, the angles of
elevation and depression of the top and the foot of another house on opposite side of
the street are 60° and 45° respectively. Find the height of the opposite house (Take

J3 =1.73)

A statue 1.6 m tall stands on the top of a pedestal from a point on the gound, the angle
of elevation of the top of the statue is 60° and from the same point, the angle of
elevation of the top of the pedestal is 45°. Find the height of the pedestal.

t :
{ ANSWERS TO CHECK YOUR PROGRESS

23.1

) D _ 67
1.(1) 1 (i1) 5 (111) O (iv)2 v)0 (vi) 1

5.

7.

1
sin 30° = E , cos 30° =

V3
2

o
2.2

A =45°and B =15°
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8. A=30°and B =15°

9. QR=5 .3 andPR=10cm

10. ZA =60° and £ZC =30°

I1. ﬁ
2

12. x = 10°
13.C

14.B

15. A

23.2

I. 6m

4. 86.6m
7. 5.57Tm
10. 184.75 m
13.6.34m

11
L0

5 «/§+1
T2

8. 433m

11. 36.6 m

14.27.3m

2.86.6m 3.86.6m
5.115.46 m 6. 60°
8.24.14 m 9.94.64 m
11.2535m 12.5.46 m

14.415.66 km/h 15.16.67 m

[ ]
. I ANSWERS TO TERMINAL EXERCISE

1 .40 . A3
(i) 5 (i) 157 ) 5341
6. A =60°and B = 30° 7.40m , 29.28 m
9.19.124 m 10. 5 minutes
12.67.5m 13.113.8m

15.2.18656 m
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Secondary Course
Mathematics

Practice Work-Trignometry

Maximum Marks: 25

Time : 45 Minutes

Instructions:

1.
2.

. If4 cot A =3, then value of

Answer all the questions on a separate sheet of paper.

Give the following informations on your answer sheet

Name

Enrolment number
Subject

Topic of practice work

Address

Get your practice work checked by the subject teacher at your study centre so that

you get positive feedback about your performance.

In the adjoining figure, the value of sin A is
A) =
) 13

o 12
()13
o3
© 1

13
D) 15

SinA — cosA |
18
sinA + cosA

1
A
((\
K 5
0
12 cm B
1
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1 6
(A5 B>

Notes

FNGI O

CS— D
© % D)

3. The value of sec 30°1s 1

V3
2

(A)2 (B)

© 5 ®
4. InAABC,rightangled at B, if AB=6 cmand AC =12 cm, then LA is 1
(A) 60°
(B) 30°
(C)45°
(D) 15°
5. The value of 1

sin 36° 3 2sec41® .
2c0s54°  3cosec49’ s

A)-1

1
(B) 5

1
©-¢

D1

1
6. IfsinA= 5 , show that 2

3cosA—4cos’A=0
7. Using the formula sin (A—B) =sin A cos B —cos A sin B, find the value of sin 15°2
8. Find the value of

tan 15° tan 25° tan 60° tan 65° tan 75° 2
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1+ sinA
9. Show that - =secA +tanA )
1—sinA
Notes
10. If sin’0 + sin O = 1, then show that 2

cos’0+cos*9=1

cotA +cosec A—1 1+cosA

cot A —cosec A +1 - sinA 4

11. Prove that

12. An observer standing 40 m from a building notices that the angles of elevation of the
top and the bottom of a flagstaff surmounted on the building are 60° and 45° respectively.
Find the height of the building and the flag staff. 6
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The modern society is essentially data oriented. It is difficult to imagine any facet of
our life untouched in newspapers, advertisements, magazines, periodicals and other
forms of publicity over radio, television etc. These data may relate to cost of living,
moritality rate, literacy rate, cricket averages, rainfall of different cities, temperatures
of different towns, expenditures in varioius sectors of a five year plan and so on. It
is, therefore, essential to know how to extract ‘meaningful’ information from such
data. This extraction of useful or meaningful information is studied in the branch of
mathematics called staftistics.

In the lesson on “Data and their Representations” the learner will be introduced to
different types of data, collection of data, presentation of data in the form of frequency
distributions, cumulative frequency tables, graphical representaitons of data in the
form of bar charts (graphs), histograms and frequency polygons.

Sometimes, we are required to describe the data arithmetically, like describing mean
age of a class of studens, mean height of a group of students, median score or model
shoe size of a group. Thus, we need to find certain measures which summarise the
main features of the data. In lesson on “measures of Central Tendency”, the learner
will be introduced to some measures of central tendency i.e., mean, median, mode of
ungrouped data and mean of grouped data.

In the lesson on “Introduction to Probablity”, the learner will get acquainted with
the concept of theoretical probability as a measure of uncertainity, through games of
chance like tossing a coin, throwing a die etc.
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DATA AND THEIR REPRESENTATIONS

Statistics is a special and an important branch of mathematics which deals mainly with data
and their representations. In this lesson, we shall make a beginning of this study of this
branch of mathematics with collection, classification, presentation and analysis of data.
We shall study how to classify the given data into ungrouped as well as grouped frequency
distributions. We shall also learn about cumulative frequency of a class and cumulative
frequency table.

Further we shall learn graphical representation of data in the form of bar charts, histograms
and frequency polygons.

After studying this lesson, you will be able to

e know meaning of ‘statistics’ in singular and plural form;
e differentiate between primary and secondary data;

e understand the meaning of a class, class mark, class limits, discrete and
continuous data, frequency of a class, class size or class width through examples;

e condense and represent data into a frequency table;

e form a cumulative frequency table of a frequency distribution;

e draw a bar chart or bar graph of a frequency distribution;

e draw a bar chart or bar graph for the given data;

e draw a histogram and frequency polygon for a given continuous data;

e read and interpret given bar graphs, histograms.

EXPECTED BACKGROUND KNOWLEDGE

e  Writing of numbers in increasing/decreasing order.
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Finding average of two numbers.

Plotting of points in a plane with respect to two perpendicular axes

e Idea of ratio and proportion.

24.1 STATISTICS AND STATISTICAL DATA

In our day to day life, we come across statements such as:

1. This year the results of the school will be better.
2. The price of petrol/diesel may go up next month.
3. There s likelihood of heavy rains in the evening.
4. The patient may recover soon from illness, etc.
Concentrate on the above statements:

e The first statement can be from a teacher or the head of an institution. It shows that he/
she has observed the performance of the present batch of students in comparison with
the earlier ones.

e The second statement may be from a person who has seen the trend of increasing of
oil prices from a newspaper.

e The third statement can be from a person who has been observing the weather reports
in meteorological department. If so, then one can expect that it is based on some
sound observations and analysis of the weather reports.

e The last statement can be from a doctor which is based on his/her observations and
analysis.

The reliability of the statements such as given above, depends upon the individual’s capacity
for observation and analysis based on some numerical data. Statistics is the science
which deals with the collection, organisation, analysis and interpretation of the
numerical data.

Collection and analysis of numerical data is essential in studying many problems such as
the problem of economic development of the country, educational development, the problem
of health and population, the problem of agricultural development etc.

The word ‘statistics”’has different meanings in different contexts. Obseve the following
sentences:

1. May I have the latest copy of “Educational Statistics of India”.

2. Tlike to study statistics. It is an interesting subject.
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In the first sentence, statistics is used in a plural sense, meaning numerical data. These
may include a number of schools/colleges/institutions in India, literacy rates of states etc.

In the second sentence, the word ‘statistics’ is used as a singular noun, meaning the
subject which deals with classification, tabulation/organisation, analysis of data as well as
drawing of meaningful conclusions from the data.

24.2 COLLECTION OF DATA

In any field of investigation, the first step is to collect the data. It is these data that will be
analysed by the investigator or the statistician to draw inferences. It is, therefore, of utmost
importance that these data be reliable and relevant and collected according to a plan or
design which must be laid out in advance.

Data are said to be primary if the investigator himself is responsible for the collection of
data. Some examples of primary data are: voters’lists, data collected in census-questionnaire
etc.

Itis not always possible for an investigator to collect data due to lack of time and resources.
In that case, he/her may use data collected by other governmental or private agency in the
form of published reports. They are called secondary data. Data may be primary for one
individual or agency but it becomes secondary for other using the same data.

Since these data are collected for a purpose other than that of the original investigators, the
user may lose some details or the data may not be all that relevant to his/her study. Therefore,
such data must be used with great care.

CHECK YOUR PROGRESS 24.1

1. Fillin the blanks with suitable word(s) so that the following sentences give the proper
meaning:

(a) Statistics, in singular sense, means the subject which deals with
analysis of data as well as drawing of meaningful from the data.

(b) Statistics is used, in a plural sense, meaning

(c) Thedataaresaidtobe if the investigator himself is responsible for
its collection.

(d) Datataken from governmental or private agencies in the form of published reports
are called data.

(e) Statistics is the science which deals with collection, organisation, analysis and
interpretation of the
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2. Javed wanted to know the size of shoes worn by the maximum number of persons in
alocality. So, he goes to each and every house and notes down the information on a
sheet. The data so collected is an example of data.

3. Tofind the number of absentees in each day of each class from I to XII, you collect the
information from the school records. The data so collected is an example of
data.

24.3 PRESENTATION OF DATA

When the work of collection of data is over, the next step to the investigator is to find ways

to condense and organise them in order to study their salient features. Such an arrangement
of data is called presentation of data.

Suppose there are 20 students in a class. The marks obtained by the students in a
mathematics test (out of 100) are as follows:

45, 56, 61, 56, 31, 33, 70, 61, 76, 56,
36, 59, 64, 56, 88, 28, 56, 70, 64, 74

The data in this form is called raw data. Each entry such as 45, 56 etc. is called a value
or observation. By looking at it in this form, can you find the highest and the lowest
marks? What more information do you get?

Let us arrange these numbers in ascending order:
28, 31, 33, 36, 45, 56, 56, 56, 56, 56,
59, 61, 61, 64, 64, 70, 70, 74, 76, 88 (D)

Now you can get the following information:
(a) Highest marks obtained : 88

(b) Lowest marks obtained : 28

(c) Number of students who got 56 marks: 5

(d) Number of students who got marks more than 60 : 9
The data arranged in the form (1) above, are called arrayed data.

Presentation of data in this form is time cousuming, when the number of observations is
large. To make the data more informative we can present these in a tabular form as shown
below:
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Marks in Mathematics of 20 students

Marks Number of Students
28 1
31
33
36
45
56
59
61
64
70
74
76
88

Total 20

—_ = = NN N = N = = =

This presentation of the data in the form of a table is an improvement over the arrangement
of numbers (marks) in an array, as it presents a clear idea of the data. From the table, we
can easily see that 1 student has secured 28 marks, 5 students have secured 56 marks, 2
students have secured 70 marks, and so on. Number 1, 1, 1, 1, 1, 5, 2, ....are called
respective frequencies of the observations (also called variate or variable) 28, 31, 33,
36, 45, 56, 70, ...

Such a table is claled a frequency distribution table for ungrouped data or simply
ungrouped frequency table.

Note: When the number of observations is large, it may not be convenient to find the
frequencies by simple counting. In such cases, we make use of bars (1), called tally
marks) which are quite helpful in finding the frequencies.

In order to get a further condensed form of the data (when the number of observation is
large), we classify the data into classes or groups or class intervals as below:

Step 1: We determine the range of the raw datai.e. the differenece between the maximum

and minimum observations (values) occurring in the data. In the above example
range is 88 — 28 = 60.

Step 2: We decide upon the number of classes or groups into which the raw data are to
be grouped. There is no hard and fast rule for determining the number of classes,
but generally there should not be less than 5 and not more than 15.

Step 3: We divide the range (it is 60 here) by the desired number of classes to determine
the approximate size (or width) of a class-interval.In the above example, suppose
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Step 6:

Step 7:
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60
we decide to have 9 classes. Than the size of each class is ? =T,

Next, we set up the class limits using the size of the interval determined in
Step 3. We make sure that we have a class to include the minimum as well as a
class to include the maximum value occurring in the data. The classes should be
non-overlapping, no gaps between the classes, and classes should be of the
same size.

We take each item (observation) from the data, one at a time, and put a tally
mark (I) against the class to which it belongs. For the sake of convenience, we
record the tally marks in bunches of five, the fifth one crossing the other four
diagonally as M,

By counting tally marks in each class, we get the frequency of that class. (obviously,
the total of all frequencies should be equal to the total number of observations in
the data)

The frequency table should be given a proper title so as to convey exactly what
the table is about.

Using the above steps, we obtain the following table for the marks obtained by 20 students.

Frequency Table of the marks obtained by 20 students in a mathematics test

Class Interval Tally Marks Frequency
(Marks out of 100)
28-34 Il 3
35-41 I 1
42-48 I 1
49-55 - 0
56-62 W 8
63-69 Il 2
70-76 IIf 4
77-83 - 0
84-90 1
Total 20

The above table is called a frequency distribution table for grouped data or briefly, a
grouped frequency table. The data in the above form are called grouped data.

In the above table, the class 28-34 includes the observations 28, 29, 30, 31, 32, 33 and
34; class 35-41 includes 35, 36, 37, 38, 39, 40 and 41 and so on. So, there is no
overlapping.
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For the class 28-34, 28 is called the lower class limit and 34, the upper class limit, and
SO on.

From this type of presentation, we can draw better conclusions about the data. Some of
these are.

(1) The number of students getting marks from 28 to 34 is 3.

(i) No students has got marks in the class 49-55, i.e., no students has got marks 49, 50,
51,52, 53, 54 and 55.

(i) Maximum number of students have got marks from 56 to 62 etc.

We can also group the same 20 observations into 9 groups 28-35, 35-42, 42-49, 49-56,
56-63, 63-70,70-77,77-84, 84-91 as shown in the following table.

It appears from classes 28-35 and 35-42, etc. that the observation 35 may belong to both
those classes. But as you know, no observation could belong simultaneously to two classes.
To avoid this, we adopt the convention that the common observation 35 belongs to the
higher class, 1.e. 35-42 (and not to 28-35). Similarly 42 belogs to 42-49 and so on. Thus,
class 28-35 contains all observations which are greater than or equal to 28 but less than
35, etc.

Frequency Table of the marks obtained by 20 students in a mathematics test

Class Interval Tally Marks Frequency
(Marks out of 100)
28-35 Il 3
35-42 I 1
42-49 I 1
49-56 - 0
56-63 LIl 8
63-70 Il 2
70-77 I1f 4
77-84 - 0
84-91 1
Total 20

Why do we prepare frequency distribution as given in the above table, it will be clear to
you from the next example.

Now let us consider the following frequency distribution table which gives the weight of 50
students of a class:
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Weight (in kg) Number of Students

31-35 10

Notes 36-40 7
41-45 15
45-50 4
51-55 2
56-60 3
61-65 4
66-70 3
71-75 2
Total 50

Suppose two students of weights 35.5 kg and 50.54 kg are admitted in this class. In which
class (interval) will we include them? Can we include 35.5 in class 31-35? In class 36-40?

No! The class 31-35 includes numbers upto 35 and the class 36-40, includes numbers
from 36 onwards. So, there are gaps in between the upper and lower limits of two
consecutive classes. To overcome this difficulty, we divide the intervals in such a way that
the upper and lower limits of consecutive classes are the same. For this, we find the
difference between the upper limit of a class and the lower limit of its succeeding class. We
than add half of this difference to each of the upper limits and subtract the same from each
of the lower limits. For example

Consider the classes 31-35 and 36-40
The lower limit of 36-40 1s 36

The upper limit of 31-351s 35

The difference =36 -35=1

1
So, half the difference = 5 =0.5

So, the new class interval formed from 31-351is (31 -0.5)-(35+0.5),1i.e.,30.5-35.5.
Similarly, class 36-40 will be (36 —0.5) — (40 + 0.5), i.e., 35.5 —40.5 and so on.

This way, the new classes will be

30.5-35.5, 35.5-40.5, 40.5-45.5, 45.5-50.5, 50.5-55.5, 55.5-60.5, 60.5-65.5,
65.5-70.5 and 70.5-75.5. These are now continuous classes.

Note that the width of the class is again the same, i.e., 5. These changed limits are called
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true class limits. Thus, for the class 30.5-35.5, 30.5 is the true lower class limit and
35.5 is the true upper class limit.

Can we now include the weight of the new students? In which classes?

Obviously, 35.5 will be included in the class 35.5-40.5 and 50.54 in the class 50.5-55.5 Notes
(Can you explain why?).

So, the new frequency distribution will be as follows:

Weight (in kg) Number of Students
30.5-35.5 10
35.5-40.5 8 = 35.5 included in the class
40.5-45.5 15
45.5-50.5 4
50.5-55.5 3 < 50.54 included in the class
55.5-60.5 3
60.5-65.5 4
65.5-70.5 3
70.5-75.5 2
Total 52

Note: Here, in the above case, we could have also taken the classes as 30-35, 35-40,
40-45, ..., 65-70 and 70-75.

Example 24.1: Construct a frequency table for the following data which give the daily
wages (in rupees) of 32 persons. Use class intervals of size 10.

110 184 129 141 105 134 136 176 155
145 150 160 160 152 201 159 203 146
177 139 105 140 190 158 203 108 129
118 112 169 140 185

Solution: Range of data =205 - 105 =98

Itis convenient, therefore, to have 10 classes each of size 10.
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Frequency distribution table of the above data is given below:

Frequency table showing the daily wages of 32 persons

Daily wages Tally Marks Number of persons
(in Rs.) or frequency
105-115 H( 5
115-125 I 1
125-135 Il 3
135-145 L 5
145-155 IIf 4
155-165 N 5
165-175 I 1
175-185 Il 3
185-195 Il 2
195-205 Il 3

Total 32
Example 24.2: The heights of 30 students, (in centimetres) have been found to be as follows:
161 151 153 165 167 154
162 163 170 165 157 156
153 160 160 170 161 167
154 151 152 156 157 160
161 160 163 167 168 158

(1) Represent the data by a grouped frequency distribution table, taking the classes as
161-165, 166-170, etc.

(i) What can you conclude about their heights from the table?

Solution:

(i) Frequency distribution table showing heights of 30 students

Height (in cm) Tally Marks Frequency
151-155 111l 7
156-160 {1l 9
161-165 111l 8
166-170 [ 6

Total 30

(i) One conclusion that we can draw from the above table is that more than 50% of the

students (i.e., 16) are shorter than 160 cm.
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CHECK YOUR PROGRESS 24.2
1. Give an example of a raw data and an arrayed data. Notes

N

Heights (in cm) of 30 girls in Class IX are given below:
140 140 160 139 153 146 151 150 150 154
148 158 151 160 150 149 148 140 148 153
140 139 150 152 149 142 152 140 146 148

Determine the range of the data.

het

Differentiate between a primary data and secondary data.

>

30 students of Class IX appeared for mathematics olympiad. The marks obtained by
them are given as follows:

46 31 74 68 42 54 14 93 72 53
59 38 16 88 27 44 63 43 81 64
77 62 53 40 71 60 8 68 50 58

Construct a grouped frequency distribution of the data using the classes 0-9, 10-19
etc. Also, find the number of students who secured marks more than 49.

e

Construct a frequency table with class intervals of equal sizes using 250-270 (270 not
included) as one of the class interval for the following data:

268 230 368 248 242 310 272 342
310 300 300 320 315 304 402 316
406 292 355 248 210 240 330 316
406 215 262 238

6. Following is the frequency distribution of ages (in years) of 40 teachers in a school:

Age (in years) Number of teachers
25-31 12
31-37 15
37-43 7
43-49
49-55 1
Total 40

(1) Whatis the class size?
(i) Whatis the upper class limit of class 37-43?
(i) What is the lower class limit of class 49-55?
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24.4 CUMULATIVE FREQUENCY TABLE

Consider the frequency distribution table:

Weight (in kg) Number of Students
30-35 10
35-40 7
40-45 15
45-50 4
50-55 2
55-60 3
60-65 4
65-70 3
70-75 2
Total 50

Now try to answer the following questions:

(1) How many students have their weights less than 35 kg?

(i) How many students have their weights less than 50 kg?

(1) How many students have their weights less than 60 kg?

(iv) How many students have their weights less than 70 kg?

Let us put the answers in the following way:

Number of students with weight:

Less than 35 kg
Less than 40 kg
Less than 45 kg
Less than 50 kg
Less than 55 kg
Less than 60 kg
Less than 65 kg
Less than 70 kg
Less than 75 kg

From the above, it is easy
41 and 48 respectively.

10

(10)+7=17

(10+7)+15=32
(10+7+15)+4=36
(10+7+15+4)+2 =38
(10+7+15+4+2)+3=41
(10+7+15+4+2+3)+4=45
(10+7+15+4+2+3+4)+3=48
(10+7+15+4+24+3+4+3)+2=50

to see that answers to questions (i), (ii), (iii) and (iv) are 10, 36,

The frequencies 10, 17, 32, 36, 38,41, 48, 50 are called the cumulative frequencies of

the respective classes. Ob

viously, the cumulative frequency of the lastclass, i.e., 70-75 is

50 which is the total number of observations (Here it is total number of students).
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In the table under consideration, if we insert a column showing the cumulative frequency of
each class, we get what we call camulative frequency distribution or simply cumulative
frequency table of the data.

Cumulative Frequency Distribution Table

MODULE - 6

Statistics

Weight (in kg) | Number of students (frequency) | Cumulative frequency

0-35 10 10
35-40 7 17
40-45 15 32
45-50 4 36
50-55 2 38
55-60 3 41
60-65 4 45
65-70 3 48
70-75 2 — 5
Total 50 <

Example 24.3: The following table gives the distribution of employees residig in a locality
into different income groups

Income (per week) (in ) Number of Employees

0-1000 12
1000-2000 35
2000-3000 75
3000-4000 225
4000-5000 295
5000-6000 163
6000-7000 140
7000-8000 55

Total 1000

Form a cumulative frequency table for the data above and answer the question
given below.

How many employees earn less than
(1)%2000?  (i1))T5000?  (iii) T 8000 (per week)?

Solution: Cumulative frequency table of the given distribution is given below:
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Cumulative Frequency Table
Income (per week) Number of Employees Cumulative
(in%) (frequency) frequency
Notes 0-1000 12 1
1000-2000 35 47
2000-3000 75 122
3000-4000 225 347
4000-5000 295 642
5000-6000 163 805
6000-7000 140 945
7000-8000 55 | ___—>»1000
Total 1000 <

From the above table, we see that:

(i) Number of employees earning less than I 2000 =47
(i) Number of employees earning less than ¥ 5000 = 642
(iii) Number of employees earning less than ¥ 8000 = 1000

CHECK YOUR PROGRESS 24.3

1. Construct acumulative frequency distribution for each of the following distributions:

@) | Classes Frequency i) | Classes Frequency
1-5 4 0-10 3
6-10 6 10-20 10
11-15 10 20-30 24
16-20 13 30-40 32
21-25 6 40-50 9
26-30 2 50-60 7

2. Construct a cumulative frequency distribution from the following data:

Heights (incm)[ 110-120 | 120-130 | 130-140| 140-150 | 150-160 | Total

Number of 14 30 60 42 14 160
students

How many students have their heights less than 150 cm?
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24.5 GRAPHICAL REPRESENTATION OF DATA

24.5.1 Bar Charts (Graphs)

Earlier, we have discussed presentation of data by tables. There is another way to present Notes

the data called graphical representation which is more convenient for the purpose of
comparison among the individual items. Bar chart (graph) is one of the graphical
representation of numerical data. For example Fig 24.1 represents the data given in the
table regarding blood groups.

Blood groups of 35 students in a class

Blood Group Number of students
A 13
B 9
AB 6
O 7
Total 35

We can represent this data by Fig. 24.1

14
13 <
12 4
11 4
é 10 <
9 4
E 5
299
I
s 44
Z 3
2 4
1 4
0 T
A B AB (6]
Blood Group
Fig. 24.1

This is called a bar chart or bar graph.

Bars (rectangles) of unifoirm width are drawn with equal spaces in between them, on the
horizontal axis-called x-axis. The heights of the rectangles are shown along the vertical
axis-called y-axis and are proportional to their respective frequencies (number of students).
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The width of the rectangle has no special meaning except to make it pictorially more
attractive. If you are given the bar chart as Fig. 24.1 what can you conclude from it?

You can conclude that

(i) The number of students in the class having blood group A is the maximum.
(@i)) The number of students in the class having blood group AB is the minimum.

Bar graphs are used by economists, businessmen, medical journals, government departments
for representing data.

Another form of the bar graph shown in Fig. 24.2, is the following where blood groups of
the students are represented along y-axis and their frequencies along x-axis.

©)

-

Blood Group

>

i

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Number of Students
Fig. 24.2

There is not much difference between the bar graphs in Fig. 24.1 and Fig. 24.2 except that
itdepends upon the person’s liking to represent data with vertical bars or with horizontal
bars. Generally vertical bar graphs are preferred.

Example 24.4: Given below (Fig. 24.3) is the bar graph of the number of students in
Class IX during academic years 2001-02 to 2005-06. Read the bar graph and answer the
following questions:

(1) Whatis the information given by the bar graph?
@) In which year is the number of students in the class, 2507
(i) State whether true or false:

The enrolment during 2002-03 is twice that of 2001-02.
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350
300 A
£ 250 -
%)
=
=)
7 200
=
(=}
5 150 -
=
E
7z 100
50 +
0 T T T T
2001-02 2002-03 2003-04 2004-05 2005-06
Academic Year
Fig. 24.3
Solution:

(1) The bar graph represents the number of students in class IX of a school during academic

year 2001-02 to 2005-06.

(i) In2003-04, the number of students in the class was 250.

(i) Enrolment in 2002-03 =200
Enrolment in 2001-02 =150

200 _4_,1_,
150 3 3

Therefore, the given statement is false.

Example 24.5: The bar graph given in Fig. 24.4 represents the circulation of newspapers
in six languages in a town (the figures are in hundreds). Read the bar graph and answer the

following questions:

(1) Find the total number of newspapers read in Hindi, English and Punjabi.

(i) Find the excess of the number of newspapers read in Hindi over those of Urdu, Marathi

and Tamil together.

(1) In which language is the number of newspapers read the least?

(iv) Write, in increasing order, the number of newspapers read in different languages.
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800

700 ~
600 -
500 +
400 ~
300 -
200 -
100 - I
N i

Enghsh Hindi Pun] abi  Urdu Marathi  Tamil

Newspapers (in hundred’s)

Language

Fig. 24.4
Solution:

(1) Number of newspapers (in hundreds) read in Hindi, English and
Punjabi = 800 + 700 + 400 = 1900

(i) Number of newspapers (in hundreds) read in Hindi = 800

Number of newspapers (in hundreds) in Urdu,
Marathi and Tamil = 200 + 300 +100 = 600

So, difference (in hundreds) = 800 — 600) =200
(1) In Tamil, the number of newspapers read is the least.
(@iv) Tamil, Urdu, Marathi, Punjabi, English, Hindi
Construction of Bar Graphs

We now explain the construction of bar graphs through examples:

Example 24.6: The following data give the amount of loans (in crores of rupees) given by
a bank during the years 2000 to 2004

Year Loan (in crores of rupees)
2000 25
2001 30
2002 40
2003 55
2004 60
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Construction a bar graph representing the above information.

Solution:

Step 1: Take a graph paper and draw two perpendicular lines and call them horizontal | Notes
and vertical axes (Fig. 24.5)

Step 2:  Along the horizontal axis, represent the information ‘years’ and along the vertical
axis, represent the corresponding ‘loans (in crores of rupees)’.

Step 3:  Along the horizontal axis, choose a uniform (equal) width of bars and a uniform
gap between them, according to the space available.

Step 4:  Choose a suitable scale along the vertical axis in view of the data given to us.
Let us choose the scale:
1 unit of graph paper = 10 crore of rupees for the present data.

Step 5:  Calculate the heights of the bars for different years as given below:

1
2000 : 10 X 25 =2.5 units

1 .
2001 : E x 30 = 3 units

1 :
2002:: 75 x 40'=4 units

1 .
2003 : E X 55 =5.5 units

1 .
2004 - E X 60 = 6 units

Step 6: Draw five bars of equal width and heights obtained in Step 5 above, the
corresponding years marked on the horizontal axis, with equal spacing between
them as shown in Fig. 24.5.
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Bar graph of loans (in crores of rupees) given by a bank during the
years 2000 to 2004

70

Notes
60

50
40
30
20
10 4
0 T T T T

2000 2001 2002 2003 2004

Loan(in crores of rupees)

Years

Fig. 24.5
Thus, Fig. 24.5 gives the required bar graph.

Example 24.7: The data below shows the number of students present in different classes

on a particular day.
Class VI VI VIII X X
Number of students present | 40 45 35 40 50

Represent the above data by a bar graph.
Solution: The bar graph for the above data is shown in Fig. 24.6.

VI VII VIIL IX X

Classes

(=)
S

n
S
1

N
S
1

[\
S
1

Number of students present
S S
1 1

(=]

Fig. 24.6
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Example 24.8: A survey of 200 students of a school was done to find which activity they
prefer to do in their free time and the information thus collected is recorded in the following
table:

Preferred activity Number of students Notes

Playing 60

Reading story books 45

Watching TV 40

Listening to music 25

Painting 30

Draw a bar graph for this data.

Solution: The bar graph representing the above data is shown in Fig. 24.7 below:

60
55
50 -
45 |

40 H
35 A
30 A
25 A
20 A
15 1
10 -1
5
0 T T T T

Playing Reading story Watching TV~ Listening to Painting

Number of students —3

books music

Preferred activity — 3

Fig. 24.7

CHECK YOUR PROGRESS 244

1. Fillin the blanks:

(i) A bar graph is a graphical representation of numerical data using of
equal width.

(i) Inabar graph, bars are drawn with spaces in between them.

(i) In abar graph, heights of rectangles are to their respective frequencies.

2. The following bar graph shows how the members of the staff of a school come to
school.
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Mode of transport of school staff

Number of staff members —3

Bus Car Bicycle Foot
Mode of transport ——3

Fig. 24.8
Study the bar graph and answer the following questions:
(1) How many members of staff come to school on bicycle?
(i) How many member of staff come to school by bus?
(i) What is the most common mode of transfport of the members of staft?

3. The bar graph given below shows the number of players in each team of 4 given
games:

Volleyball

Table Tennis

L

Games —»

Basket ball

Number of players — 3,

Fig. 24.9
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Read the bar graph and answer the following questions:

(1) How many players play in the volley ball team?

(i) Which game is played by the maximum number of players?

(i) Which game is played by only 3 players?

4. The following bar graph shows the number of trees planted by an agency in different

MODULE - 6

Statistics

years:
1600
T 1400 -
= 1200 -
&
S 1000 -
=
3 800 4
g
<= 600
5
.g 400 -
0 = T T T T T
2003 2004 2005 2006 2007
Years — 3
Fig. 24. 10

Study the above bar graph and answer the following questions:

(1) Whatis the total number of trees planted by the agency from 2003 to 2008?

(@i)) In which year is the number of trees planted the maximum?

@ii1) In which year is the number of trees planted the minimum?

(@iv) In which year, the number of trees planted is less than the number of trees planted in

the year preceding it?
5. The expenditure of a company under different heads (in lakh of rupees) for a year is
given below:
Head Expenditure (in lakhs of rupees)
Salary of employees 200
Travelling allowances 100
Electricity and water 50
Rent 125
Others 150

Construct a bar chart to represent this data.
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24.5.2 Histograms and Frequency Polygons

Earlier, we have learnt to represent a given information by means of a bar graph. Now, we
will learn how to represent a continuous grouped frequency distribution graphically. A
continuous grouped frequency distribution can be represented graphically by a histogram.

A histogram is a vertical bar graph with no space between the bars.
(i) The classes of the grouped data are taken along the horizontal axis and
(i) the respective class frequencies on the vertical axis, using a suitable scale on each axis.

(i) For each class arectangle is constructed with base as the width of the class and height
determined from the class frequencies. The areas of rectangles are proportional to the
frequencies of their respective classes.

Let us illustrate this with the help of examples.

Example 24.9: The following is the frequency distribution of marks obtained by 20 students
in a class test.

Marks obtained 20-30 30-40 | 40-50 | 50-60 60-70 | 70-80
Number of students 1 3 1 6 4 5
Draw a histogram for the above data.

Solution: We go through the following steps for drawing a histogram.

Step 1: On a graph paper, draw two perpendicular lines and call them as horizontal and
vertical axes.

Step 2: Along the horizontal axis, we take classes (marks) 20-30, 30-40, ... (Here each is
of equal width 10)

Step 3: Choose a suitable scale on the vertical axis to represent the frequencies (number
of students) of classes.

Step 4: Draw the rectangles as shown in Fig. 24.11.

Number of students —»
el

20 30 40 50 80 70 80
Marks —5p
Fig. 24.11
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Fig. 24.11 shows the histogram for the frequency distribution of marks obtained by 20
students in a class test.

Example 24.10: Draw a histogram for the following data:

Statistics

MODULE - 6

Height 125-130 | 130-135 [135-140 | 140-145|145-150 [150-155 [{155-160
(in cm)

Number of 1 2 3 5 4 3 2
students

Solution: Following the steps as suggested in the above example, the histogram representing
the given data is given below:

I

1 1

: .

=

2 21

5

z 14

0725 130 135 140 145 150 155 160
Height (in cm) —»
Fig. 24.12
Frequency Polygon

There is yet another way of representing a grouped frequency distribution graphically. This
is called frequency polygen. To see what we mean, consider the histogram in Fig. 24.13.

Number of students ——p
el

20 30 40 50 80 70 80
Marks —»

Fig. 24.13
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Let B, C, D, E, F and G be the mid points of the tops of the adjacent rectangles
(Fig.24.13).Join Bto C,Cto D, D to E, E to F and F to G by means of line segments (dotted).

To complete the polygon, join B to A (the mid point of class 10-20) and join G to H (the
mid point of the class 80-90).

Thus, AB C D EF G H s the frequency polygon representing the data given in Example 24.9

Note: Although, there exists no class preceding the lowest class and no class succeeding
the highest class, we add the two classes each with zero frequency so that we can make
the area of the frequency polygon the same as the area of the histogram.

Example 24.11: Draw a frequency polygon for the data in Example 24.12.

Solution: Histogram representing the given data is shown in Fig. 24.12. For frequency
polygon, we follow the procedure as given above. The frequency polygen ABCDEFGHI
representing the given data is given below:

Number of students —»

125 130 135 140 145 150 155 160

Height (in cm)

Fig. 24.14 —>

Example 24.12: Marks (out of 50) obtained by 30 students of Class IX in a mathematics
test are given in the following table:

Marks 0-10 10-20 20-30 | 30-40 | 40-50
Number of students 5 8 6 7 4

Draw a frequency polygon for this data.
Solution: Let us first draw a histogram for this data (Fig. 24.15)

Mark the mid points B, C, D, E and F of the tops of the rectangles as shown in Fig. 24.15.
Here, the first class is 0-10. So, to find the class preceding 0-10, we extend the horizontal
axis in the negative direction and find the mid point of the imaginary class (—10)-0. Let us
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/\ N E
7 g Ny 470N
6 1 / ~ \ Notes
/
5 7 \ _
4q/ \\
/
34 A \
) I
7 \
/11 \
[ H \ G
0 10 20 30 40 50 60
Marks —>
Fig. 24.15

join B to the mid point of the class (015010)-0. Let A be the mid point where this line
segment meets the vertial axis. Let G be the mid point of the class 50-60 (succeeding the
last class). Let the line segment FG intersects the length of the last rectangle at I (Fig.
24.15). Then OABCDEFIH is the required frequency polygen representing the given
data.

Note: Why have we not taken the points before O and G? This is so because marks
obtained by the students cannot go below 0 and beyond maximum marks 50. In the figure,
extreme line segments are only partly drawn and then brought down vertically to O and 50.

Frequency polygon can also be drawn independently without drawing histogram. We will
illustrate it through the following example.

Example 24.13: Draw a frequency polygon for the data given in Example 24.9, without
drawing a histogram for the data.

Solution: To draw a frequency polygon without drawing a histogram, we go through the
following steps.

Step 1: Draw two lines perpendicualar to each other.

Step 2: Find the class marks of the classes.

Here th 20430 30+40 40+50 50+60 6O+7Oand70+80
ere they are: S R >

i.e. the class marks are 25, 35, 45, 55, 65 and 75 respectively.

Step 3: Plot the points B (25, 1), C(35, 3), D(45, 1), E(55, 6), F(65, 4) and G(75, 5),
i.e., (class mark, frequency)

Step 4: Join the points B, C, D, E, F and G by line segments and complete the polygon
as explained earlier.
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The frequency polygon (ABCDEFGH) is given below:
- E (55, 6)
Notes
G (75, 5)
5 -
I $ F (65, 4)
5 4 C (35, 3)
g
&
2
! B (25, 1) D (45, 1)
0 \
20 30 40 50 60 70 80
Marks —» )
Fig. 24.16
Reading a Histogram
Consider the following example:
Example 24.14: Study the histogram given below and answer the following questions:
8 -
7 -
0
g 61
£
& 51
2
S 47
B 3-
£
2 21
1 -
0 -
20 25 30 35 40 45 50 55
Ages (in years) —>»
Fig. 24.17
(i) Whatis the number of teachers in the oldest and the youngest group in the school?
(i) Inwhichage group is the number of teachers maximum?
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(iii) In which age group is the number of teachers 4?
(@iv) In which two age groups, the number of teachers is the same?
Solution:
Notes

(1) Number of teachers in oldest and youngest group=3+2=5

(i) Number of teachers is the maximum in the age group 35-40.

@iii) In the age group 30-35, the number of teachers is 4.

(iv) Number of teachers is the same in the age groups 25-35 and 40-45. It is 4 in each group.

In age groups 20-25 and 50-55, the number of teachers is same i.e., 2

CHECK YOUR PROGRESS 24.5

1.

Fill in the blanks:
(1) Inahistogram, the class intervals are generally taken along
(i) Ina histogram, the class frequencies are generally taken along

@ii1) In a histogram, the areas of rectangles are proportional to the of the
respective classes.

(iv) A histogram is a graphical representation of a

The daily earnings of 26 workers are given below:

Daily earnings | 150-200 | 200-250 | 250-300 | 300-350 | 350-400
(in%)

Number of 4 8 5 6 3
workers

Draw a histogram to represent the data.

Draw a frequency polygon for the data in Question 2 above by

(1) drawing ahistogram

(ii) withoutdrawing a histogram

Observe the histogram given below and answer the following questions:
(i) Whatinformation is given by the histogram?

(@) Inwhich class (group) is the number of students maximum?

(i) How many students have the height of 145 cm and above?

(iv) How many students have the height less than 140 cm?
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(v) How many students have the height more than or equal to 140 but less than 155?

Number of students —>»
1] (7] £ [4.] -] b | [--]

—
L

130 135 140 145 150 155 160 165 177
Height (in cm) —>»

Fig. 24.18

@m

Statistics is that branch of mathematics which deals with collection, organisation, analysis
and interpretation of data.

Statistics is used in both plural and singular sense.
The data collected from the respondents “as itis” is called raw data.

Data are said to be primary if the investigator himself collects it through his/her own
designed tools.

Data taken from other sources such as printed reports, and not collected by the
experimenter himself, is called secondary data.

The raw data arranged in ascending or decending order is called “arrayed data”.

When the arrayed data are arranged with frequencies, they are said to form a frequency
table for ungrouped data or a ungrouped frequency distribution table.

When the data are divided into groups/classes, they are called grouped data.

The difference between the maximum and minimum observations occuring in the data
is called the range of the raw data.

The number of classes have to be decided according to the range of the data and size
of class.
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e Inaclasssay 10-15, 10is called the lower limit and 15 is called the upper limit of the
class.
e The number of observations in a particualr class is called its frequency and the table
showing classes with frequencies is called a frequency table. Notes

e Sometimes, the classes have to be changed to make them continuous. In such case,
the class limits are called true class limits.

e The total of frequency of a particular class and frequencies of all other classes preceding
that class is called the cumulative frequency of that class.

e The table showing cumulative frequencies is called cumulative frequency table.

e Abar graph is a graphical representation of the numerical data by a number of bars
(rectangles) of uniform width, erected horizontally or vertically with equal space between
them.

e A histogram is a graphical representation of a grouped frequency distribution with
continuous classes. In a histogram, the area of the rectangles are proportional to the
corresponding frequencies.

e A frequency polygon is obtianed by first joining the mid points of the tops of the
adjacent rectangles in the histogram and then joining the mid point of first rectangle to
the mid point of the class preceding the lowest class and the the last mid point to the
mid point of the class succeeding the highest class.

e A frequency polygon can also be drawn independently without drawing a histogram
by using the class marks of the classes and respective frequencies of the classes.

H TERMINAL EXERCISE

1. Fillin the blanks by appropriate words/phrases to make each of the following statements
true:

(1)  When the data are condensed in classes of equal size with frequencies, they are
called data and the table is called table.

()  When the class limits are adjusted to make them continuous, the class limits are
renamed as

(i) The number of observations falling in a particular class is called its

@iv) The difference between the upper limit and lower limit of a class is called

(v)  The sum of frequencies of a class and all classes prior to that class is called
frequency of that class.
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(vi) Class size = Difference between and of the class.

(vii) The raw data arranged in ascending or descending order is called an
data.

(viii) The difference between the maximum and minimum observations occuring in the
datais called the of the raw data.

. The number of TV sets in each of 30 households are given below:

1,2,2,4,2,1,1,1,2,1,3,1,1, 1, 3
1,2,2,1,2,0,3,3,1,2,1,,10,1, 1

Construct a frequency table for the data.

. The number of vehicles owned by each of 50 families are listed below:

2,1,2,1,1,1,2,1,2,1,0, 1,1, 2,3, 1, 1, 1,
2,2,1,1,3,1,1,2,1,0,1,2,1,2,1, 1,4, 1
3,1,1,1,2,2,2,2,1,1,3,2, 1,2

Construct a frequency distribution table for the data.

. The weight (in grams) of 40 New Year’s cards were found as:

104 6.3 87 1.3 88 9.1 6.7 1.1 140 122
113 94 86 7.1 8.4 10.0 9.1 8.8 10.3  10.2
7.3 86 9.7 109 136 98 89 92 10.8 9.4
62 88 94 99 10.1 114 11.8 11.2 10.1 83

Prepare a grouped frequency distribution using the class 5.5-7.5,7.5-9.5 etc.

. The lengths, in centimetres, to the nearest centimeter of 30 carrots are given below:

15 21 20 10 18 18 16 18 20 20
18 16 13 15 15 16 13 14 14 16
12 15 17 12 14 15 13 11 14 17

Construct a frequency table for the data using equal class sizes and taking one class as
10-12 (12 excluded).

. The following is the distribution of weights (in kg) of 40 persons:
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Weight Number of persons
40-45 4
45-50 S Notes
50-55 10
55-60 7
60-65 6
65-70 8
Total 40
(i) Determine the class marks of the classes 40-45, 45-50 etc.
(i) Constructacumulative frequency table.
7. The class marks of a distribution and the corresponding frequencies are given below:
Class marks 5 15 25 35 45 55 65 75
Frequency 2 6 10 15 12 8 5 2
Determine the frequency table and construct the cumulative frequency table.
8. Forthe following frequency table
Classes Frequency
15-20 2
20-25 3
25-30 5
30-35 7
35-40 4
40-45 3
45-50 1
Total 25
(i) Write the lower limit of the class 15-20.
(i) Write the class limits of the class 25-30.
(i) Find the class mark of the class 35-40.
(@iv) Determine the class size.
(v) Form a cumulative frequency table.
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Marks Number of students
Below 20 15
Below 40 24
Below 60 29
Below 80 34
Below 100 50

Form a frequency table from the above data.

9. Given below is a cumulative frequency distribution table showing marks obtained by

10. Draw a bar graph to represent the following data of sales of a shopkeeper:

Day

Monday

Tuesday

Wednesday

Thursday

Friday

Saturday

Sales (in )

16000

18000

17500

9000

85000

16500

11. Study the following bar graph and answer the following questions:

Number of students in a class —>»

M w a w (#2] =~ (o2}
L L L i

Mon Tue Wed Thu Fri Sat Sun

Day of birth —>»

(1) Whatis the information given by the bar graph?

Fig. 24.19

(i) On which day is number of students born the maximum?

(i) How many more students were born on Thursday than that on Tuesday.

(iv) What is the total number of students in the class?
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12. The times (in minutes) taken to complete a crossword at a competition were noted

for 50 competitors are recorded in the following table:

Time (in minutes) Number of competitors
20-25 8
25-30 10
30-35 9
35-40 12
40-45 6
45-50 5

(i) Construct a histogram for the data.

(i) Construct a frequency polygon.

13. Construct a frequency polygon for tha data in question 12 without drawing a histogram.

14. The following histogram shows the number of literate females in the age group 10 to

40 (in years) in a town:

MODULE - 6
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—>

Number of literate females

700 -
600 |
500 -
400 -
300 -
200 A
100 A

04

10 15 20 25 30 35
Agegroup

40

Fig. 24.20

Study the above histogram and answer the following questions:

(1) What was the total number of literate females in the town in the age group 10 to 40?

(i) In which age group, the number of literate females was the highest?

(ii1) In which two age groups was the number of literate females the same?
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(iv) State true or false:

The number of literate females in the age group 25-30 is the sum of the numbers of
literate females in the age groups 20-25 and 35-40.

Write the correct option:
15. The sum of the class marks of the classes 90-120 and 120-1501s
(A)210 (B) 220 (C) 240 (D)270
16. The range of the data
28,17, 20, 16, 19, 12, 30, 32, 10 is
(A)22 (B) 28 (C) 30 (D) 32
17. In afrequency distribution, the mid-value of a class is 12 and its width is 6. The lower
limit of the class is:
(A)6 B)9 ©) 12 (D) 18
18. The width of each of five continuous classes in a frequency distribution is 5 and the
lower limit of the lowest (first) class is 10. The upper limit of the highest (last) class is
(A) 15 (B)20 (C) 30 (D) 35
19. The class marks (in order) of a frequency distribution are 10, 15, 20, .... The class

20.

corresponding to the class mark 15 is

(A) 11.5-18.5 (B) 17.5-22.5
(C) 12.5-17.5 (D) 13.5-16.5
For drawing a frequency polygon of a continuous frequency distribution, we plot the

points whose ordinates are the frequencies of the respective classes and abcissae are

respectively:
(A) class marks of the classes (B) lower limits of the classes

(C) upper limits of the classes (D) upper limits of preceding classes
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A
{ ANSWERS TO CHECK YOUR PROGRESS
24.1 Notes
1. (a)Classification, organisation, inferences  (b) numerical data
(c) primary (d) secondary

(e) numerical data
2. Primary 3. Secondary

24.2

2. 21lcm

4 | Marks Number of students 5. [Class interval Frequency
0-10 1 210-230 2
10-19 2 230-250 5
20-29 1 250-270 2
30-39 2 270-290 2
40-49 5 290-310 4
50-59 6 310-330 6
60-69 6 330-350 2
70-79 4 350-370 2
80-89 2 370-390 0
90-99 1 390-410 3
Total 30 Total 25

19 students secured more than 49 marks.

6. (A6 (b) 43 (c) 49
24.3
1. @) Classes Frequency Cumulative frequency
1-5 4 4
6-10 6 10
11-15 10 20
16-20 13 33
21-25 6 39
26-30 2 > 4l
Total 41«
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(i) Classes Frequency Cumulative frequency
0-10 3 3
Notes 10-20 10 13
20-30 24 37
30-40 32 69
40-50 9 78
50-60 7 - 85
Total 85 «
2. Heights (in cm)| Number of students [(Cumulative frequency
110-120 14 14
120-130 30 44
13-140 60 104
140-150 42 146
150-160 14 160
Total 160
140 students have heights less than 150.
24.4
1. (i)bars (i) equal (iii) proportional
2. ()2 (i) 6 (iii) Bus
3. ()6 (ii) Football ~ (iii) Table tennis
4. (1)5900  (i1) 2007 (iii) 2003 (iv) 2008
24.5

1. (i) Horizontal axis
(i1) Vertical axis

(111) Frequency

(iv) Continuous grouped frequency distribution

2. (i) Heights (in cm) of students

(ii) 145-150
(iii) 15
(iv)4

)13

630
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[ ]
II ANSWERS TO TERMINAL EXERCISE

1. (i) group, frequency table

N

&

6.

(iii) frequency

(i1) true limits

(iv) class size

MODULE - 6
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(v) cumulative frequency (vi) upper limt, lower limit
(vii) arrayed (vii) range
Number of Number of 3.  |Numbre of Number of
TV sets hours vehicles families
0 2 0 2
1 15 1 27
2 2 16
3 4 3 4
4 1 4 1
Total 30 Total 50
Weights Number of 5. Length Number of
(in grams) cards (incm) carrots
5.5-7.5 6 10-12 2
7.5-9.5 15 12-14 5
9.5-11.5 15 14-16 9
11.5-13.5 2 16-18 6
13.5-15.5 2 18-20 4
Total 40 20-22 4
Total 30
(1)42.5
(i) [Weight(inkg) | Number of persons |(Cumulative frequency
40-45 4 4
45-50 5 9
50-55 10 19
55-60 26
60-65 32
65-70 ___—>40
Total 40
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7. Class interval Frequency Cumulative frequency
0-10 2 2
Notes 10-20 6 8

20-30 10 18
30-40 15 33
40-50 12 45
50-60 8 53
60-70 5 58
70-80 2 > 60
Total 60

8. ()15 (i1) Lower limit : 25, Upper limit: 30
(iii)37.5 (iv)5

@v) | Classes Frequency |Cumulative frequency
15-20 2 2
20-25 3 5
25-30 5 10
30-35 7 17
35-40 4 21
40-45 3 24
45-50 1 P
Total 25
9. Marks No. of students (frequency

0-20 15

20-40

40-60

60-80

80-100 16

10. (i) Days of birth of the students in a class

(i1) Saturday

632 Mathematics Secondary Course




Data and their Representations MODULE - 6

Statistics
(iii) 1
@iv) 31
11. 1) 2250 (it) 25-30
(ii1) 10-15 and 30-35 (iv) True
12. (C)
13. (A)
14. (B)
15. (D)
16. (C)
17. (A)

Notes
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MEASURES OF CENTRAL TENDENCY

In the previous lesson, we have learnt that the data could be summarised to some extent
by presenting it in the form of a frequency table. We have also seen how data were
represented graphically through bar graphs, histograms and frequency polygons to get
some broad idea about the nature of the data.

Some aspects of the data can be described quantitatively to represent certain features of
the data. An average is one of such representative measures. As average is a number of
indicating the representative or central value of the data, it lies somewhere in between the
two extremes. For this reason, average is called a measure of central tendency.

In this lesson, we will study some common measures of central tendency, viz.
(i) Arithmetical average, also called mean

(i) Median

(i) Mode

After studying this lesson, you will be able to
e define mean of raw/ungrouped and grouped data;

e calculate mean of raw/ungrouped data and also of grouped data by ordinary
and short-cut-methods;

e define median and mode of raw/ungrouped data;

e calculate median and mode of raw/ungrouped data.

25.1 ARITHMETIC AVERAGE OR MEAN

You must have heard people talking about average speed, average rainfall, average height,
average score (marks) etc. If we are told that average height of students is 150 cm, it does
not mean that height of each student is 150 cm. In general, it gives a message that height of

Mathematics Secondary Course




Measures of Central Tendency

students are spread around 150 cm. Some of the students may have a height less than it,
some may have a height greater than it and some may have a height of exactly 150 cm.

25.1.1 Mean (Arithmetic average) of Raw Data

To calculate the mean of raw data, all the observations of the data are added and their sum
is divided by the number of observations. Thus, the mean of n observations x , x, ....x_is

X X, +. X,

n

Itis generally denoted by x . so

X+ X, +t X,

x:

= = m

where the symbol “X” is the capital letter ‘SIGMA’ of the Greek alphabet and is used to
denote summation.

To economise the space required in writing such lengthy expression, we use the symbol 2,
read as sigma.

In Z X; ,1 is called the index of summation.

i=1
Example 25.1: The weight of four bags of wheat (in kg) are 103, 105, 102, 104. Find the
mean weight.

103+105+102+104

Solution: Mean weight (x ) = 4 kg

414
=, ke=1035kg

Example 25.2: The enrolment in a school in last five years was 605, 710, 745, 835 and
910. What was the average enrolment per year?

Solution: Average enrolment (or mean enrolment)

605+710+745+835+910 _ 3805
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Example 25.3: The following are the marks in a Mathematics Test of 30 students of
Class IX in a school:

40 73 49 83 40 49 27 91 37 31

91 40 31 73 17 49 73 62 40 62

49 50 80 35 40 62 73 49 31 28
Find the mean marks.

Solution: Here, the number of observation (n) = 30

x, =40, x,=73, ........ , X, =31
x, =41, x,=40, ... s X, = 62
x, =49, x, =50, ......... s Xy, =28

From the Formula (I), the mean marks of students is given by

30
a1 ;xt‘_ 40+73+...+28 1455
ean=(x)= P 30 30

=48.5

Example 25.4: Refer to Example 25.1. Show that the sum of x — X, X,— X, X,— X and
X,~ X 18 0, where x’s are the weights of the four bags and x is their mean.

Solution:  x—x =103 -103.5=-0.5,x~ 5 = 105-103.5= 1.5
X~ %=102-1035=~15,x~ = 104-103.5=0.5
S0, (= %) + (- %) + (¢~ T) + (6~ T)=—-05+ 1.5+ (-1.5)+0.5=0

Example 25.5: The mean of marks obtained by 30 students of Section A of Class X is
48, that of 35 students of Section B is 50. Find the mean marks obtained by 65 students
in Class X.

Solution: Mean marks of 30 students of Section A =48

So, total marks obtained by 30 students of Section A =30 x 48 = 1440
Similarly, total marks obtained by 35 students of Section B =35 x 50 =1750
Total marks obtained by both sections = 1440 + 1750 = 3190

3190
Mean of marks obtained by 65 students = 5 49.1 approx.

Example 25.6: The mean of 6 observations was found to be 40. Later on, it was detected
that one observation 82 was misread as 28. Find the correct mean.
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Solution: Mean of 6 observations =40
So, the sum of all the observations = 6 x 40 =240
Since one observation 82 was misread as 28, Notes

therefore, correct sum of all the observations =240 —28 + 82 =294

294

Hence, correct mean = ? =49

CHECK YOUR PROGRESS 25.1

1. Write formula for calculating mean of n observations x  , x, ..., x .

n

2. Find the mean of first ten natural numbers.

3. The daily sale of sugar for 6 days in a certain grocery shop is given below. Calculate
the mean daily sale of sugar.

Monday Tuesday | Wednesday | Thursday Friday Saturday
74 kg 121 kg 40 kg 82 kg 70.5kg | 130.5kg

4. The heights of 10 girls were measured in cm and the results were as follows:
142, 149, 135, 150, 128, 140, 149, 152, 138, 145
Find the mean height.

5. The maximum daily temperature (in °C) of a city on 12 consecutive days are given
below:

324 295 266 257 235 246
242 224 242 230 232 288

Calcualte the mean daily temperature.

6. Refer to Example 25.2. Verify that the sum of deviations of x, from their mean (x ) is
0.

7. Mean of 9 observatrions was found to be 35. Later on, it was detected that an
observation which was 81, was taken as 18 by mistake. Find the correct mean of the
observations.

8. The mean marks obtained by 25 students in a class is 35 and that of 35 students is 25.
Find the mean marks obtained by all the students.
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25.1.2 Mean of Ungrouped Data
We will explain to find mean of ungrouped data through an example.
Find the mean of the marks (out of 15) obtained by 20 students.
12 10 5 8 15 5 2 8 10 5
10 12 12 2 5 2 8 10 5 10
This data is in the form of raw data. We can find mean of the data by using the formula (I),

in
n

We can also find the mean of this data by first making a frequency table of the data and
then applying the formula:

Zn:ﬁxi

mean= x = % 1))
>,
i=1

where f is the frequency of the ith observation x..
Frequency table of the data is :

1e., . But this process will be time consuming.

Marks Number of students

(x) )
2 4

5 5

8 3

10 5

12 2

15 1

2f =20

To find mean of this distribution, we first find f x, by multiplying each x_with its
corresponding frequency f. and append a column of fx, in the frequency table as given
below.

Marks Number of students fx,
(x) )
2 4 2x4 =8
5 5 5x 5=25
8 3 3x 8 =24
10 5 5% 10=50
12 2 2x12=24
15 1 1x15=15
2f, =20 2f x, = 146

Mathematics Secondary Course




Measures of Central Tendency

2. /% _146
Mean = Zfi ~ 0

=73

Example 25.7: The following data represents the weekly wages (in rupees) of the
employees:

MODULE - 6

Statistics

Weekly wages | 900 1000 1100 | 1200 1300 | 1400 | 1500
(in%)

Number of 12 13 14 13 14 11 5

employees

Find the mean weekly wages of the employees.

Solution: In the following table, entries in the first column are x’s and entries in second
columen are /s, i.e., corresponding frequencies. Recall that to find mean, we require the
product of each x, with corresponding frequency f. So, let us put them in a column as
shown in the following table:

Weekly wages (in ) Number of employees fx.

(x) )

900 12 10800
1000 13 13000
1100 14 15400
1200 13 15600
1300 12 15600
1400 11 15400
1500 5 7500

2f =80 2f x, = 93300
Using the Formula I,
2 h% 93300

Mean weekly wages = z r = TR0

=% 1166.25

Sometimes when the numerical values of x and f, are large, finding the product f and x,
becomes tedius and time consuming.

We wish to find a short-cut method. Here, we choose an arbitrary constant a, also called
the assumed mean and subtract it from each of the values x. The reduced value,
d.=x —ais called the deviation of x, from a.

Thus, xl.=—a+di
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and flxl. = afl. + fidi

Z fix; :z af, + Z 1:d; [Summing both sides over i from i to r]
i=1

i=1 i=1

_ 1
Hence X= Zf, +§2fid,~ , where 3f =N

—_ 1
f=a+ Y fd,am

[since 2f, = N]
This meghod of calcualtion of mean is known as Assumed Mean Method.

In Example 25.7, the values x, were very large. So the product f,x, became tedious and
time consuming. Let us find mean by Assumed Mean Method. Let us take assumed
mean a = 1200

Weekly wages Number of Deviations Jf4,
(in%) (x) employees (f)) d =x,-1200
900 12 —-300 —3600
1000 13 —200 —2600
1100 14 - 100 — 1400
1200 13 0 0
1300 12 100 + 1200
1400 11 200 + 2200
1500 5 300 + 1500
2f =380 Xf d. = - 2700
Using Formula II1,

1
Mean = a+EZfidi

1
= 1200 + oo (= 2700)

=1200 - 33.75 = 1166.25
So, the mean weekly wages =3 1166.25

Observe that the mean is the same whether it is calculated by Direct Method or by Assumed
Mean Method.
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Example 25.8: If the mean of the following data is 20.2, find the value of k

x, [10 15 20 25 30
f |6 8 20 k 6
_ D fx 60+120+400+ 25k +180
Solution: Mean = Z 7 40+ k
760+ 25k
T 40+k
g J00+25k
o, —40+k =20.2 (Given)

or

or

or

760 +25k = 20.2 (40 + k)

7600 + 250k = 8080 + 202k
k=10

CHECK YOUR PROGRESS 25.2

1. Find the mean marks of the following distribution:
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Marks 1 2 3 4 5 6 7 8 10
Frequency| 1 3 5 9 14 18 16 9 2
2. Calcualte the mean for each of the following distributions:
@) X 6 10 | 15 18 22 27 30
f 12 | 36 | 54 72 62 | 42 22
(ii) x 54162 | 72 [ 76 [ 84 | 94
f 14 | 28 23 8 3 1
3. The wieghts (in kg) of 70 workers in a factory are given below. Find the mean weight
of a worker.
Weight (in kg) Number of workers
60 10
61 8
62 14
63 16
64 15
65 7
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4. If the mean of following data is 17.45 determine the value of p:

x | 15]16] 17 [ 18] 19 20
Fl 3] s8|l1w0]| p| 5| 4

25.1.3 Mean of Grouped Data

Consider the following grouped frequency distribution:

Daily wages (in <) Number of workers
150-160 5
160-170 8
170-180 15
180-190 10
190-200 2

What we can infer from this table is that there are 5 workers earning daily somewhere
from ¥ 150 to X 160 (not included 160). We donot know what exactly the earnings of
each of these 5 workers are

Therefore, to find mean of the grasped frequency distribution, we make the following
assumptions:

Frequency in any class is centred at its class mark or mid point

. . 150+160
Now, we can say that there are 5 workers earning a daily wage of Y, =
. . 160+170 ‘
< 155 each, 8 workers earning a daily wage of ¥ 5, = 3 165, 15 workers aerning
) 170+160 .
a daily wage of —, = < 175 and so on. Now we can calculate mean of the given
data as follows, using the Formula (IT)
Daily wages (in ) Number of Class marks (x,) fx,
workers (f))
150-160 5 155 775
160-170 8 165 1320
170-180 15 175 2625
180-190 10 185 850
190-200 2 195 390
3f =40 2fx, = 6960
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D fix 6960
Mean = 2—2—2174
fi 40
So, the mean daily wage =3 174 Notes

This method of calculate of the mean of grouped data is Direct Method.

We can also find the mean of grouped data by using Formula IlI, i.e., by Assumed Mean
Method as follows:

We take assumed meana= 175

Daily wages | Number of Class marks Deviations Jfd.
(in%) workers (f) (x) d =x-175
150-160 5 155 -20 - 100
160-170 8 165 -10 - 80
170-180 15 175 0 0
180-190 10 185 + 10 100
190-200 2 195 + 20 40
2f =40 2fd =—40

So, using Formula I11,

1
Mean = a+ﬁz.ﬁdi

1
=175+ 10 (—40)

=175-1=174

Thus, the mean daily wage =3 174.

Example 25.9: Find the mean for the following frequency distribution by (i) Direct Method,
(i1) Assumed Mean Method.

Class Frequency
20-40 9
40-60 11
60-80 14
80-100
100-120 8
120-140 15
140-160 12
Total 75
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Solution: (i) Direct Method

Class Frequency (f) Class marks (x,) fx,
20-40 9 30 270
40-60 11 50 550
60-80 14 70 980
80-100 6 90 540
100-120 8 110 880
120-140 15 130 1950
140-160 12 150 1800
3f,=175 >fx,= 6970
DX 6970

=9293

So, mean = Zfi ~ 15

(i1) Assumed mean method

Let us take assumed mean = a =90

Class Frequency (f) | Class marks (x) | Deviation f4,
d=x-90
20-40 9 30 - 60 - 540
40-60 11 50 - 40 - 440
60-80 14 70 -20 - 280
80-100 6 90 0 0
100-120 8 110 + 20 160
120-140 15 130 + 40 600
140-160 12 150 + 60 720
N=23f="175 3fd.= 220

1 220
= a+— d = — =
Mean szu 90+ o =92.93

Note that mean comes out to be the same in both the methods.

In the table above, observe that the values in column 4 are all multiples of 20. So, if we
divide these value by 20, we would get smaller numbers to multiply with f.

Note that, 20 is also the class size of each class.

X.
So, letu,= lT , where a is the assumed mean and /4 is the class size.
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Now we calculate u, in this way and then uf, and can find mean of the data by using the
formula
Mean= X =a+ (—sz;iji jx havy Notes

Let us find mean of the data given in Example 25.9

Take a = 90. Here h =20

X.—d
Class Frequency Class Deviation u= : P Sfu,
) marks (x) | d,=x,-90
20-40 9 30 - 60 -3 -27
40-60 11 50 -40 -2 -22
60-80 14 70 -20 -1 - 14
80-100 6 90 0 0 0
100-120 8 110 + 20 1 8
120-140 15 130 + 40 2 30
140-160 12 150 + 60 3 36
2f,=15 Xfu.=11
Using the Formula (IV),
_ > fu, 11
—XxX=a+|———|Xh - —_—
Mean [Zf,J 90+75x20

00+ 22 _ 9203
=t g =0

Calculating mean by using Formula (I'V) is known as Step-deviation Method.

Note that mean comes out to be the same by using Direct Method, Assumed Method or
Step Deviation Method.

Example 25.10: Calcualte the mean daily wage from the following distribution by using
Step deviation method.

Daily wages (in%) 150-160 160-70 170-180 180-190 | 190-200
Numbr of workers 5 8 15 10 2
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Solution: We have already calculated the mean by using Direct Method and Assumed

Method. Let us find mean by Step deviation Method.

Let us take a = 175. Here h = 10

Notes
X, —a
Daily wages | Number of Class Deviation u=— Sfu,
(in%) workers (f) | marks (x) | d,=x,-90
150-160 5 155 -20 -2 -10
160-170 8 165 -10 -1 -8
170-180 15 175 0 0 0
180-190 10 185 10 1 10
190-200 2 195 20 2 4
2f,=40 Xfu=-4
Using Formula (IV),

S fu, 4
; =a+| —""|xh - - —
Mean daily wages ( >, 175 + 10 = 10=X 174

Note: Here again note that the mean is the same whether it is calculated using the Direct
Method, Assumed mean Method or Step deviation Method.

- . CHECK YOUR PROGRESS 25.3

1. Following table shows marks obtained by 100 students in a mathematics test

Marks 0-10 10-20 20-30 30-40 40-50 50-60
Number of 12 15 25 25 17 6
students

Calculate mean marks of the students by using Direct Method.

2. The following is the distribution of bulbs kept in boxes:

Numberof | 50-52 52-54 54-56 56-58 58-60
bulbs

Number of 15 100 126 105 30
boxes

Find the mean number of bulbs kept in a box. Which method of finding the mean did
you choose?

3. The weekly observations on cost of living index in a certain city for a particular year
are given below:
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Costofliving | 140-150 [ 150-160 | 160-170 [ 170-180 | 180-190 [190-200
index

Number of 5 8 20 9 6 4
weeks

Calculate mean weekly cost of living index by using Step deviation Method.

4. Find the mean of the following data by using (i) Assumed Mean Method and (ii) Step
deviation Method.

Class 150-200 | 200-250 [ 250-300 | 300-350 [ 350-400
Frequency 48 32 35 20 10

25.2 MEDIAN

In an office there are 5 employees: a superviosor and 4 workers. The workers draw a
salary of ¥ 5000, I 6500, X 7500 and I 8000 per month while the supervisor gets
% 20000 per month.

5000+ 6500+ 7500 + 8000 + 20000
5

In this case mean (salary) =%

47000
= ?T = 39400

Note that 4 out of 5 employees have their salaries much less than ¥ 9400. The mean salary
%9400 does not given even an approximate estimate of any one of their salaries.

This is a weakness of the mean. It is affected by the extreme values of the observations in
the data.

This weekness of mean drives us to look for another average which is unaffected by a few
extreme values. Median is one such a measure of central tendency.

Median is a measure of central tendency which gives the value of the middle-
most observation in the data when the data is arranged in ascending (or descending)
order.

25.2.1 Median of Raw Data
Median of raw data is calculated as follows:

(i) Arrange the (numerical) data in an ascending (or descending) order

n+l
(i) When the number of observations (7) is odd, the median is the value of (Tj th

observation.
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n
(i) When the number of observations (7) is even, the median is the mean of the (5) th

n
and (5 + 1) th observations.

Let us illustrate this with the help of some examples.
Example 25.11: The weights (in kg) of 15 dogs are as follows:
9,26, 10, 22, 36, 13, 20, 20, 10, 21, 25, 16, 12, 14, 19
Find the median weight.
Solution: Let us arrange the data in the ascending (or descending) order:
9,10, 10, 12, 13, 14, 16, 20, 20, 21, 22, 25, 36
Medi

an

Here, number of observations = 15

n+l1 15+1
So, the median will be T th, i.e., > th, i.e., 8th observation which is 19 kg.

Remark: The median weight 19 kg conveys the information that 50% dogs have weights
less than 19 kg and another 50% have weights more then 19 kg.

Example 25.12: The points scored by a basket ball team in a series of matches are as
follows:

16, 1, 6, 26, 14, 4, 13, 8,9, 23, 47,9, 7, 8, 17, 28
Find the median of the data.

Solution: Here number of observations = 16

16 16

So, the median will be the mean of (?) th and (? + 1) th, i.e., mean of 6th and 9th

observations, when the data is arranged in ascending (or descending) order as:
1, 4, 6, 7, 8 8, 9, 9, 13, 14, 16, 17, 23, 26, 28, 47

8th term 9th term

9+13
2

So, the median = 11

Remark: Here again the median 11 conveys the information that the values of 50% of the
observations are less than 11 and the values of 50% of the observations are more than 11.
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25.2.2 Median of Ungrouped Data

We illustrate caluculation of the median of ungrouped data through examples.

Example 25.13: Find the median of the following data, which gives the marks, outof 15, | Notes
obtaine by 35 students in a mathematics test.

Marks obtained 3 5 6 11 15 14 | 13 | 7 12 | 10
Number of Students| 4 6 5 7 1 3 2 3 3 1

Solution: First arrange marks in ascending order and prepare a frequency table as follows:
Marks obtained 3 5 6 7 10 | 11 | 12 |13 | 14 | 15

Number of Students | 4 6 5 3 1 7 3 2 3 1
(frequency)

n+1 35+1
Here n =35, which is odd. So, the median will be ) th,i.e., T th, 1.e., 18th

observation.

To find value of 18th observation, we prepare cumulative frequency table as follows:

Marks obtained Number of students Cumulative frequency
3 4 4
5 6 10
6 5 15
7 3 18
10 1 19
11 7 26
12 3 29
13 2 31
14 3 34
15 1 35
From the table above, we see that 18th observation is 7
So, Median =7
Example 25.14: Find the median of the following data:
Weight (in kg) 40 41 42 43 44 45 46 48
Number of 2 5 7 8 13 26 6 3
students
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Solution: Heren=2+5+7+ 8+ 13+ 26 + 6 + 3 =70, which is even, and weight are
already arranged in the ascending order. Let us prepare cumulative frequency table of the
data:

Weight Number of students Cumulative
(inkg) (frequency) frequency
40 2 2
41 5 7
42 7 14
43 8 22
[ 44 13 35 | 35th observation
[45 | 26 | 61 | 36th observation
46 6 67
48 3 70

n
2
1.€., 35th and 36th observations. From the table, we see that

n
Since n s even, so the median will be the mean of ( j th and (E + 1) th observations,

35 the observation is 44

and 36th observation is 45

44 +45
2

CHECK YOUR PROGRESS 254

1. Following are the goals scored by a team in a series of 11 matches

So, Median = =445

1,0,3,2,4,5,2,4,4,2,5
Determine the median score.

2. Inadiagnostic test in mathematics given to 12 students, the following marks (out of
100) are recorded

46, 52, 48, 39, 41, 62, 55, 53, 96, 39, 45, 99

Calculate the median for this data.
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3. A fairdie is thrown 100 times and its outcomes are recorded as shown below:

Outcome 1 2 3 4 5 6
Frequency 17 15 16 18 16 18

Find the median outcome of the distributions.
4. For each of the following frequency distributions, find the median:
@ x |2 3 4 5 6 7
fi 14 9 16 14 11 6

b x |5 10 15 20 25 30 35 40
fi |3 7 12 20 28 31 28 26

©|x [23] 3 5.1 58 | 74 | 67 | 43
fi 5 8 14 21 13 5 7

25.3 MODE

Look at the following example:

A company produces readymade shirts of different sizes. The company kept record of its
sale for one week which is given below:

size (incm) 90 95 100 | 105 110 115
Number of shirts 50 125 190 | 385 | 270 | 28

From the table, we see that the sales of shirts of size 105 cm is maximum. So, the company
will go ahead producing this size in the largest number. Here, 105 is nothing but the mode
of the data. Mode is also one of the measures of central tendency.

The observation that occurs most frequently in the data is called mode of the
data.

In other words, the observation with maximum frequency is called mode of the data.

The readymade garments and shoe industries etc, make use of this measure of central
tendency. Based on mode of the demand data, these industries decide which size of the
product should be produced in large numbers to meet the market demand.

25.3.1 Mode of Raw Data

In case of raw data, it is easy to pick up mode by just looking at the data. Let us consider
the following example:
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Example 25.15: The number of goals scored by a football team in 12 matches are:
1,2,2,3,1,2,2,4,5,3,3,4
What is the modal score?

Solution: Just by looking at the data, we find the frequency of 2 is 4 and is more than the
frequency of all other scores.

So, mode of the data is 2, or modal score is 2.

Example 25.16: Find the mode of the data:
9,6,8,9,10,7, 12, 15,22, 15

Solution: Arranging the data in increasing order, we have
6,7,8,9,9,10, 12, 15, 15, 22

We find that the both the observations 9 and 15 have the same maximum frequency 2. So,
both are the modes of the data.

Remarks: 1. In this lesson, we will take up the data having a single mode only.

2. In the data, if each observation has the same frequency, then we say that the data does
not have a mode.

25.3.2 Mode of Ungrouped Data

Let us illustrate finding of the mode of ungrouped data through an example
Example 25.17: Find the mode of the following data:

Weight (in kg) 40 | 41 42 43 44 45 46 48
Number of Students | 2 6 8 9 10 22 13 5

Solution: From the table, we see that the weight 45 kg has maximum frequency 22 which
means that maximum number of students have their weight 45 kg. So, the mode is 45 kg or
the modal weightis 45 kg.

CHECK YOUR PROGRESS 25.5

1. Find the mode of the data:
5,10,3,7,2,9,6,2,11,2

2. The number of TV sets in each of 15 households are found as given below:
2,2,4,2,1,1,1,2,1,1,3,3,1,3,0

‘What is the mode of this data?
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3. Adieis thrown 100 times, giving the following results
Outcome 1 2 3 4 5 6
Frequency 15 16 16 15 17 20

Find the modal outcome from this distribution.

4. Following are the marks (out of 10) obtained by 80 students in a mathematics test:

MODULE - 6

Statistics

Marks 0 1 2 3 4 [ 5| 6 7 8 9 10
obtained

Number of 5 2 3 5 9|1 11|15 | 16 9 3 2
students

Determine the modal marks.

[CRTeres sov o

e Mean, median and mode are the measures of central tendency.

n
Z X
i=1

e Mean (Arithmetic average) of raw datais givne by x = -=

where x , x, ..., X aren observations.

. Z fix z fix:
e Mean of ungrouped data is given by x = L ==y

>

i=1

where 1, is the frequency of the ith observation x.

1
e Mean of ungrouped data can also be found by using the formula x = a+ N Z 14,

where d, = x,— a, a being the assumed mean
Mean of grouped data
(i) To find mean of the grouped frequency distribution, we take the assumption:

Frequency in any class is centred at its class mark or mid point.
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(i) Driect Method

n

1i%;
1

Notes x=-1=

>

where x’s are the class marks and f, are the corresponding freqeucies of x.’s.

(i) Assumed Mean Method

S fd,

X=a+=——

where a is the assumed mean, and d, = x, - a.

(iv) Step deviation method

Zn: Jiu;

X=a+| -2 X h

>/

h
e Median is a measure of central tendency which gives the value of the middle most
obseration in the data, when the data is arranged in ascending (or descending) order.

where a is the assumed mean, u = and A is the class size.

e Median of raw data

n+l

(1) When the number of observations (») is odd, the median is the value of (T th

observation.

n
(i1) When the number of observations (n) is even, the median is the mean of the (E th

n
and (E + 1) th observations.

e Median of ungrouped data

Median of ungrouped data can be found from the cumulative frequency table (arranging
data in increasing or decreasing order) using (i) and (ii) above.

e The value of observation with maximum frequency is called the mode of the data.
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1. Find the mean of first five prime numbers. Notes

N

If the mean of 5,7,9, x, 11 and 12 is 9, find the value of x.

b

Following are the marks obtained by 9 students in a class
51, 36, 63, 46, 38, 43, 52, 42 and 43
(1) Find the mean marks of the students.

(i) What will be the mean marks if a student scoring 75 marks is also included in the
class.

>

The mean marks of 10 students in a class is 70. The students are divided into two
groups of 6 and 4 respectively. If the mean marks of the first group is 60, what will be
the mean marks of the second group?

b

If the mean of the observations x , x,.....x isx , show that z (x—x)=0
i=1

a

There are 50 numbers. Each number is subtracted from 53 and the mean of the numbers
so obtained is found to be — 3.5. Determine the mean of the given numbers.

=

Find the mean of the following data:

@fx | 35 9 13 17 22 25
f; 3 5 12 8 7 5
(b)| x 16 18 28 22 24 26
f, 1 3 5 7 5 4

8. Find the mean of the following data
(a) [Classes 10-20 | 20-30 | 30-40 40-50 50-60 | 60-70
Frequencies 2 3 5 7 5 3

(b) |Classes 100-200 [ 200-300 [ 300-400 [ 400-500 [ 500-600 | 600-700)
Frequencies 3 5 8 6 5 3

(c) The ages (in months) of a group of 50 students are as follows. Find the mean age.

Age 156-158 | 158-160 | 160-162 | 162-164 | 164-166 [ 166-168
Number of 2 4 8 16 14 6
students

Mathematics Secondary Course 655




MODULE - 6

Statistics

656

Notes

10.

11.

12.

13.

Measures of Central Tendency

Find the median of the following data:
(a) 5,12, 16, 18, 20, 25, 10

(b) 6, 12,9, 10, 16, 28, 25, 13, 15, 17
(c) 15,13,8,22,29,12,14, 17,6

The following data are arranged in ascending order and the median of the data is 60.
Find the value of x.

26,29, 42,53, x,x+2,70,75, 82,93

Find the median of the following data:

@l x | 25 30 35 45 50 55 65 70 85
f, 5 14 12 21 11 13 14 7 3

O x | 35| 36 | 37| 38| 39| 40| 41 | 4
fl2 |3 |5 |47 |6 |4 |2

Find the mode of the following data:
(@ 8,5,2,5,3,5,3,1
(b) 19, 18,17, 16, 17, 15, 14, 15, 17,9

Find the mode of the following data which gives life time (in hours) of 80 bulbs selected
atrandom from a lot.

14.

Life time (in hours) 300 [ 500 | 700 | 900 [ 1100
Number of bulbs 10 12 20 27 11
In the mean of the following data is 7, find the value of p:

X, 4 P 6 7 9 11

f 2 4 6 10 6 2

15.

16.

For a selected group of people, an insurance company recorded the following data:

Age (in years) 0-10 [ 10-20]20-30|30-40(40-50| 50-60| 60-70| 70-80

Number of deaths| 2 12 55 95 71 42 16 7

Determine the mean of the data.

If the mean of the observations: x+ 1, x+4, x+ 5, x+ 8, x + 11 is 10, the mean of
the last three observations is

(A)12.5 B)12.2 (©) 135 (D) 14.2
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17. If each observation in the data is increased by 2, than their mean

(A) remains the same (B) becomes 2 times the original mean
(C) is decreased by 2 (D) is increased by 2

18. Mode of the data: 15, 14, 19, 20, 14, 15, 14, 18, 14, 15, 17, 14, 18 is
(A)20 (B) 18 (C) 15 (D) 14

t :
{ ANSWERS TO CHECK YOUR PROGRESS

25.1
1. i#ﬁi 2.5.5 3.86.33 kg

4. 142.8cm 5.25.68°C  7.42

8. 29.17

25.2

1. 584 2.(1)18.99 (i) 6.57

3.11.68 4.10

25.3

1. 28.80 2.55.19 3.167.9 4. 244.66
25.4

1. 3 2.50 3.4

4. (a)4 (b) 30 (c)5.8

25.5

1. 2 2.1 3.6 4.7

[ ]
= ANSWERS TO TERMINAL EXERCISE

1. 5.6 2.10 3.(1) 46 (i1)48.9

4. 85 6.56.5 7.(a) 15.775 (b) 21.75

8. (a)42.6 (b)396.67 (c) 163 months (approx)

9. (a)16 (b) 14 (c) 14

10. 59 11. (a) 45 (b) 24 12.(a) 5 (b) 17
13. 900 14.5 15. 39.86 years 16.(A)
17.(D) 18.D
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INTRODUCTION TO PROBABILITY

In our day to day life, we sometimes make the statements:

(1) Itmay rain today

(i) Trainis likely to be late

(i) Itis unlikely that bank made a mistake

(iv) Chances are high that the prices of pulses will go down in next september
(v) Idoubt that he will win the race.

and so on.

The words may, likely, unlikely, chances, doubt etc. show that the event, we are talking
about, is not certain to occur. It may or may not occur. Theory of probability is a branch
of mathematics which has been developed to deal with situations involving uncertainty.

The theory had its beginning in the 16th century. It originated in the games of chance such
as throwing of dice and now probability is used extensively in biology, economics, genetics,
physics, sociology etc.

After studying this lesson, you will be able to

e understand the meaning of a random experiment;

e differentiate between outcomes and events of a random experiment;
e define probability P(E) of occurrence of an event E;

o determine P( g ) if P(E) is given;

e state that for the probability P(E), 0 < P(E) < I;

e apply the concept of probability in solving problems based on tossing a coin
throwing a die, drawing a card from a well shuffled deck of playing cards, etc.
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EXPECTED BACKGROUND KNOWLEDGE

We assume that the learner is already familiar with

e the term associated with a coin, i.e., head or tail
e adie, face of a die, numbers on the faces of a die

e playing cards - number of cards in a deck, 4- suits of 13 cards-spades, hearts, diamonds
and clubs. The cards in each suit such as king, queen, jack etc, are face cards.

e Concept of a ratio/fraction/decimal and operations on them.

26.1 RANDOM EXPERIMENT AND ITS OUTCOMES

Observe the following situations:

(1) Suppose we toss a coin. We know in advance
that the coin can only land in one of two
possible ways that is either Head (H) up or
Tail (T) up.

(2) Suppose we throw a die. We know in
advance that the die can only land in any one
of six different ways showing up either 1, 2,
3,4,5o0r6.

(3) Suppose we plant 4 seeds and observe the
number of seeds germinated after three days.
The number of germinated seeds could be
either 0, 1, 2, 3, or 4.

In the above situations, tossing a coin, throwing a die, planting seeds and observing the
germinated seeds, each is an example of a random experiment

In (1), the possible outcomes of the random experiment of tossing a coin are: Head and

Tail.

In (2), the possible outcomes of the experiment are: 1,2, 3,4,5,6

In (3), the possible outcomes are: 0, 1, 2, 3, 4.

A random experiment always has more than one possible outcomes. When the experiment
is performed only one outcome out of all possible outcomes comes out. Moreover, we
can not predict any particular outcome before the experiment is performed. Repeating the

experiment may lead to different outcomes.

Some more examples of random experiments are:

Mathematics Secondary Course
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When we speak of a coin,
we assume it to be fair in the
sense that it is symmetrical
so that there is no reason for
it to land more often on a
particular side.

A dieis a well balanced cube
with its six faces marked with
numbers (or dots) from 1 to
6, one number on one face

)
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(i) drawing a ball from a bag
containing identical balls of
different colours
without looking into the
bag.

A deck of playing cards consists of 52 cards
which are divided into four suits of 13 cards

each-spades (’) hearts (') diamonds (‘)
and clubs (*). Spades and clubs are of black

colour and others are of red colour. The cards
in each suit are ace, king, queen, jack, 10, 9,
8,7,6,5,4,3, and 2. Cards of kings, queens
and jacks are called face cards.

(1) drawing a card at
random from a well
suffled deck of
playing cards

we will now use the word

experiment for random

experiment throughout
this lesson

CHECK YOUR PROGRESS 26.1

1. Which of the following is a random experiment?

(i) Suppose you guess the answer to a multiple choice question having four options
A, B, C, and D, in which only one is correct.

(@ii) The natural numbers 1 to 20 are written on separate slips (one number on one
slip) and put in a bag. You draw one slip without looking into the bag.

(iii)) You drop a stone from a height
(@iv) Each of Hari and John chooses one of the numbers 1, 2, 3, independently.

2. What are the possible outcomes of random experiments in Q. 1 above?

26.2 PROBABILITY OF AN EVENT

Suppose a coin is tossed at random. We have two possible
outcomes, Head (H) and Tail (T). We may assume that
each outcome H or T is as likely to occur as the other. In
other words, we say that the two outcomes H and T are
equally likely.

Tossed
atrandom
means that the
coinis allowed
to fall freely
without any bias

or interference.
©

Similarly, when we throw a die, it seems reasonable to
assume that each of the six faces (or each of the outcomes
1,2,3,4,5, 6) is just as likely as any other to occur. In
other words, we say that the six outcomes 1, 2, 3,4, 5 and
6 are equally likely.
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Before we come to define probability of an event, let us understand the meaning of word
Event. One or more outcomes constitute an event of an experiment. For example, in
throwing a die an event could be “the die shows an even number”. This event corresponds

to three different outcomes 2, 4 or 6. However, the term event also often used to describe
a single outcome. In case of tossing a coin, “the coin shows up a head” or “the coin shows || Notes
up atail” each is an event, the first one corresponds to the outcome H and the other to the

outcome T. If we write the event E: “the coin shows up ahead” If F : ““ the coin shows up

atail” E and F are called elementary events. An event having only one outcome of the
experiment is called an elementary event.

The probability of an event E, written as P(E), is defined as

Number of outcomes favourable to E

P(E) = Number of all possible outcomes of the experiment

assuming the outcomes to be equally likely.

In this lesson, we will take up only those experiments which have equally likely outcomes.
To find probability of some events, let us consider following examples:

Example 26.1: A coin is tossed once. Find the probability of getting (i) a head, (ii) a tail.
Solution: Let E be the event “getting a head”

Possible outcomes of the experiment are : Head (H), Tail (T)

Number of possible outcomes =2

Number of outcomes favourable to E=1 (i.e., Head only)

So, probability to E=P(E) =P (getting a head) = P(head)

Number of outcomes favourable to E

~ Number of all possible outcomes of the experiment
1
2
Similarly, if F is the event “getting a tail”, then

1
P(F) = 5

Example 26.2: A die is thrown once. What is the probability of getting a number 3?
Solution: Let E be the event “getting a number 3”.

Possible outcomes of the experiment are: 1, 2, 3,4, 5,6
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Number of possible outcomes =6

Number of outcomes favourable to E=1 (i.e., 3)

] «—
So, P(E) = P(3) = . Number of outcomes favourable to E

Number of all possible outcomes

Example 26.3: A die is thrown once. Determine the probability of getting a number other
than 3?

Solution: Let F be the event “getting a number other than 3" which means “getting a
number 1,2,4,5,6”.

Possible outcomes are : 1,2, 3,4, 5,6
Number of possible outcomes = 6

Number of outcomes favourabletoF=5 (i.e., 1,2, 4, 5, 6)

5
So, P(F) = 6

Note that event F in Example 26.3 is the same as event ‘not E’ in Example 26.2.

Example 26.4: Aball is drawn at random from a bag containing 2 red balls, 3 blue balls
and 4 black balls. What is the probability of this ball being of (i) red colour (ii) blue colour
(iii) black colour (iv) not blue colour?

Solution:

(1) LetE be the event that the drawn ball is of red colour
Number of possible outcomes of the experiment=2 + 3 + 4=9
(Red) (Blue) (black)

Number of outcomes favourable to E=2

2
So, P(Red ball) =P(E) = 9

(i) Let F be the event that the ball drawn is of blue colour

301
So, P(Blue ball) = P(F) = & = 3

(i) Let G be the event that the ball drawn is of black colour

4
So P (Black ball) = P(G) =
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(iv) Let H be the event that the ball drawn is not of blue colour.
Here “ball of not blue colour”” means “ball of red or black colour)

Therefore, number of outcomes favourabletoH=2+4=6

6 2
So, P(H) = 9°3

Example 26.5: A card is drawn from a well shuffled deck of 52 playing cards. Find the
probability that itis of (1) red colour (ii) black colour

Solution: (i) Let E be the event that the card drawn is of red colour.
Number of cards of red colour = 13 + 13 =26 (diamonds and hearts)
So, the number of favourable outcomes to E =26

Total number of cards =52

26 1
Thus, P(E) = 5—2 = 5

(1) Let F be the event that the card drawn is of black colour. Number of cards of black
colour=13+13 =26

So P(F 20_1

oPB=75"73

Example 26.6: A die is thrown once. What is the probability of getting a number (i) less
than 77 (ii) greater than 77

Solution: (i) Let E be the event “number is less than 7.

Number of favourable outcomes to E=6  (since every face of a die is marked with
anumber less than 7)

6
So.P(E)= =1

(i) LetF be the event “number is more than 7”’

Number of outcomes favourable to F=0 (since no face of a die is marked with a
number more than 7)

0

So, P(F)=

=0
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CHECK YOUR PROGRESS 26.2

1. Find the probability of getting a number 5 in a single throw of a die.
2. Adieistossed once. What is the probability that it shows:

(1) anumber 77

(i1) anumber less than 5?7

3. From apack of 52 cards, a card is drawn at random. What is the probability of this
card to be a king?

4. Anintegeris chosen between 0 and 20. What is the probability that this chosen integer
is a prime number?

5. Abag contains 3 red and 3 white balls. A ball is drawn from the bag without looking
into it. What is the probability of this ball to be of (i) red colour (ii) white colour?

6. 3 males and 4 females appear for an interview, of which one candidate is to be selected.
Find the probability of selection of a (i) male candidate (ii) female candidate.

26.3 MORE ABOUT PROBABILITY

Probability has many interesting properties. We shall explain these through some examples:

Observation 1: In Example 26.6 above,

(a) Event Eis sure to occur, since every number on a die is always less than 7. Such an
event which is sure to occur is called a sure (or certain) event. Probability of a sure
eventis taken as 1.

(b) Event F is impossible to occur, since no number on a die is greater than 7. Such an
event which is impossible to occur is called an impossible event. Probability of an
impossible event is taken as 0.

(c) From the definition of probability of an event E, P(E) cannot be greater than 1, since
numerator being the number of outcomes favourable to E cannot be greater than the
denominator (number of all possible outcomes).

(d) both the numerator and denominator are natural numbers, so P(E) cannot be negative.
In view of (a), (b), (¢) and (d), P(E) takes any value fromOto 1, i.e.,

O0<PE)<1
Observation 2: In Example 26.1, both the events getting a head (H) and getting a tail (T)
are elementary events and

=1

N | =

PH) +P(T) = % +
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Similarly, in the experiment of throwing a die once, elementary events are getting the numbers
1,2,3,4,5 or 6 and also
P1P2P3P4P5P6lllllll
(D+PQ+PR)+PA +PS)+P(O) = o + o+ + ¢+ + 5 = Notes

Observe that the sum of the probabilities of all the elementary events of an
experiment is one.

Observation 3: From Examples 26.2 and 26.3,

Probability of getting 3 + Probability of getting a number other than 3 =

|~

ie. P(3) + P(not3)=1
or P(E) + P(notE)=1 (1)
Similarly, in Example 26.1
. 1
P(getting ahead) =P(E) = )
. . 1
P(getting a tail) = P(F) = )
So, P(E) + P(F) =

+ - =1

o | =
N | =

So, P(E) + P(not E) =1 [getting a tail means getting no head] ...(2)
From (1) and (2), we see that for any event E,

P(E) +P(notE)=1
or P(E)+P(E)=1 [We denote ‘not E’by E |

Event E is called complement of the event E or E and E are called complementary
events.

In general, it is true that for an event E

P(E)+P(E)=1

2
Example 26.7: If P(E) = e what is the probability of ‘not E’?

Solution: P(E) + P(notE) =1
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So, PmotE)=1-PE)=1-

| o
| W

Example 26.8: What is the probability that the number 5 will not come up in single throw
of adie?

Solution: Let E be the event “number 5 comes up on the die”

Then we have to find P(not E) i.e. P(E )

1
Now P(E) = g
1

So, P(E)==1-7¢

_3
"6

Example 26.9: A card is drawn at random from a well-shuffled deck of 52 cards. Find
the probability that this card is a face card.

Solution: Number of all possible outcomes = 52
Number of outcomes favourable to the Event E “a face card” =3 x4 =12
[Kings, queens, and jacks are face cards]

12 3

So, P(a face card) = 513

Example 26.10: A coinis tossed two times. What is the probability of getting a head each
time?
Solution: Let us write H for Head and T for Tail.
In this expreiment, the possible outcomes will be: HH, HT, TH, TT
HH means Head on both the tosses
HT means Head on 1st toss and Tail on 2nd toss.
TH means Tail on 1st toss and Head on 2nd toss.
TT means Tail on both the tosses.
So, the number of possible outcomes = 4

Let E be the event “getting head each time”. This means getting head in both the
tosses, i.e. HH.

1
Therefore, P(HH) = n
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Example 26.11: 10 defective rings are accidentally mixed with 100 good ones in alot. It
is not possible to just look at a ring and tell whether or not it is defective. One ring is drawn
at random from this lot. What is the probability of this ring to be a good one?

Solution: Number of all possible outcomes = 10 + 100=110

Number of outcomes favourable to the event E “ ring is good one” = 100

So.py - 19010

o PE= 110"

Example 26.12: Two dice, one of black colour and other of blue colour, are thrown at
the same time. Write down all the possible outcomes. What is the probability that same
number appear on both the dice?

Solution: All the possible outcomes are as given below, where the first number in the

bracket is the number appearing on black coloured die and the other number is on blue
die.

Blue coloured die

R 2 3 4 5 6
Black 1,2 (1,3 (L4 15 (1,6
coloured 2 2,3) 2.9 (2,5  (2,6)
die 31 @31 3,5  (3,6)

41 @ 4,3

51 6D 52 63

6| 61 62 (63

So, the number of possible outcomes =6 x 6 =36

The outcomes favourable to the event E : “Same number appears on both dice”. are
(1, 1),(2,2), (3, 3),(4,4),(5,5) and (6, 6).

So, the number of outcomes favourable to E = 6.

6 1
Hence, P(E) = % = g

CHECK YOUR PROGRESS 26.3

1. Complete the following statements by filling in blank spaces:

(a) The probability of an event is always greater than or equal to but less
than or equal to
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(b) The probability of an event that is certain to occur is .Such aneventis
called
(c) The probability of an event which cannot occur is .Such an event is

(d) The sum of probabilities of two complementary events is

(e) The sum of probabilities of all the elementary events of an experiment is

. Adieis thrown once. What is the probability of getting

(a) anevennumber
(b) an odd number

(c) aprime number

. In Question 2 above, verify:

P(an even number) + P(an odd number) =1

. Adieis thrown once. Find the probability of getting

(1) anumber less than 4
(i) anumber greater than or equal to 4
(i) a composite number

(iv) anumber which is not composite

. If P(E) =0.88, what is the probability of ‘not E’?

. IfP(E)=0, find P(E).
. Acard is drawn from a well shuffled deck of 52 playing cards. Find the probability

that this card will be

(1) aredcard (i1) a black card

(iii) ared queen (iv) an ace of black colour
(v) ajack of spade (vi) aking of club

(vii) not a face card (viii) not a jack of diamonds

. Abag contains 15 white balls and 10 blue balls. A ball is drawn at random from the

bag. What is the probability of drawing

(1) a ball of not blue colour (ii) a ball not of white colour

. In a bag there are 3 red, 4 green and 2 blue marbles. If a marble is picked up at

random what is the probability that it is

(i) not green? (i1) not red? (ii1) not blue?
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10. Two different coins are tossed at the same time. Write down all possible outcomes.
What is the probability of getting head on one and tail on the other coin?
11. In Question 10 above, what is the probability that both the coins show tails?
Notes

12. Two dice are thrown simultaneously and the sum of the numbers appearing on them is
noted. What is the probability that the sum is

17 @8 ()9 (@v)10 (v) 12

13. 8 defective toys are accidentally mixed with 92 good ones in a lot of identical toys.
One toy is drawn at random from this lot. What is the probability that this toy is
defective?

@hm

¢ Arandom experiment is one which has more than one outcomes and whose outcome
is not exactly predictable in advance before performig the experiment.

e One or more outcomes of an experiment constitute an event.
e Anevent having only one outcome of the experiment is called an elementary event.

e Probability of an event E, P(E), is defined as

Number of outcomes favourable to E

P(E)= Number of all possible outcomes of the experiment ’ When the outcomes

are equally likely
e 0<PE)<I

e IfP(E)=0,Eiscalled an impossible event. If P(E) = 1, E is called a sure or certain
event.

e The sum of the probabilities of all the elementary events of an experiment is 1.

e PE)+P( E )=1, where E and E are complementary events.

H TERMINAL EXERCISE

1. Which of the following statements are True (T) and which are False (F):

(i) Probability of an event canbe 1.01

(i) If P(E)=0.08, then P(E )=0.02
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(iii) Probability of an impossible event is 1
@iv) ForaneventE,0<P(E)<1

() P(E)=1+P(E)

2. Acardis drawn from a well shuffled deck of 52 cards. What is the probability that this
card is a face card of red colour?

3. Two coins are tossed at the same time. What is the probability of getting atleast one
head? [Hint: P(atleast one head) = 1 — P(no head)]

4. Adieis tossed two times and the number appearing on the die is noted each time.
What is the probability that the sum of two numbers so obtained is

(i) greater than 127 (ii) less than 127
(iii) greater than 117 (iv) greater than 2?

5. Referto Question 4 above. What is the probability that the product of two number is
12?7

6. Referto Question 4 above. What is the probability that the difference of two numbers
is2?

7. Abag contains 15 red balls and some green balls. If the probability of drawing a green

1
ball is g , find the number of green balls.

8. Which of the following can not be the probability of an event?

2
(A) 3 (B)-1.01 (©) 12% (D)0.3
9. Inasingle throw of two dice, the probability of getting the sum 2 is
ol .l ol o3
A5 B) 1g ©3z O

10. In a simultaneous toss of two coins, the probability of getting one head and one tail is

ol 1 1 2
) 3 ®) © D) 3

A
ANSWERS TO CHECK YOUR PROGRESS
26.1
1. (1), (i) and (iii) 2.(1)A,B,C,D () 1,2,3,..,20
i) (1, 1),(1,2),(1,3),(2,1),(2,2),(2,3),3, 1),
(3,2),(3,3)
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26.2

1.

5.

1
6

3
(1)§

26.3

1.

8.

0.

1
10. HH, HT, TH, TT, =

(0,1
@1

1
(1)5

1
(1)5

0.12
1

(5

10
(vii) 3

3
(l)g

5
(1)5

S 2
) (i) 3

5 o3
(i) 3 Q)

(b) 1, sure or certain event

(e)1

. ol
(i) 5 (i) 5

1 1
(i) > (i)
6.1

1 .
(i) 5 (i) -

51
(viii) 5

2
(i) 5

2 T
(i) 5 (i) o

2

N LD
12.6) ¢ (i) 3¢

@@T (i) F
3. 3 4.(1)0
4
2
6. 9 7.3
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(i)
(c) 0, impossible event
.2
(iv) 3
1 1
(V) 76 V55
1 1

iv) T ) F

) L
(i) 1 (i) 3¢
8.(B) 9.(C)
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(vi) 5
1
(v) 36
@iv)1
10. (O)
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